WEAK AND GENUINE A4,-FORMALITY FOR NUMBER FIELDS

AMBRUS PAL AND GEREON QUICK

ABsTrRACT. We introduce weak A,-formality for Galois cochain algebras and,
for profinite groups whose mod-p cohomology is concentrated in degrees at
most two, characterise weak and genuine A,-formality through finite embed-
ding problems and the projective system they form. We then study A,-
formality for number fields. Let K be a number field and let p be an odd
prime with pp ¢ K. For p > 5, and for p = 3 under a natural local cyclotomic
condition, we prove that every associated finite Az-embedding problem is solv-
able. In contrast, for every odd p with pp ¢ K, we show that no compatible
family of finite-stage solutions exists, and hence C*(Gk,Fp) is not genuinely
As-formal. The proof uses Chebotarev density, governing fields, and the Gras—
Munnier criterion to obstruct the compatibility of finite-stage solutions, and it
builds on previous work of Maire-Min4d¢-Ramakrishna—Tan. This shows that
genuine Ag-formality detects a global compatibility obstruction for number
fields invisible to every individual finite embedding problem and invisible to
obstructions arising from individual strong Massey vanishing problems.

1. INTRODUCTION

Let F be a field, let G be its absolute Galois group, and let p be a prime.
The differential graded algebra C*(Gp,F,) of continuous inhomogeneous cochains
contains more information than its cohomology ring H*(Gp,F,). Formality asks
whether this extra information can be discarded, up to quasi-isomorphism. This
question is closely related to the behaviour of Massey products. In [10], Hopkins
and Wickelgren proved that all defined triple Massey products over local and global
fields vanish at the prime p = 2, and asked whether this phenomenon reflects
formality of the Galois cochain algebra. While Positselski [30, BI] showed that
C*(Gp,Fy) is not formal in general for local fields, Mina¢ and Tan conjectured in
[23, Conjecture 1.6] that the computation of Hopkins—Wickelgren generalises and all
fields satisfy n-Massey vanishing with respect to p, i.e., all n-fold Massey products
of elements in H'(Gr,F,) vanish whenever they are defined. In fact, by the work of
Efrat-Matzri [5] and Mina¢—Tan [22], all fields satisfy triple Massey vanishing with
respect to all primes. For a more recent, independent proof, see [14]. In [9], Harpaz—
Wittenberg showed that number fields satisfy n-Massey vanishing with respect to
all primes. More recently, Merkurjev—Scavia proved in [I8] that all fields satisfy
fourfold Massey vanishing with respect to p = 2. Other cases of the conjecture
have been proven in [21], [25], [29], and [32]. Maire-Min4¢-Ramakrishna—Téan [I5]
show that number fields not containing all p-th roots of unity even satisfy a strong
form of n-Massey vanishing. However, Galois cochain algebras need not be formal at
p = 2. Examples of Harpaz and Wittenberg [7, Example A.15|, and later Merkurjev
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and Scavia in [I7, [19] show that fourfold Massey products need not even be defined
when all neighbouring cup products vanish.

Formality of a differential graded algebra C*® is equivalent to the vanishing of
the higher operations of its transferred minimal Ag-structure on its cohomology
algebra H*®. This allows one to study formality one operation at a time, and C*
is A,-formal if the transferred minimal structure can be chosen so that the higher
operations vanish up to level n. In this paper, we propose to study a weaker version
of A,-formality, called weak A, -formality, which requires the vanishing of all higher
operations up to level n after restriction to every finite-dimensional vector subspace
V < H?', see Section [2| for a precise definition. Genuine A,-formality implies weak
A, -formality. Under the assumption H? = 0 for ¢ > 3, the converse holds if the
trivialisations on each finite-dimensional subspace V' can be chosen compatibly. The
main purpose of this paper is to show that this compatibility problem provides a
new arithmetic obstruction for number fields.

1.1. Main results. Our first main result is a reformulation of A, -formality for the
cochain algebra C*(G, F,,) of a profinite group G in terms of the existence of com-
patible solutions of certain embedding problems for G. More concretely, for every
n > 2 and every vector subspace V < H'(G,F,), we construct a profinite group
U, (V) arising as the Pontryagin dual of a construction similar to the Koszul com-
plex of a quadratic algebra; see Section [3| We then obtain an embedding problem
EE}I ) G XS VY e U, (V) of profinite groups where yy is a canonically defined
character. Our main technical result on A,-formality is the following characterisa-
tion in terms of projective systems of finite embedding problems, which may be of
independent interest, see Theorem [3.28

Theorem 1.1. Letn > 3, and let G be a profinite group such that H (G,F,) = 0

fori=3. Then C*(G,F,) is An-formal if and only if all embedding problems Egl)
for finite-dimensional V. < HY(G,F,) admit a compatible family of solutions.

We use Theorem to prove the following local-global principle for number
fields, where 1, denotes the group of g-th roots of unity, see Theorem [5.5

Theorem 1.2. Let K be a number field, let p be odd, assume pu, & K, and let
n = 3. Then the following are equivalent:

(i) C*(Gk,F,) is weakly A, -formal in degree one,

(i) for every place v of K, C*(Gk,,Fp) s An-formal.

We apply the local-global principle to the case n = 3, where our complete
computation of the local obstruction class applies [26]. Weak As-formality already
implies the cup-defining fourfold Massey product property, i.e., the fourfold Massey
product of classes in H'! is defined whenever the neighbouring cup-products vanish.
For a number field K and an odd prime p such that p, ¢ K, Maire-Mini¢-
Ramakrishna-Tan show in [I5] that C*(Gk,F,) satisfies strong Massey vanishing.
Hence all obstructions arising from individual strong Massey problems vanish. The
main results of this paper, however, demonstrate that the distinction between weak
and genuine formality is even more subtle for number fields as we will now describe.
Our first key result is the following, see Theorem [6.1}

Theorem 1.3. Let K be a number field, let p be an odd prime number, and assume
tp & K. For p = 3, we assume that, for every place v of K, if u3 < K, then
po < K. Then C*(Gg,Fp) is weakly As-formal.
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We provide two proofs of this result. Both proofs are based on the local As-
formality theorem for odd-prime Demushkin groups, and the extra hypothesis at
p = 3 excludes the unique local Demushkin case in which the Ag-obstruction is
nonzero [26] Theorem 1.2]. The first proof then uses the characterisation of As-
formality via embedding problems and then applies the general p-group lifting the-
orem of Maire-Mina¢-Ramakrishna—Tan, [I5, Theorem 3.2] to suitable local solu-
tions. The second proof uses the Pal-Schlank Hasse principle for finite embedding
problems with abelian kernel [28], where the cyclotomic assumption p, ¢ K implies
that the relevant Tate—Shafarevich obstruction vanishes. Our main result, however,
is that, for number fields, weak As-formality is strictly weaker than genuine As-
formality, see Theorem

Theorem 1.4. Let K be a number field, let p be an odd prime number, and assume
wp & K. Then C*(Gk,F,) is not As-formal.

Before we give an outline of the arguments to prove Theorem we discuss
the remaining cases. At p = 3, weak As-formality depends on the local cyclotomic
structure. Although strong Massey vanishing holds whenever p3 & K by the work
of Maire-Mina¢-Ramakrishna—Tan [15, Theorem 1.1], the computation of the ob-
struction class of pro-3 Demushkin groups in [26] and our local-global principle
imply that weak As-formality fails if there is a place v such that us < K, but
po ¢ K, see Theorem [6.5]

Theorem 1.5. Let K be a number field, and assume pz ¢ K. Assume that K
has a place v such that ps < K, but pg &€ K,. Then C*(Gk,F3) is not weakly
Ag-formal. In particular, C*(Gg, F3) is not weakly As-formal.

For p = 2, the example of Harpaz—Wittenberg in [7, Example A.15] (also re-
covered by Merkurjev—Scavia in [I7, Proposition 5.3]) shows that strong Massey
vanishing does not hold for Q, and hence C*(Gg, F2) is not weakly As-formal. We
provide further examples of the failure of weak As-formality for C*(GF,Fs) where
F is a field in Proposition [4.1] In particular, we show that C*(Gp,F2) is not weakly
As-formal whenever F is a finite extension of Q of odd degree. In Remarks [5.7]
and [6.8] we explain why neither the local-global principle of Theorem [I.2] nor the
second proof of Theorem extend to p = 2. The above examples show that this
is not merely a limitation of the proofs as weak As-formality itself can fail at p = 2.

1.2. Outline of the proof of Theorem By Theorem|[I.T} As-formality would
imply the existence of a compatible family of solutions to the As-embedding prob-
lems Eg): Gr X% VY « Us(V) attached to all finite-dimensional subspaces V of
HY(Gk, F,). We begin with a two-dimensional subspace V = Fpa + F,b generated
by linearly independent classes satisfying a U b = 0, and consider the V-component
pv: Gg — Us(V) of such a family. Let py: Gx — Us(V') denote its quadratic quo-
tient. If py is trivial on the kernel of the tautological character yy, then it factors
through V'V and produces a section of Ua(V) — VV. An elementary commuta-
tor calculation shows that no such section can exist when V' contains the isotropic
pair a,b. It remains to treat the case in which py is nontrivial on ker(xy). A
nonzero quadratic coordinate of py is detected at a new tame prime v of K, which
we can choose by Chebotarev’s density theorem. Cyclotomic disjointness allows
us simultaneously to require that v splits in the cyclotomic and governing fields.
The one-prime Gras—Munnier criterion of Corollary [7.7] then produces a new class
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c € H'(Gk,Fp) which is ramified only at v, trivial at the previous primes, and
with trivial cup-products with elements in V. For the enlargement W = V + Fc,
the existence of a lift py would force the cup product of a nonzero unramified
local class with the ramified class ¢, to vanish. This contradicts the nondegener-
acy of the local Tate pairing. Thus py cannot extend to the problem attached to
W. Consequently, no family of finite-stage solutions can be compatible under all
enlargements, and hence the Galois cochain algebra is not Az-formal.

Remark 1.6. The ideas in this paper are inspired by and often rely on the work
of Maire-Min&¢-Ramakrishna—Tan in [I5]. The proof of the local-global principle
in Theorem and the arithmetic mechanism of the proof of Theorem rely
on the results proven in [I5]. To prove Theorem we use [I5, Theorem 3.2],
which is a general lifting theorem for finite p-groups with given local lifts. To prove
Theorem we use, in particular, the theory of governing fields and the cyclo-
tomic disjointness argument of [I5, Section 2|, together with the Gras—Munnier
criterion. The resulting construction is closely related to the method underlying
[15, Proposition 3.1]. However, we use it in the opposite direction. While Maire—
Mina¢-Ramakrishna—Téan use their theory to show the solvability of strong Massey
vanishing problems, we apply the techniques to choose a finite-dimensional sub-
space V such that every solution for V is obstructed after some finite-dimensional
enlargement, so that no compatible solution exists in the whole projective system
of embedding problems.

1.3. Content. In Section [2] we define weak A, -formality and develop a criterion
for weak and genuine A, -formality under the assumption that the cohomology is
concentrated in degrees at most two. In Section [3| we construct the groups U, (V),
identify the restricted A,-obstructions with embedding problems, and characterise
genuine A,-formality by the existence of a compatible inverse system of solutions
proving Theorem [I.I] In Section [d] we discuss explicit examples of the failure of
weak As-formality at the prime 2. In Section [5] we prove the local-global principle
for weak A,-formality over number fields at odd primes of Theorem In Section
[6] we apply this criterion and the computation for Demushkin groups to prove
Theorems and [[.5] Finally, in Section [7} we prove Theorem
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2. CRITERIA FOR WEAK AND GENUINE A,,-FORMALITY

Let p be a prime number. Let C* = (C*,u,d) be a strictly unital differential
graded Fp-algebra with cohomology algebra H*. We refer to [I3] for the theory of
Ax-algebras. By Kadeishvili’s work [T, [12], homotopy transfer provides H® with
a strictly unital minimal Ay-structure (H®, ma, mg, my,...) with my the multipli-
cation induced by the cup-product. The n-ary operation m,, has degree 2 —n. We
note that any two minimal transferred Ay -structures on H*® are Ag-isomorphic
through an isomorphism whose linear term is the identity. We will therefore also
refer to (H®, mg, ms, my,...) as the minimal Ay -structure on H®.
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Definition 2.1. For n > 3, C* is called A, -formal if the transferred minimal
A -structure can be chosen such that ms =my =---=m, = 0.

Example 2.2. Every differential graded Fs-algebra whose cohomology algebra is
isomorphic to Fs[a, b, c]/(ab, bc) is As-formal by [4, Theorem 1.1].

Remark 2.3. If mg = --- = my,_1 = 0, then the Ay -identity for the homomorphism
my: (H*)®" — H* of degree 2 — n is given by
n—1
0=mo(1®my) + (~1)"'ma(m, ®1) + Y. (~1)"*'m,, (1®i ®ms ® 1®<"—1—i>)
i=0
where 1 denotes the identity on H*®.
Once m3z = my = - -+ = my,_1 = 0, the obstruction to finding a transferred mini-

mal Ay -structure on H*® with trivial m,, lies in the graded Hochschild cohomology
group HH™?~"(H*, H*). We now recall the definition of graded Hochschild coho-
mology. Let A = @®;>0A" be a non-negatively graded F,-algebra with A% = F,,. Let
M be a graded A-bimodule. For s € Z, we write M[s] for the graded A-bimodule
given in degree n by M[s]" = M"*"*, where A acts on the left by a -y m =
(=1)*l%lam and from the right by m ‘M[s] @ = ma. We write Ay = @;>1 A" for
the augmentation ideal. We let Homy (A4, M) denote the graded F,-vector space
with degree s component given by F-linear graded maps f: Ay — M[s]. The nor-
malised Hochschild complez of A with coefficients in M, denoted by C'**(A, M), is
defined as follows. We set

C™*(A, M) == Homg, (A®™, M)
with differential 0"~t: C"~1s(A, M) — C™%(A, M) defined by
(1) ) ay, ... an) = (=1)%lay flag, ... an)

n—1
+ Z (*l)zf(al, [P 710 7T PR ,an)
=1

+ (_1)nf(a17 B 7an—1)an

where |a;| denotes the degree of the element a;. A Hochschild cochain in degree
(n,s) with coefficients in M is thus given by a multilinear function from n-tuples
of elements of A to M which raise the degree by s. We note that the differential
only changes the first grading denoted by e. The Hochschild cohomology group
HH™*(A, M) is the nth cohomology group of the complex (C**(A, M),d). The
groups HH** (A, M) are equipped with a cohomological grading e, and an internal
grading * induced by the grading of A and M.

Remark 2.4. Evaluating the identity for m, in Remark [2.3] on homogeneous ele-
ments and comparing with shows that m,, is a Hochschild cocycle and defines
an element [m,] € HH™?""(H* H*).

We also refer to A,-formality as genuine A,-formality to distinguish from the
following weaker notion.

Definition 2.5. We say that C* is weakly A,,-formal if, for every finite-dimensional
vector subspace V < H', there is a choice of minimal structure for which ms|yes =
S [— )
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Remark 2.6. We note that the definition of weak formality does not require any
compatibility when V' varies.

From now on we assume that C*® is a differential graded Fp-algebra such that
H* is concentrated in degrees 0, 1,2 with H® = F,. We note that this assumption
holds for the mod-p Galois cohomology of number fields when p is odd. Under
this assumption, for every n > 3, the only possibly nonzero component of m,, is
my: (HY)®" — H2,

Notation 2.7. For a vector subspace V < H!, let Ay be the subalgebra of H*
generated by V. We write By = im(V ®V — H?). Then Ay = F,®V ® By, and
every product involving By and a positive-degree element is zero. We introduce the
following vector spaces similar to the spaces in the Koszul complex of a quadratic
algebra. We write uy: V®V — H?, 2 ®y — x Uy, and set Ry = ker(uy). For
m = 1, we define K; (V) :==V, K3(V) := Ry, and, for m > 3,

m—2
(2) En(V)i= [ V¥ @Ry @ VEm =270 c y&m,

j=0
In particular, K3(V) = (Ry ® V) n (V® Ry).
Lemma 2.8. Fori,j > 1, there is a natural inclusion

Aij: Kiy;(V) = Ki(V) @ K;(V).

These inclusions are compatible with iterated deconcatenation of tensor powers.

Proof. An element of K;y;(V) lies in every subspace obtained by imposing the
quadratic relation Ry on two adjacent tensor factors. In particular, imposing the
relations internal to the first i factors places it in K;(V) ® V®/ and imposing
those internal to the last j factors places it in V®' @ K ; (V). Over a field, we have
(ARY)n(X®B) = A® B inside X ® Y whenever A ¢ X and B c Y. Hence we
get an inclusion into K;(V) ® K; (V). Compatibility is inherited from the ordinary
deconcatenation of tensor powers. (Il

Lemma 2.9. If W c V < HY, then K;,,(W) = K, (V) n W™ for m > 1.

Proof. Tt is clear that Ryy = Ry n W2, More generally, let 0 < j < m — 2, and
consider the quotient map g;: VO™ — V& @ (VO2/Ry) ® VOm=i=2)_ Its kernel
sV Q Ry ® V®(m=i=2) The kernel of its restriction to W®™ is

W& @ (Ry n W) @ WEm—i-2) — [y® @ Ry, @ WEm—i-2),

Intersecting these identities over j gives K,,(W) = K,,(V) n W&, O
For n > 3, we define the linear map

(3) D,,v: Homg, (K,—1(V), H') — Homg, (K, (V), H?)

by setting

Dypv(f)(xr, ... zn) = (—1)"z1 U f(x2,...,20) + (=1)"f(z1,. .., Tn-1) U Zp.

Now we show that this construction receives a map from Hochschild cohomology.
A normalised Hochschild n-cochain on Ay of internal degree 2 — n has only one
possible nonzero component consisting of maps of the form V®" — H?. There is
no outgoing Hochschild differential, since the target of the next differential would
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lie in cohomological degree at least 3. A normalised Hochschild (n — 1)-cochain of
internal degree 2 — n has two kinds of components:

(i) a component V-1 — H1

(ii) for each 0 < j < n — 2, a component factoring through

Vi By ® V®rn-2-5) _, g2

The middle terms in the Hochschild differential in come from the components in
(ii). Their joint annihilator is exactly K, (V). After restriction to K, (V), the two
endpoint terms depend only on the restriction of the component in (i) to K,,—1(V).
This shows im (0"~ !)|k, (v) © im(Dyv). Hence, for every n > 3, restriction to
K, (V) induces a well-defined homomorphism

4) tnv s HH™? ™ (Ay, H*) — coker(D,, v ), [f] — Lfl &, v)]-

Since every linear map K, (V) — H? can be linearly extended to a map V&" — H?,
Ln,v is surjective. We show that this is actually an isomorphism.

Theorem 2.10. Let H* be a graded Fp-algebra such that H® = F, and H' = 0
for i = 3. For every vector subspace V. H' and for every n > 3, the map t, v
is an isomorphism which is functorial with respect to inclusions of vector subspaces
in H'.

Proof. For n > 3, every n-cochain of internal degree 2 — n is a map VO — H?
and is automatically a cocycle. It remains to show that ¢,  is injective. Let [f] €
HH™?""(Ay, H*) belong to the kernel of ¢, 1. Then fli,.(vy = Dn,v(p) for some
linear map ¢: K, _1(V) — H'. We choose a linear extension v: V®"—1 _ [l
After restriction to K, (V), all middle terms in 0" !5 vanish, while its endpoint
terms are Dy, v (p). Hence (f — 0" '9)|k, (v) = 0. It therefore suffices to show
that every map V®" — H? vanishing on K, (V) is a Hochschild coboundary. So,
let f: V" — H? be a map such that flx,(v)y = 0. For a subspace S < Vo we
write S%% := {f € Homg, (V®", H?): f|s = 0}. Let X; = V& @ Ry ® VOn—1-2)
for 0 < j <n—2. Then K, (V) =[); X;. Since the intersection is finite, we have
K,(V)™ = 2?73 X A map in X?" factors through V®"/Xj ~ V® ® By ®

V®™n—=i=2) Tt is therefore the corresponding middle component of the Hochschild
differential of a normalised (n — 1)-cochain of internal degree 2 —n. For an (n — 1)-
cochain supported on a component with one By -factor, its endpoint terms vanish
for degree reasons as Ay® - H> = 0 = H? - A7®. Thus each map in X?" is the
middle component of a Hochschild boundary. This shows that f is a Hochschild
coboundary. This proves the injectivity of ¢y, . Functoriality in V' follows from
the compatibility of D,, _ with the restriction along inclusions of vector spaces and
the fact that the Hochschild restriction map corresponds to the induced map on
cokernels. O

Now we consider the case n = 3. The Hochschild cohomology class [ms] €
HH?* ' (H*, H*) is independent of the choices, and we call [ms] the canonical As-
class of C* following [T}, Section 5]. The differential graded algebra C* is Az-formal if
and only if the canonical As-class of C* vanishes (see for example [26, Theorem 3.9]).
A map representing [mgs] can be constructed as follows (see for example [Il, Section
5], [16]). We choose an F-linear map fi: H* — Z* of degree 0 which induces the
identity after taking cohomology. We choose an F-linear map fo: H*® H* — C*
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of degree —1 such that dfa(x,y) = —fi(z) U f1(y) + fi(z U y). We then define the
Fp-linear map ~: H* @ H* ® H®* — C* of degree —1 by

H(m,y,z) = (_1)|x‘f1(x) Y fg(’y,Z) - f2($ Y y’z) + fQ(xay Y Z) - f2(x7y) o fl(z)

A direct computation shows that x(x,y,z) is a cocycle in C*. We let [k]: H* ®
H*®H*® — H* denote the F,-linear map of degree —1 defined by sending z®@y® 2
to the class [k(z,y, 2)] in H®. The map [x] defines a Hochschild (3, —1)-cocycle.
The class of [x] in HH*>~*(H*, H*) is the canonical As-class [m3] of C*. Now let
V < H' be a vector subspace. We denote by [m3 ] € HH* "' (Ay, H*) the image of
[m3] under the map HH*~!(H* H*) — HH* *(Ay, H*) induced by the inclusion
Ay — H*, and we call [mg,y] the restricted canonical As-class. This terminology
is justified by the following observation.

Lemma 2.11. The differential graded algebra C* is weakly As-formal if and only
if [ms,v] vanishes for every finite-dimensional vector subspace V < H'.

Proof. If C* is weakly As-formal in the sense of Deﬁnition then m3|yes = 0, and
hence its Hochschild class vanishes as well. Now we assume [m3 ] = 0. Then we
can choose a normalised Hochschild 2-cochain hy on Ay such that dhy = ms| AB3-
We then extend hy linearly to a normalised 2-cochain on H®. Then we use hy to
adjust the initial choice of the homotopy transfer and hence the minimal structure
such that the new msg restricts to zero on V®3, see |26, Proof of Theorem 2.7]. O

Next, let G be a profinite group, and let C* = C*(G,F,) with cocycles Z°* =
Z*(G,F,) and cohomology algebra H*. We assume H® = 0 for i > 3. We identify
Z! = H' = Homeont (G, F,) with the vector space of continuous group homomor-
phism G — F,. Let V < H'! be a vector subspace. In this case, we can simplify
the construction of the obstruction class for weak As-formality as follows. Let
Ba2: Ry — C! be a linear map such that 682(x,y) = —x U y. We then define the
F,-linear map Q(B2): K3(V) — Z2 by

(5) Q(B2) (u, v, w) == —u U (v, w) — fa(u,v) U w.

Again, a direct computation shows that Q(82)(u, v, w) is a cocycle in C2. We write
[Q(B2)]: K3(V) — H? for the resulting linear map to cohomology. If v: Ry — Z!
is a cocycle-valued linear map, then we have [Q(82 + )] — [2(B2)] = D3, v[vy]. We
let 031 denote the image of [Q(82)] in coker(Ds v ).

Lemma 2.12. The isomorphism i3y sends [mg,v] to 03y .

Proof. We may assume that [mg ] is constructed via maps (fi, f2) as above with
filgr: HY = Z! being the canonical identification. We set 3y = folry,. By
construction, ¢3 1 is then given by taking the class of the restriction of x to K3(V).
The two middle terms of k vanish on K3(V'), and the remaining terms are exactly
Q(B2). Hence the class of [Q(82)] in coker(Ds ) equals both ¢3 v ([m3,v]) and
03.v. O

Proposition 2.13. Let G be a profinite group such that H(G,F,) = 0 fori > 3.
Then C*(G,F),) is weakly As-formal if and only if, for every finite-dimensional
vector subspace V. < H', we have o3y = 0. Moreover, C*(G,F,) is As-formal if
and only if 03 1 = 0.
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Proof. By Lemma|2.12] we have 03y = 0 if and only if [m3 ] = 0. Since C*(G,F,)
is weakly As-formal if and only if [m3 1] = 0 for every finite-dimensional V < H!,
this proves the first assertion. For the second assertion, suppose that o3 1 = 0. By
Lemma [2.12] the restricted canonical class [ms g1] vanishes. Repeating the proof
of Lemma with V = H', we may change the transferred minimal structure so
that ms|(g1yes = 0. Since H°(G, F,) = F, and H'(G,F,) = 0 for i > 3, this is the
only potentially nonzero component of mg. Thus, ms = 0. The other implication
is immediate. d

3. EMBEDDING PROBLEMS AND WEAK A,,-FORMALITY

In this section, we characterise weak and genuine A, -formality via embedding
problems. We let G denote a profinite group.

Definition 3.1. An embedding problem for G is a solid diagram of continuous group
homomorphisms

B i»— A

in which A and B are topological groups, and ¢: B — A is surjective. We refer
to a continuous homomorphism G — B which makes the diagram commutative
as a solution of the embedding problem. The kernel of the embedding problem is
defined to be the kernel of ¢. We call the embedding problem finite if A and B are
finite discrete groups.

Remark 3.2. The literature on embedding problems often refers to a homomorphism
G — B which makes the diagram commutative as a weak solution and reserves the
term solution for a weak solution which is surjective. Since surjectivity of the
solution does not matter in this paper, we use the shorter terminology and do not
make the above distinction.

Notation 3.3. We let p be a fixed prime number, and G be a profinite group. We
recall from [24] Definition 1.1.10] that the Pontryagin dual of a Hausdorff, abelian
and locally compact group A is the group AY = Homcont(A4,R/Z) of continuous
group homomorphisms from A to R/Z where the latter is equipped with the quotient
topology inherited from R. The group A" is considered as a topological group with
the compact-open topology. We recall that Pontryagin duality states that the
canonical homomorphism A — (AY)Y is an isomorphism of topological groups (see
[24, Theorem 1.1.11] and the references therein). If V' is an F,-vector space, then V,
considered with the discrete topology, is a Hausdorff, abelian and locally compact
group. Every group homomorphism V' — R/Z has image in the p-torsion subgroup

(R/Z)[p] = %Z/Z. Using the identification of additive groups %Z/Z = F,, STL
@, we obtain a natural identification V¥ = Homg, (V,F,). We equip Homg, (V,F,)
with the compact-open topology. Since V' is discrete, its compact subsets are finite.
Hence the compact-open topology on V'V is the topology of pointwise convergence
on finite subsets of V. In particular, V'V is a compact Hausdorff totally-disconnected
topological IF-vector space. Hence, for a discrete IF,-vector space, the Pontryagin
dual equals the algebraic dual equipped with the topology of pointwise convergence.

If V is finite-dimensional, then V'V is finite and its topology is discrete.
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Notation 3.4. For a topological F,-vector space M, we write C*(G, M) for the
complex of continuous inhomogeneous cochains, where we regard M, unless other-
wise stated, as a trivial G-module. We denote the cocycles by Z°*(G, M) and the
corresponding cohomology groups by H*(G,M). For M = F,, we often just write
C*, Z°, and H*. In this case, H® is the usual graded cohomology algebra.

Throughout this section, we let G be a profinite group such that H*(G,F,) = 0
for i > 3, and we let V < H'(G,F,) be a vector subspace.

Definition 3.5. We equip V and every subspace K,,(V) € V™ with the discrete
topology. We define
P (V)= K,(V)¥

and equip it with the compact-open topology. Thus, P, (V) is a compact Haus-
dorff totally disconnected topological Fy-vector space. In particular, if V' is finite-
dimensional, then P, (V) is finite and its topology is discrete. Dualising the decon-
catenation inclusion A;;: K;1;(V) — K;(V) ® K;(V) of Lemma defines a
bilinear product

(6) Pi(V) x Pj(V) = Pirj(V), (Adj)(@) = (A @ Aj) (Ai ().
Lemma 3.6. The product @ 18 continuous.

Proof. For each fixed x € K,;(V), the tensor A, ;j(z) is a finite sum A, ;(z) =
Y1y ® by, so (M) (@) = X0 _; Ni(ar)A;(br) depends on only finitely many
coordinates of \; and A;. Continuity now follows from the definition of the topology
on both sides. ]

Lemma 3.7. Let V < H'(G,F,) be a vector subspace. For everyq =0 andm > 1,
we have natural identifications

(7) CUG,Pp(V)) = Homle (Km(v)ch(Gv]Fp))a

and HY(G, Py, (V)) = Homg, (K, (V), HY(G,F})).

Proof. Since P, (V) is equipped with the topology of pointwise convergence, a map
¢: G — P, (V) is continuous if and only if every coordinate g — c¢(g)(z) for

x € K, (V) is continuous. This proves (7). Since the functor Homg, (K, (V), —) is
exact over a field, taking cohomology implies the second isomorphism. ([

Let (V) denote the directed poset of finite-dimensional F,-subspaces of V.
Every element of (V)®™ is a finite sum of pure tensors and therefore belongs to
W™ for some W € F(V). Hence Lemma [2.9] implies

WeF (V)

Lemma 3.8. For every m = 1, inclusions of vector spaces induce an isomorphism
of topological vector spaces

(8) Pu(V) = lim  Pn(W).

Proof. Since P, (W) = K,,,(W)", a compatible family of functionals (Aw )w with
Aw € K (W)Y defines a unique functional on the union K,,(V). Conversely,
a functional on K,,(V) restricts to such a compatible family. Thus, we get an

isomorphism of vector spaces P, (V) = liLnWe}'(V) P,,(W). Moreover, this is a
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homeomorphism since the compact-open topology on the dual of a discrete vector
space is the topology of pointwise convergence on finite subsets, which is the inverse-
limit topology on the right-hand side of . O

Definition 3.9. For n > 2, we define the graded F,-vector space u,(V) =
@, _1 Pn(V), and consider u, (V) with the products (6) and with every prod-
uct of total degree > n declared zero. We equip u, (V) with the finite product
topology. We define

U, (V) =14 u,(V)
with multiplication (1 + )(1 +y) = 1+ 2 + y + 2y and equip U, (V) with the
topology defined by the bijection u, (V) — U, (V), z — 1 + z.

Lemma 3.10. Forn > 2, u, (V) is an associative topological nilpotent IF,,-algebra,
and U, (V') is a compact Hausdorff totally disconnected topological group. If V is
finite-dimensional, then U, (V) is a finite discrete p-group.

Proof. Associativity follows from dualising Lemma[2.8] Nilpotence follows from the
grading. Since the products on the P, (V) are continuous, the operations on 1,
and U, (V) are continuous. We note that taking inverses in U, (V') is continuous
since u, (V)" =0and (1+2)"' =1 a2+ 22— -+ (=1)"2". Finally, if V
is finite-dimensional, then 1 + u, (V) has cardinality p?™4 (V) so it is a finite
p-group. (Il

Remark 3.11. In degree one, we have P1(V) = VV. We write N,y = 1 +
@, 5 Pn(V). It is a closed normal subgroup of U, (V), equal to the kernel of
U, (V) — V. We then obtain a short exact sequence of topological groups

1— Npy — Uy (V) — VY — 1.

For n = 3, multiplication on N3y agrees with addition on P>(V) @ Ps(V), so N3y
is elementary abelian. For n > 4, however, N,, v need not be abelian.

Lemma 3.12. For every n = 2, inclusions of vector spaces induce an isomorphism
of topological groups

(9) U (V) S lim U,(W).
WeF(V)

In particular, U, (V) is a pro-p group.

Proof. Since the deconcatenation maps are natural with respect to inclusions of
vector spaces, isomorphism respects the products on the graded pieces. Since
only finitely many degrees occur, they combine to an isomorphism of topological

iy, o) u, (W), and hence to an isomorphism of

lim U (W). O

nilpotent algebras u, (V) = lim
- —WeF(V) ™

topological groups U, (V)
Now we can relate weak A,-formality to the existence of a solution of certain

embedding problems. We let V < H'(G,F,) be a vector subspace. We first consider
the cases n = 2 and n = 3 and will then explain how to generalise to arbitrary n.

Definition 3.13. The tautological characteris defined as the group homomorphism
xv:G—= VY, xv(g)(v) = v(g).

Lemma 3.14. The group homomorphism xv s continuous and surjective.
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Proof. For each W e F(V), the composition

GSVY S lim WY WY
Pa—
WeF(V)
of xy with and the canonical projection equals xy . Since is a homeomor-
phism and each yyy is continuous, we get that yy is continuous. Now we show that
Xv is surjective. Let I :=imyy, and let I** = {v € V : A(v) = 0 for every X € I}
denote its annihilator. By definition of xy, v € I*® if and only if v(g) = 0 for every
g € G. However, since V < H'(G,F,), v itself is a continuous group homomorphism
G — F,. If it vanishes for every g € G, then v = 0. Thus, we get /** = 0. By
Pontryagin duality, the closure of I is the annihilator of I?". Since I*" = 0, we get
that the closure of I is V'V. Since G is a profinite group, it is compact. Since xy
is continuous, I = xy (@) is compact as well. Since V'V is Hausdorff, the compact
subset I € V'V is closed in V. This shows that I is a dense and closed subset of
V'V, and hence im yy = VV. (|

Notation 3.15. We write xy U xyv: G x G — (V® V)Y for the map defined by

((xv v xv)(91,92)) (v @ w) = v(g1)w(g2). Composing with the restriction map
(V®V)Y — Ry, = Po(V) gives a continuous Pz(V)-valued 2-cocycle, which we
again denote by xy U xv, by slight abuse of notation.

Lemma 3.16. The embedding problem G X5 VYV « Usy(V) has a solution.
Moreover, every solution py is of the form pa = 1+ xv + by for some cochain
be € CL(G, Py(V)) such that §by = —xv U Xv -

Proof. Tt follows from the definition of the group structure on Us (V') and a direct
computation, using that the products P (V)Py(V), Po(V)P(V), and Po(V)Pe(V)
are trivial for Up(V'), that every solution py is of the form py = 1 + xy + by for
some cochain by € C1(G, P2(V)) such that dby = —xv U xv. To finish the proof, it

suffices to observe that such a cochain by, always exists since py is trivial on Ry by
definition of the latter. O

Now we consider the embedding problem
EY: G X5 VY« Uy(V).

Let by € C1(G, P»(V)) such that 6by = —xy U xy. We then define the P3(V)-valued
cocycle
(10) w(bg) ==XV VY b2 — b2 U XV € ZQ(G, Pg(V))
We note that w(bs) is indeed a cocycle since d(xy U ba) = xv U xv U xv and
6(b2 U xV) = —Xxv U XV UXV-
Lemma 3.17. Let po = 1+ xv + ba: G — Ua(V) be a solution of the embedding

problem G X5 VY « Uy(V). The embedding problem Eg’): G 25 VY « Us(V)
has a solution which extends py if and only if there is a cochain by € C1(G, P3(V))
such that bz = w(ba).

Proof. This follows again from a direct computation, using that the higher products
vanish in uz(V), and the definition of the group structure on Uz(V). O

Let by € C1(G, P»(V)) such that 6by = —xv Uxv, and let w(b2) be as in (10)). Let
[w(b2)] denote the corresponding cohomology class in H?(G, P3(V)). By Lemma
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3.17] the class [w(b2)] in H*(G, P3(V)) =~ Homg, (K3(V), H?) is an obstruction to

the existence of a lift to a solution of Eg’). Now let z € Z1(G, P»(V)) be a Py(V)-
valued cocycle. Let [2] € HY(G, P,(V')) denote the corresponding cohomology class.
Then [w(by + 2)] — [w(b2)] = D3 v[z], where D3 v ([#]) is defined as in using
Lemma Let 03,y € coker(Ds3 1) denote the image of [w(bs)] in the cokernel of
Dsy. Since a cochain by € C1(G, P»(V)) such that by = —xy U Yy always exists
by Lemma we have proven the following result.

)

Lemma 3.18. The embedding problem E%,g has a solution if and only if 03y = 0.

Proposition 3.19. The embedding problem Es’) has a solution if and only if the
restricted canonical As-class vanishes.

Proof. By Proposition the restricted canonical As-class vanishes if and only
if 03 = 0. Lemma shows that 03y = 0 if and only if Eg’) has a solution. [

For n > 3, we now consider the embedding problem
E(): G5 VY « U, (V).

Lemma 3.20. A solution p: G — U, (V) of E%}L) is of the form
p=1+by+by+ -+ by,

where by = xv, and b, € CY(G, P.(V)) for 2 <r < n such that
r—1

(11) 0b, = — Z b; Ub,._; for2<r <n,
i=1

where the cup-product is followed by the multiplication P;(V)® P;(V) — P.(V).

Proof. This follows again from a direct computation, using that the higher products
vanish in u, (V'), and the definition of the group structure on U, (V). O

We now compare the recursive equations with the ordinary obstruction
theory for the vanishing of the minimal A,-operations.

Notation 3.21. Let r = 3. Let 8 = (84,...,08-—-1) be a family of linear maps with
B1:V — ZY(G,F,) the restriction of the canonical identification H!' — Z!, and,
for 2 <i<r, let B;: K;(V) — CY(G,F,). We then define the linear map

j—1
Sj(ﬁ) = Z(BZ ) Bj*i) o Ai,jfi: KJ<V> g CQ(G,FP) fOI‘ 2 < ] <.
i=1
Here S;(8) depends only on f1,...,5;—1, so the same notation is used when S is

a longer family. We say that the family g is V,.-good if the maps §; satisfy 08; =
—5;(B) for 2 < i < r. In this case, a direct computation gives 65, (8) = 0, and we
then write Q,.(8) = €,.5,(8): K.(V) — 2%(G,F,), where we set ¢; := (—1)lU—1)/2]
so that e = &9 = 1.

Remark 3.22. The choice of the sign ¢, stems from the sign conventions for Ag-
morphisms in [I3, Section 3.4]. The Koszul sign rule turns the sign for f; U f; on
degree one classes to be (—1)”*1 and ¢, is chosen such that &;1; = (—1)¥Tlge;.
Lemma 3.23. Under the natural identification , there is a bijection between the

set of cochains b, € C1(G, P.(V)) for 1 <r < n with by = xv and satisfying
and the set of V,,11-good families = (B1,...,Bn).
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Proof. This follows from dualising the maps involved. O

Definition 3.24. Let 8 be an V,-good family. We say that H*® is V®-nice if

there is a minimal A -structure on H® together with a strictly unital Ay -quasi-

isomorphism F = (fi, fa,...): H* — C* such that ’ITL3‘A@3 =...= mr,1|A®<r71) =
\4

0, where f; induces the identity after taking cohomology and fi|g1: H! — Z!is
the canonical identification, and fi|x, vy = €:8; for 1 <i <r.

Proposition 3.25. Letr > 3, and let 5 = (B1,...,Br—1) be a V.-good family. Then
H* is V2 -nice with m, |k, vy = [Q(B)] in Homg, (K,.(V), H?). With B1,...,Br—2
fized, the image of [Q2.(B)] in coker(D, v) is independent of the choice of Br_1.

Proof. We prove the first assertion by induction on r. The assertion for r = 3 is
the concrete description of the restricted canonical Az-class. That is, we choose
an initial transferred minimal structure and its associated strictly unital A,-quasi-
isomorphism (fy, fg, f’_),, ...). Since both f~2|RV and (o have differential —3; U 51,
their difference is cocycle-valued. Then we extend this difference to a normalised
cocycle-valued cochain, and adjust the initial fg to get a linear map fo: (H*)®% —
C* of degree —1 such that fa|g, = 2. Now we assume the assertion has been
proved for r—1. Thus, after replacing the transferred minimal structure by a strictly
unital Ag-isomorphism whose linear component is the identity, we may assume that
m3|A(§3 =...= mr_2|A®(r_z> = 0, and that the components of the associated A-
quasi-isomorphism satisfy fi|x, ) = €:8; for 1 <i <7 —1. We first explain how
to realise the prescribed component in arity r — 1. By the induction hypothesis, we

have mr_l\Kr_l(V) = [Qr_l(ﬁ)] in HOHI]FP(KT_l(V),H2), and 567"—1 = — T_l(ﬁ).
Hence we have Q,._1(8) = €,-15.-1(8) = —&,-168,—1. This shows that Q,_1(8)
is exact, and hence m,_1|g,_, vy = 0 as a map to H?. We can now use the

support argument from the proof of Theorem [2.10} a Hochschild cochain vanishing
on K,_1(V) is a Hochschild coboundary of cochains supported on components
with one By-factor. Such cochains vanish on V®=2) 5o the already prescribed
restrictions of lower morphism components are preserved. Thus, we can assume
mr,l\Ai@?(ril) =0 as well.

Now we use the (r — 1)-st identity of an Ag-morphism. By the induction hy-
pothesis for the lower components, both f. 1|k _,(v) and &,_13,_1 have differen-
tial —,-1.5,-1(8). We then get 5(fr,1|KT71(V)) = g,_1008,_1. Their difference
Zr—1 = €r—1Br—1 — fr—1|k,_,(v) therefore takes values in Z1. We choose a nor-
malised cochain 2,_;: (H*)®" 1) — C* of degree 2—r whose restriction to K,_1 (V)
is z,_1, whose values lie in Z°, and which vanishes whenever one input is the unit.
Replacing f,_1 by f,_1+2-_1 does not change the already established A -identities
through order r — 1, since 0,1 = 0. However, it changes the r-th source operation
by the Hochschild coboundary determined by Z._;. Hence the lower operations
remain zero on Ay, while the new component satisfies fr—l\K,,,,l(V) =¢er_10r_1.

Now we compute the obstruction in arity r. Consider the r-th Ay -morphism
identity for F': H* — C®. After restriction to K,.(V'), terms containing an insertion
of mg vanish because every adjacent pair in K,.(V') belongs to Ry . Terms containing
one of ms, ..., m,_1 vanish since mg\A@a == m',-_l‘A(\:x/)(r—l) = 0. Hence the only

source operation which remains is m, |k, (v). The terms on the target side which
remain are the products (f; U fr—i) oA i for 1 <i <r—1. Using fi|g,(v) = B
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and (—1)7*le;e; = ;4 ,, the restricted identity therefore gives,

bil (mr\K,,.(v)) = 5(fr\K,,.(v)) + Q.(8).

Applying § to both sides and using 62 = 0 shows that 6€2,.(3) = 0. Thus, Q, takes
values in Z2. After passing to cohomology we get
me| . (vy) = [Q-(8)] in Homg, (K,.(V), H?).

Now suppose that 8/ = (81,...,05.._1) is another V,-good family, and assume
that 8 = f; for 1 < i < r —2. We write z := f/_; — fr—1. The defining-system
equation in arity 7 — 1 has the same right-hand side for 5._; and ,_1. Subtracting
the two equations therefore gives 6z = 0. Hence z takes values in Z'. Replacing
the ; by the S changes only the two summands of €, involving /3,_1. Thus, we
get Q.(8) —Q(B) = ((Bruz)oAy 1+ (20 P1)oAr_11). Since D, y[z] =
(=1)"((Bruz)oAy—1+ (20 B1) 0o Ap_q11), after passing to cohomology, we get
[0.(8) — Q- (8)] = (1) ey D,y ([2]). This finishes the proof. O

Now we can prove a key technical result.

Theorem 3.26. Let G be a profinite group such that H(G,F,) =0 for i > 3, and
we let V. < HY(G,F,) be a vector subspace. Let n = 3. Then the following are
equivalent:
(a) the minimal Ay -structure on H® can be chosen such that
m3|A§3 =...= mn|A‘®/n =0;
(b) there exist cochains by, ba, ..., b, satisfying with by = xv;
(c) the embedding problem

E(V: G225 VY« U, (V)
has a solution.

Proof. The equivalence of (b) and (c) is given by Lemma It remains to
prove the equivalence of (a) and (b). Assume first that (a) holds. We choose
a strictly unital minimal A-structure (H®,mg, ms,...) and a strictly unital Aq-
quasi-isomorphism F = (f1, fa, f3,...): H* — C* where fi|g is the identity H' —
Z1 = Homeont (G, F,), and each f; is of degree 1 — 4, such that m3|A%3 = .. =
mn|A@n =0. For 1 <7 <n, weset 3, == e, fr|k,v): Kp (V) = C'. In particular,
B1 = idy. Since €2 = 1, the definition is equivalent to frlk,. vy = €-Br. Now we
restrict the r-th A, -morphism identity to K,.(V). Every source term containing an
insertion of mq vanishes since neighbouring pairs in K,.(V') lie in Ry . Every source
term involving one of mg, . .., m,. vanishes by the assumption in (a). The remaining
target multiplication terms combine to Q,.(5). Hence 6(fT|KT(V)) = —0,.(8) =
—&,.5-(8), and thus 68, = —=S,(8) for 2 < r < n. Thus, § = (B1,...,08,) is a
Vi41-good family. By Lemma [3.23] this implies (b).

Now we assume that (b) holds. By Lemmal[3.23] the cochains by, . . ., b, determine
a Vy,41-good family 3 = (B1,...,3,). By Proposition applied with r = n + 1,
H* is Vfﬂ—nice, which proves (a). Hence (b) implies (a). O
Corollary 3.27. Let G be a profinite group such that H'(G,F,) = 0 for i > 3,
and let n = 3. Then C*(G,F,) is weakly A, -formal if and only if every finite
embedding problem Egl) is solvable. Moreover, C*(G,Fy) is Ay-formal if and only
if the embedding problem Egﬂ) for V.= H' is solvable.
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Proof. This follows from Theorem [3.26] and the definition of weak and genuine
A, -formality, respectively. O

Corollary relates weak A,-formality to the existence of a solution to ev-
ery finite embedding problem, whereas genuine A,-formality corresponds to the
existence of a solution of the global embedding problem. Now we show how we
can glue the finite data together. Recall that we write F(H?!) for the directed
poset of finite-dimensional vector subspaces of H'. For V. < W in F(H?'), let
rwv: U, (W) — U, (V) be the homomorphism induced by restriction on Pontrya-

gin duals. The surjection ry v sends a solution of Eg/;) to a solution of Ei,n). Let
Sol(Egl)) denote the set of solutions of Eg/n). We then get transition maps

W(W"%/: Sol(Eg})) — Sol(EE}l)), Pn —> TWV O Pp.

These maps make the solution sets into a projective system indexed by F(H?).
Now we can prove the following important technical result.

Theorem 3.28. Let G be a profinite group such that H(G,F,) =0 for i > 3, and
let n = 3. Then the following are equivalent:

(a) C*(G,F,) is A, -formal;

(b) the finite embedding problems Egl) admit a compatible family of solutions,
i.e.,

lim Sol(E%}l)) # 2.
VeF(H)

Proof. Suppose first that C*(G,F,) is A,-formal. By Corollary the global
embedding problem G X255 (H')Y « U, (H") has a solution p: G — U, (H"). For
every V € F(H?'), let ry: U, (H') — U, (V) be restriction and put py := ry o p.
Then py is a solution of Egl), and for V' < W one has ry v opw = py. Thus (pv)v
is a point of lim Sol(Egl)). This proves that (a) implies (b).

Now we assume the projective system is nonempty and let

(pv)v € lﬂl SO](E&;L))
14

For each g € G, the elements (py(g))y form a compatible family. By @D, they
determine a unique element p(g) € U, (H"'). This defines a map p: G — U, (H").
For g,h € G and every V € F(H'), we have

rv(p(gh)) = pv(gh) = pv(9)pv(h) = v (p(g)p(h)).

The projections in @ separate points, so p is a group homomorphism. It is continu-
ous since @ is a homeomorphism and every component ry o p = py is continuous.
Let q: U,(H') — (H')" be the canonical quotient. For every V € F(H!), the
V¥-component of g o p is G 2% U, (V) = VY, which equals xy. Since the V-
component of x g1 is xy, it follows that go p = xg1. Thus, p solves the embedding
problem Eg_’;l) . Corollary now implies that C*(G,F,) is A,-formal. This proves
that (b) implies (a). O
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4. FAILURE OF WEAK A3—FORMALITY AT THE PRIME TWO

Before we apply the results of Section [3| for odd primes, we provide some explicit
examples of fields for which weak Az-formality fails at the prime p = 2.

Proposition 4.1. The differential graded algebra C*(Gg,F3) is not weakly As-
formal in each of the following cases:
(i) F is a finite extension of Q of odd degree,
(ii) F =TF,(t), where £ =3 (mod 8),
(iii) F = k(s,u,w), where k is any field of characteristic different from 2.

Remark 4.2. We note that, to the best of our knowledge, assertion (ii) in Proposition
is new. Assertion (i) follows from the Harpaz—Wittenberg example together with
[I7, Corollary 3.9], as we explain in the proof. Assertion (iii) is new in the presented
form, although it is the p = 2 specialisation of the construction in [I9, Theorem 1.3]
as we explain in the proof of Proposition [£.1] below. However, the three-variable
rational-function-field formulation does not appear to be stated explicitly in [19].

Remark 4.3. For the proof of Proposition we use the following consequence of
weak Asz-formality. If the minimal structure can be chosen with mg vanishing on the
span of four classes a,b,c,de H', and ifaub =buc = cud = 0, then the fourfold
Massey product {a, b, ¢, d) is defined, see for example |26, proof of Proposition 2.17].
Thus, a single four-tuple violating this property obstructs weak As-formality.

Notation 4.4. We use the following notation from [I7, page 3502|. Let F' be a
field of characteristic different from 2. For a € F'*, we let F, be the quadratic étale
F-algebra F[z,]/(22 —a), and write N, for the image of the norm map F — F*.
For b,c € F*, we write F}, .. :== F[xy, z.|/(z} — b, z% — ¢) for the associated degree-
four finite étale F-algebra, and Ny . == Np, /p(F,;".) € F* for its norm group. We
identify F* /F*? with H!(Gr,F3) and write (b, ¢) for the corresponding quaternion
symbol in H?(Gr,Fy) = Br(F)[2].

Lemma 4.5. Let F be a field of characteristic different from 2, and suppose that
the neighbouring symbols of (bc,b, ¢, bcy vanish. Then:
(i) The Massey product {bc,b, c,bc) is defined if and only if —1 € Ny ..
(ii) If {be, b, ¢, bcy is not defined over F and E/F is a finite extension of odd
degree, then {bc, b, ¢, bcy remains non-defined after base change to E.

Proof. Assertion (i) is a special case of [I7, Theorem 1.4]. For (ii), the first assertion
gives —1¢ Np, F(bec). Suppose that —1 becomes a norm after extending scalars
to £. Then there is an element 2 € (F,. ®r E)* with Np, ¢,.p/p(2) = —1.
Compatibility and transitivity of norms for finite étale algebras give

Np, e (Ney @rm/m,. (7)) = Ngjp(=1) = (=1 = —1.
The neighbouring symbols remain zero after base change since restriction preserves
their vanishing. This contradicts the assumption and proves (ii). O

Proof of Proposition[{.1 For (i), the example of Harpaz—Wittenberg in |7, Exam-
ple A.15], which is also recovered in [I7, Proposition 5.3], shows (be, b, ¢, bc)y for
b =2 and ¢ = 17 is not defined over Q while the neighbouring cup-products vanish.
Let F//Q be a finite extension of odd degree. By Lemma (34,2,17,34) is then
not defined over F' while the neighbouring cup-products vanish. This implies that
C*(GF,F2) is not weakly As-formal.
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For (ii), we assume £ = 3 (mod 8) and write F' = Fy(t). Weset b =2, c = t2 +1,
and a = d = be = 2(t> +1). Since both —1 and 2 are non-squares in Fy, the element
—2 is a square. We choose o € Fy with a? = —2. Then (* + 1) - 12 4+ 2(at/2)? = 1,
and hence (2,¢? + 1) = 0. Moreover, 2-1%2 +2-12 =22 and (t*+1)-12—-1-1% = ¢2,
o0 (2,2) =0 and (t? + 1,#2 + 1) = 0. This implies (a,b) = (b,c) = (c,d) = 0.

We claim that —1 ¢ Ny 424q. Set L := F(v/2,V/t2 +1). At every place v of F, the
local degree of L/F is 1 or 2. Indeed, if 2 is a square in F,, there is nothing to prove.
Otherwise, F,(v/2)/F, is the unramified quadratic extension. Since (2,t?+1), = 0,
the element t? + 1 is a norm from that extension and therefore has even valuation.
Its local square class is consequently either trivial or the class of the non-square
unit 2, so adjoining both square roots still gives degree at most 2. We may therefore
use the Serre-Tate multinorm criterion in the form used in the proof of [I7, Lemma
5.2 on page 3530]. Let S be the set of places of F' which split in F(1/2) and define
w(q) = [1es, (t2 +1,9),. Then, with ¢ = t? + 1,

(12) q € NaN.Ny, if and only if w(q) = 1.

We apply this to ¢ = t + 1. The quadratic extension F(+/2)/F is the constant
extension Fyz(t)/Fy(t), so a finite place splits precisely when its degree is even.
The only place in S; at which (¢, ¢ + 1), can be non-trivial is the degree-two place
ve = (12 4+ 1). Its residue field is Fp2 = Fy(i), i2 = —1, and the residue of ¢ + 1 is
1+i. Now Ng,,/r,(1+17) =2. For z € F, z is a square if and only if its norm to I,
is a square. Since 2 is a non-square in [y, the element 1 + ¢ is a non-square in 2.
Thus (c,t + 1),, = —1, and therefore w(t + 1) = —1. By (12)), t + 1 ¢ NaNcNac.
Now [17, Lemma A.3(2)| implies (¢ + 1) ¢ Na .. On the other hand, there is a very
simple explicit norm giving the opposite sign. We write 7 = v/2, s = v/t2 + 1, and
set p = ”H% € L*. Multiplication over the four choices of signs of r and s gives

1_[ (t+1+ns—er)=—4(t+1)%
en==+1
whereas Ny, p(r) = 4. Hence Na(p) = —(t+1)%. If —1 belonged to N ., dividing
Ns .(p) = —(t+1)? by such a norm would imply that (¢ +1)? € Na,., contradicting
(t+1)>¢ Ny .. Thus, —1 ¢ Ny, and (i) in Lemma shows that
QP +1),2,82 + 1,2(* + 1))
is not defined. This proves (ii).

For (iii), in the proof of [I9, Theorem 1.3], Merkurjev—Scavia construct the non-
defined fourfold product {1—s, s,¢, 1—t) over the function field of the Severi-Brauer
conic of (s,t). On the affine chart ¢ = w?—su?, this function field is the fraction field
Frac(k(s, t)[u, w]/(t — w? + su?)) = k(s,u,w), giving the explicit Massey product

<1 — S, S, w? — su27 1—w?+ su2>

which is not defined. (]

5. THE A,-LOCAL—GLOBAL PRINCIPLE FOR NUMBER FIELDS

Now we apply the results of Section [3] to the Galois cochains of a number field
and odd primes p. Let K be a number field and let v be a place of K. Let Gx and
Gk, denote the absolute Galois groups of K and K, respectively. The choice of an
embedding K — K, induces an injective homomorphism ¢,: G, — Gx whose
conjugacy class is independent of the initial choice. Let M be a finite G x-module.
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We write loc,: H*(Gg,M) — H*(Gk,, M) for the localisation homomorphism
induced by restriction along Gk, — Gg. For ¢ € H(Gg,F,), we also often
write ¢, = loc,(c) to shorten the notation. Let V < H'(Gg,F,) be a finite-
dimensional vector subspace, and let W := loc, (V) < H'(Gk,,F,) be the image of
V under the localisation map loc,. Since localisation sends Ry into Ry, it sends
K, (V) into K,,(W) for every m. Dualising gives compatible homomorphisms
P,,(W) — P, (V) and hence a homomorphism U, (W) — U, (V). Then we get a
diagram of embedding problems

(13) U (W) —> vz <G,
Un(V) VY~ Y Gk

in which the squares and triangles commute.

Lemma 5.1. Let v be a place of K, and assume that H(Gk,,F,) = 0 fori > 3.
Assume that C*(Gk,,Fp) is Ap-formal. Then, for every finite-dimensional vector
subspace V. HY (G, F)), the localised embedding problem

EV): G, X5 VY« Uy(V)

has a solution.

Proof. Let V.« H'(Gk,F,) be a finite-dimensional subspace, and let W be its

image under loc,. By Theorem the embedding problem ES;): K, X,
WY « U, (W) is solvable. We then see from diagram , that this implies that

Eg;l 1)) is solvable. O

We now assume that p is odd. We assume that K is a number field with p, ¢ K.
Our next goal is to show a local-global principle for A, -formality.

Proposition 5.2. Let K be a number field, let p be odd, assume p, & K, and let
n = 3. IfC*(Gk,,F,) is A, -formal for every completion K, of K, then C*(Gg,Fp)
is weakly A, -formal.

Proof. Let V. < H'(Gg,F,) be a finite-dimensional vector subspace. Let Fy /K
be the elementary abelian p-extension determined by xyv: Gxg — V'V such that
Gal(Fy/K) = VV. Let S be the finite set of finite primes ramified in Fy /K. For
eachv e S, Lemma gives a continuous homomorphism p,: Gg, — U, (V) lifting
Xv,u- The group U, (V) is a finite p-group and N,, v = ker (Un(V) — VV) is a nor-
mal subgroup. We may therefore apply the general lifting theorem of Maire—-Minac—
Ramakrishna—Tan [15] Theorem 3.2| with U = U, (V), N = N, v, and U/N = V'V
It produces a finite Galois extension L/K containing Fy, with Gal(L/K) ~ U, (V)
such that Gx — Gal(L/K) is a solution of EE," ). Since V was arbitrary, Corollary
implies weak A, -formality for C*(Gk,F,). |

For the converse, we need to lift embedding problems while preserving the cup-
product relations. We now show that this can be achieved under our cyclotomic
hypothesis. For a number field K and a finite Gg-module M, we denote by
I (K, M) = ker(H'(K,M) — [], H'(K,,M)) the i-th Tate-Shafarevich group,
where the product is taken over all places of K.
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Lemma 5.3. Let K be a number field, p be odd and pi,, & K. Then I1*(K,F,) = 0.

Proof. Poitou-Tate duality, see e. g. [24, Theorem 8.6.7|, identifies [1I?(K, F,) with
the dual of IIT* (K, p1,,). We recall why the latter vanishes. If a class in H' (G, ) is
locally trivial, its restriction to K (u,) is a homomorphism to the now constant group
ttp which is trivial on every decomposition group. A nonzero such homomorphism
determines a nontrivial cyclic extension of K (p,), and Chebotarev supplies a prime
with nontrivial Frobenius, contradicting local triviality. Thus, the class restricts
to zero over K (p,). Inflation-restriction and the nontrivial prime-to-p cyclotomic
action then force the original class to vanish. O

Next, we need to show that we can lift a subspace in local cohomology to

global cohomology such that the local and global kernel of the cup-product are
preserved. To do so, we use an approximation result from the work of Maire-Minad—
Ramakrishna—Téan [I5] Proposition 3.1] which says that, given finitely many local
classes and a finite p-extension F//K, one can realise the local data by a global class
after allowing one new tame ramified prime, and this new prime can be chosen to
split completely in F/K.
Proposition 5.4. Let K be a number field, let p be odd, assume p, & K, and
let v be a finite place. Let W < HY(Gk,,F,) be finite-dimensional. Then there
exists a finite-dimensional subspace V. < H*(G,F,) such that localisation induces
an isomorphism loc,: V =Sw and, under the tensor-square of this isomorphism,
Ry = Rw. For every n > 2, the induced natural map U, (W) = U, (V) is then
an isomorphism.

Proof. Choose a basis wi,...,wqg of W. We construct global classes a1,...,aq
inductively, together with distinct tame primes ¢y, ..., gq such that
(i) (ai)v = wi,
(ii) a; is unramified outside {v, q1,...,q;},
(iii) (as)q = 0 for j <1,
(iv) g, splits completely in the elementary p-extension determined by a4, ..., a;_1.
Suppose ay,...,a;—1 have been constructed. Then we apply [I5, Proposition 3.1]

to the finite set X; = {v,qi,...,¢—1}, with prescribed local value w; at v and 0
at each ¢;, and with the finite p-extension determined by ai,...,a;—1. By [I5,
Proposition 3.1], we can find a; and a new tame prime g; satisfying (i)—(iv). We
set V = {a1,...,aq) © H'(Gg,F,). Localisation at v is an isomorphism ¢ =
loc, |v: V =, W since the w; are linearly independent. We have the inclusion
(¢ ® ¢)(Ry) S Rw. It remains to show that this is an equality. We claim that
for every pair i, j, the cup-product a; U a; is locally zero away from v. At a prime
gs, at most one of the localisations (a;)q, is nonzero, since earlier classes vanish
there because g5 splits in the extension they determine, while later classes were
constructed to vanish at ¢;. Since p is odd, as U as = 0 by graded commutativity.
At every other finite place away from v, all a; are unramified, and the cup-product
of two unramified p-characters is zero since the maximal unramified pro-p quotient
of the corresponding Galois group has cohomological dimension one. Now let r €
V ® V. By the above arguments, we have locg(u(r)) = 0 for all primes ¢ # v.
At the archimedean places, the localisation is also zero, since p is odd. Thus, if
loc, (u(r)) = 0, then u(r) lies in I1%(K,F,). Lemma [5.3| then implies u(r) = 0 in
H?(Gg,F,). This shows (¢ ® ¢)"'(Rw) € Ry. Hence, (6 ® ¢)|r, : Ry — Rw
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is an isomorphism, and the global and local kernels agree. The assertion for U,
follows functorially from the definition. ([

We can now prove the local-global principle for weak A,,-formality.

Theorem 5.5. Let K be a number field, let p be odd, assume p, & K, and let
n = 3. Then the following are equivalent:

(i) C*(Gk,Fp) is weakly A, -formal,

(i) for every place v of K, C*(Gk,,Fy) is An-formal.

Proof. Proposition shows that (ii) implies (i). Now we prove that (i) implies
(ii). At an archimedean place, H'(Gk,,F,) = 0 for i > 1 since p is odd. Hence we
can assume that v is finite. Suppose that C*(Gg,,Fp) is not A,-formal. Since v is
finite, H*(Gk,,F,) is finite-dimensional, and since p is odd, H*(Gk,,F,) = 0 for
1 = 3. By Corollary applied with W = H!(G,,F,), the embedding problem

E(V: Gy, — WY « U, (W)

has no solution. Then we apply Proposition with W = H'(Gk,,F,) to obtain
a finite-dimensional vector subspace V. < H'(Gg,F,) with V. = W, Ry = Ry,
and U, (V) > U, (W). If C*(Gk,F,) is weakly A,-formal, the embedding problem

EE," ) has a solution by Corollary Restricting the global solution to Gk, gives a
solution with target U, (V). Composing with the inverse of the natural isomorphism
U, (W) = U, (V) from Proposition gives a solution of Eg}), a contradiction.
Hence (i) implies (ii). O

Remark 5.6. We note that for the proof of Theorem [5.5]it is crucial that we can lift
cohomology classes preserving their cup-product relations using Proposition [5.4]
Lifting a basis of H'(Gk,,F,) is not enough, since the global cup-product kernel
must coincide with the local one to lift the embedding problem from V to W.

Remark 5.7. We now explain why our argument for the local-global principle does
not apply when p = 2. First, the proof of Proposition [5.2] uses the lifting theorem
of Maire-Min4a¢-Ramakrishna-Tan [15, Theorem 3.2], and the assumption p odd
and p, ¢ K are crucial for that theorem. Second, the proof of Proposition
uses a U a = 0, which is automatic for odd p but false in general in mod-2 Galois
cohomology. For example, a U a = 0 fails for certain classes of pro-2 Demushkin
groups, see [27]. Finally, in Sections [2| and [3| we assumed H(G,F,) = 0 for i > 3.
This assumption is implied by cd,(G) < 2. This assumption may not be satisfied
at p = 2. For example, we have cda(Q) > 2. Thus, our proof of Theorem does
not extend to p = 2. Therefore, the fact that C*(Gk,,F2) is As-formal for every
place v by [27, Theorem 1.2] does not imply that C*(Gk,Fs) is weakly As-formal.
In fact, for n = 3 and p = 2, the analogous local-to-global implication is false in
general by Proposition [4.1]

6. WEAK A3-FORMALITY FOR NUMBER FIELDS

From now on, we consider the case n = 3. For the cases where number fields
are weakly As-formal, we provide two proofs. Both proofs use the determination of
As-formality for pro-p Demushkin groups via concrete computations in [26]. The
first proof is, in addition, based on the local-global principle for weak A, -formality.
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Theorem 6.1. Let K be a number field, let p be an odd prime number, and assume
tp & K. For p = 3, we assume that, for every place v of K, if uz < K, then
po < K. Then C*(Gg,Fyp) is weakly As-formal.

First proof of Theorem[6.1 By Proposition it suffices to show that C*(Gk,,F,)
is As-formal for every place v of K. At an archimedean place, H*(Gg,,F,) = 0
for ¢ > 1 since p is odd. Suppose that K, is nonarchimedean. If u, ¢ K,, local
Tate duality gives H*(G,,F,) = 0. In both cases, the obstruction target vanishes.
Hence 03w = 0 for every subspace W < H'(Gk,,F,), and in particular o3 g1 = 0.
Proposition [2.13] therefore implies that the local cochain algebra is As-formal. If
tp < K, the maximal pro-p quotient Gk, (p) of Gk, is a Demushkin group by
the work of Demushkin [3] (see also for example [24, Proposition 7.5.9]). By the
assumption on K, the g-invariant of G, (p) is ¢ = p/ with f > 1 when p > 5
and f > 2 when p = 3, and hence ¢ # 3. By [26], Theorem 1.2], we deduce that
C*(Gk,(p),F,) is Ag-formal. Since the quotient map Gk, — Gk, (p) induces a
quasi-isomorphism C*(Gk, (p),F,) — C*(Gk,,Fp) (see for example [2], Proposition
2.2 on page 309] or [20, Remark 1.4]), this implies that C* (G, ,Fp) is As-formal. O

For p = 3, we now show how we can characterise fields which satisfy the assump-
tion of Theorem [6.11

Lemma 6.2. Let K be a number field with us & K. The following conditions are
equivalent:

(1) There exists a finite place v of K such that us ¢ K, and pg ¢ K,.
(2) One has K(u3) # K(uo).

If these conditions hold, then there are infinitely many such places v.

Proof. Let (,, denote a primitive n-th root of unity. Since (3 = (3, we have K (u3) <
K(py). First suppose that K(u3) = K(ug). If us © K, then the inclusion of K
into K, together with a primitive third root of unity in K, gives a K-embedding
K(u3) — K. Since K(u3) = K(ug), the image of this embedding contains all 9-th
roots of unity. Thus, ug < K,.

Now we assume K (u3) # K(ug). Since X2 + X + 1 has no root in K, it is
irreducible, and we have [K(u3) : K| = 2. Moreover, K (u9)/K (u3) is a nontrivial
extension of degree dividing 3, and hence [K(ug) : K(u3)] = 3. Choose a non-
identity element o € Gal(K (ug)/K(113)). The element o acts trivially on K (us),
and hence on pg, but acts nontrivially on K(pg), and hence on ug. The extension
K (ug)/K is Galois and abelian since it is the compositum of K with the abelian
cyclotomic extension Q(¢9)/Q. By Chebotarev’s density theorem (see for example
[24, Theorem 9.1.3]), after excluding the finitely many primes above 3, there are
infinitely many finite places v, unramified in K (ug)/K, with Frobenius o.

Because the restriction of o to K(u3) is the identity, the Frobenius of v in
K(u3)/K is trivial. Therefore, v splits completely in K(u3)/K. For any place w
of K(us) above v, this gives K(us), = K,, and hence us < K,. On the other
hand, o is nontrivial in Gal(K (ug)/K), so v does not split completely in K (u9)/K.
If K, contained pug, then it would contain a K-isomorphic copy of K(ug). At an
unramified place this would force the corresponding local degree in K (ug)/K to
be one, or equivalently force Frob, (K (ug)/K) to be the identity. This contradicts
Frob, (K (ug)/K) = o # 1. Thus pg ¢ K,. O
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We now give an example of a number field K which satisfies the assumption of
Theorem [6.1] for p = 3.

Example 6.3. Let (g be a primitive 9-th root of unity, and let K := Q(o + Cg_l)
be the maximal real subfield of Q((9). The cyclotomic degree formula implies
[Q(¢) : Q] = 6 and [Q(¢o+¢5 ") : Q] = 3. Since K < R, we have u3 ¢ K. However,
both extensions K((3)/K and Q({y)/K have degree 2, and K((3) < Q({y). Thus,
K(us) = K(¢3) = Q(¢y) = K(ug). By Lemma this shows that K satisfies the
assumption of Theorem for p = 3.

The class of number fields K with pu3 ¢ K which have a place v such that
us < K, but ug ¢ K, is also non-empty.

Example 6.4. We have u3z € Q, pus < Qg but pug ¢ Qg for £ = 7,13,31,....

Now we consider the remaining case for p = 3 and show that weak Ag-formality
fails. Example [6.4] shows that the following theorem applies to a nontrivial class of
number fields.

Theorem 6.5. Let K be a number field, and assume pus & K. Assume that K
has a place v such that pus < K, but ug ¢ K,. Then C*(Gk,F3) is not weakly
As-formal.

Proof. Let v be a place of K such that us < K, but ug ¢ K,. Then the maximal
pro-3 quotient Gk, (3) of Gk, is a pro-3 Demushkin group with g-invariant ¢ = 3.
By [26l Theorem 6.12], C*(Gk,(3),F3) is not As-formal, and hence C*(Gk,,Fs3)
is not Asz-formal. By Theorem this implies that C*(Gk,F3) is not weakly
As-formal. ([l

Now we provide a second proof of Theorem which uses a Hasse principle
for finite embedding problems of number fields. Let K be a number field, and let
E: Gk — A « B be a finite embedding problem for its absolute Galois group
G k. We recall that the kernel of E is defined to be the kernel of B — A. When
M = ker(E) is abelian, conjugation induces an A-action on M, and hence a G-

action through the given homomorphism G — A. We write M’ = Hom(M ,fx)
for the Cartier dual. For the elementary abelian p-kernels below this is simply
HOHI(M, IU’P)

Lemma 6.6. Let p be odd, i, ¢ K, and let M be an elementary abelian p-group
whose G g -action has p-group image. Then II(K, M') = 0.

Proof. Choose a finite Galois p-extension Lo/K killing the action on M and put
L = LoK(pp). The two extensions have relatively prime degrees, which implies
Gal(L/K) = P x C, where P is a p-group and 1 # C' < F). The group C acts
trivially on M. Indeed, the image of Gk in Aut(M) is a p-group, and C has order
prime to p. Hence the restriction of the action to C' is trivial. Then C acts on M’
by a nontrivial cyclotomic scalar. This gives (M’)¢ = 0 and, since |C| is invertible
in Fp, H'(C,M') = 0 for all j > 0. The Hochschild-Serre spectral sequence gives

(14) H'(Gal(L/K),M') = 0.
If « € HIY(K, M’), then over L the coefficient module is trivial and resy(«) is a

continuous homomorphism G — M’ trivial on every decomposition group. A
nonzero such homomorphism would cut out a nontrivial finite abelian extension
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of L with a prime having nontrivial Frobenius, by Chebotarev, contradicting local
triviality. Thus resy(«) = 0, and inflation—restriction together with gives
a=0. (]

Theorem 6.7. Let p be odd, i1, & K, and let E be a finite embedding problem
whose kernel M is elementary abelian of p-power order and whose induced G -
action has p-group image. If E is solvable over every completion of K, then it is
solvable over K.

Proof. By [28, Theorem 1.1 and Proposition 2.7], the only obstruction to the lifting
of the solutions of the local embedding problems is III* (K, M’), which vanishes by
Lemma 0

Now we can prove Theorem [6.1] again using Theorem

Second proof of Theorem[6.1. Let V < H'(Gk,F,) be a finite-dimensional vector
subspace. For every place v of K, the local As-formality established in the first
proof, together with Lemma shows that the localised embedding problem Eg 1)
is solvable. The kernel of Us(V) — V'V is elementary abelian by Remark and
its induced G g-action factors through the finite p-group V'v. Theorem[6.7] applied
to EE}3 ), therefore gives a global solution. Since V' was arbitrary, Propositionm
implies that C*(Gk,F,) is weakly As-formal. O

Remark 6.8. We now explain why our argument to determine weak As-formality
of C*(Gk,F,) does not apply when p = 2. The first proof of Theorem uses
the local-global principle of Theorem As we explained in Remark our
proof of Proposition does not apply when p = 2 for several reasons. The
second proof of Theorem uses the local-global principle for the existence of
solutions of embedding problems for number fields of [28]. The key point is then
that III! (K, M') is trivial. However, the proof of Lemma does not apply when
p = 2 since pus < K. Hence the vanishing argument used in Lemma and
therefore this proof of the abelian local-global principle, does not extend to p = 2.

7. FAILURE OF GENUINE A3-FORMALITY FOR NUMBER FIELDS

We now prove that, under the cyclotomic hypothesis p,, ¢ K, the Galois cochain
algebra is never genuinely As-formal. The key arithmetic idea is a very particular
prescribed ramification theorem for cyclic degree-p extensions, due to a result of
Gras [0, Chapter V, Corollary 2.4.2]. Our use of this result is inspired by the work of
Maire-Mina¢-Ramakrishna—Téan in [15]. However, as explained in the introduction,
we use the theorem in a different way.

Notation 7.1. Throughout this section p is odd and p, ¢ K. We write K’ :=
K(pp), and A := Gal(K'/K). The mod-p cyclotomic character embeds A as a
nontrivial subgroup of F 7. By a p-extension of K we mean a finite Galois extension
whose Galois group is a p-group.

We recall the following terminology.
Definition 7.2. Let T be a finite set of finite primes of K. Set
VI i={2ze K* :ordq(z) =0 (mod p) for every q¢ T'}.
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The governing field attached to (K,T') is defined by adjoining to K (u,) the pth
roots of representatives of the image of VT in K'*/(K'*)P, i.e.,

GOVK’T = K/(CV )

Remark 7.3. The group V7T is the group denoted V7 in [15, Section 2.1]. Since
the notation conflicts with our notation V < H'(Gg,F,), we use the symbol V7.
The quotient of VT relevant to Kummer theory is finite: it is controlled by the T-
unit group and the p-torsion in the ideal class group. Thus Govg ¢ /K’ is a finite
extension.

Lemma 7.4. The extension Govg v /K’ is finite elementary abelian of exponent
p, and Govg 1 /K is Galois. Moreover,

(i) Govg 1 /K' is unramified outside the primes of K' above T and p,

(i) conjugation by A on Gal(Govg r /K') acts via multiplication by a scalar
through the cyclotomic character, and in particular has no nonzero trivial
subquotient.

Proof. These facts are listed immediately after the definition of Govg r in [I5]
Section 2.1]. Assertion (i) follows directly from the valuation condition defining
VT Assertion (ii) follows from [6, Chapter I, Theorem 6.2]. O

Let ¢ ¢ T be a finite prime with ¢ { p. Choose a prime ¢’ of K’ above q. The
extension Govg r /K’ is unramified at q’, so it has a Frobenius element

Oq,q = Fl"Obq/ € Gal(GovK’T /K,)
Changing q' changes this element by multiplication by a unit in )}, see [I5, Remark

2.1]. We therefore just write o,. We recall the following theorem from [6] Chapter
V, Corollary 2.4.2] (see also [8, Theorem 1.1] and [I5, Theorem 2.1]).

Theorem 7.5 (Gras). Let T be a finite set of finite primes of K, and let S =
{q1,...,9s} be a nonempty finite set of primes disjoint from T with norm Nq; = 1
(mod p) for every i. There exists a cyclic extension L/K of degree p which is
ramified at exactly the primes of S and in which every prime of T splits completely

if and only if there exist a; € ), 1 =1,...,s, such that
(15) Z a;oq, =0 in Gal(Govg r /K').
i=1

Remark 7.6. The important point in is not merely linear dependence but
every coefficient a; must be nonzero. A relation supported on a proper subset
of S corresponds to allowing the cyclic extension to be ramified on that smaller
subset. Thus, for our purposes, the theorem converts the problem of constructing
a cyclic p-extension ramified exactly at S and split at T into a finite-dimensional
linear condition on Frobenius elements in one fixed Kummer extension. A new proof
generalising the tame Gras—Munnier theorem is given by Hajir-Maire-Ramakrishna
in [8, Theorem 1.1], which also provides the formulation of the criterion we use in
Theorem (see also [15, Theorem 2.1]).

For our argument below, S consists of a single prime.

Corollary 7.7. Let v ¢ T be a finite prime with v t p. Suppose that v splits
completely in Govg v /K. Then there exists a cyclic extension L/K of degree p
which is ramified exactly at v and in which every prime of T' splits completely.
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Proof. For S = {v}, condition is ao, = 0 with a € F)}, hence simply o, = 0,
i.e., v splits completely in Govg /K. This implies Nv =1 (mod p) since Govg,
contains K’ = K(pp). Thus, all hypotheses of Theorem are satisfied, and the
assertion is the singleton case of the theorem. ([

For the application of Corollary [7.7] in Proposition [7.9] we need the following
lemma.

Lemma 7.8. Let F'/K be a finite Galois p-extension. Then FK' and Govg r are
linearly disjoint over K', i.e., FK' n Govgpr = K'.

Proof. This is [I5] Lemma 2.2]. We give the argument since it explains where
pp & K is used. The degrees [F : K| and [K’ : K] are relatively prime, so
F n K’ = K. Since both extensions are Galois,

Gal(FK'/K) =~ Gal(F/K) x A.

Therefore, A acts trivially by conjugation on Gal(FK’'/K') and on all of its quo-
tients. Let I :== FK'n Govg . If I # K', then Gal(I/K') is a nonzero elementary
abelian p-group. As a quotient of Gal(FK'/K'), it has trivial A-action. As a quo-
tient of Gal(Govg,r/K'), it has cyclotomic scalar A-action by Lemma Since
tp & K, this scalar character is nontrivial. A nonzero IF,-space cannot simultane-
ously carry the trivial action and a nontrivial scalar action. Hence I = K’. O

Proposition 7.9. Let T be a finite set of finite primes containing all primes above
p, let F/K be a finite Galois p-extension, and let g € Gal(F/K). Then there exist
a finite prime v ¢ T and a class c € H (G, F,) such that:
() vip and p © Ko,

(ii) the Frobenius conjugacy class of v in F/K is the conjugacy class of g,

(iii) the cyclic degree-p extension determined by c is ramified exactly at v,

(iv) locg(c) =0 for every qe T.
If Fy  F is a Galois subextension on which g restricts to the identity, then v splits
completely in Fy/K.

Proof. Since F n K’ = K, there is a unique § € Gal(FK'/K') whose restriction to
F is g. By Lemma restriction gives

Gal(FK' Govg,r /K') =~ Gal(FK'/K') x Gal(Govk,r /K').

Hence the pair (g,1) defines an element v of this Galois group. We regard v as
an element of the Galois group of the same compositum over K. By Chebotarev’s
density theorem (see for example [24] Theorem 9.1.3|), there are infinitely many
primes outside T' and above residue characteristic prime to p whose Frobenius
conjugacy class is the conjugacy class of v. We choose one and call it v. The
restriction of y to K' is trivial, so v splits completely in K’/K and therefore p, <
K, . Its restriction to F' is conjugate to g, proving (ii). Its restriction to Govg r is
trivial, and its restriction to K’ is trivial. Hence v splits completely in Govg 1 /K.
Thus, v satisfies the assumption of Corollary which gives a cyclic extension
L/K of degree p, ramified exactly at v, in which every prime of T splits completely.
The associated character ¢: Gx — Gal(L/K) = Z/pZ has properties (iii) and (iv).
Finally, if g restricts trivially to Fy, then every conjugate of g does too, so the
Frobenius of v in Fy/K is trivial. Hence v splits completely in Fjp. ([
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The next lemma shows that we can find a cohomology class which is orthogonal
to a chosen subspace.

Lemma 7.10. Let V < H! (Gk,F,) be a finite-dimensional vector subspace, and
let T contain the primes above p and every finite prime at which some element of
V' is ramified. In Proposition[7.9, suppose that g € Gal(F/K) restricts trivially to
the elementary abelian p-extension determined by V. Then c u'V = 0.

Proof. The final assertion of Proposition implies that v splits completely in
the elementary extension cut out by V. Thus, loc,(V) = 0. Fix a € V. We
show that every localisation of a U ¢ is zero. At v, this follows from a, = 0. At
a prime ¢ € T, it follows from ¢, = 0. At every remaining finite prime, both a
and ¢ are unramified. Their cup product is zero because both classes inflate from
the maximal unramified pro-p quotient, which has p-cohomological dimension one.
Since p is odd, archimedean places contribute nothing. Thus, auc lies in 1% (K, F)).
Poitou-Tate duality identifies this group with the dual of III' (K, u,). The latter
vanishes by Lemma @ applied with the trivial module M = F,. Therefore, we
get a U ¢ = 0 globally. Since p is odd, graded commutativity implies ¢ U a = 0.
Hence cuV = 0. (]

Now let V. < H'(Gg,F,) be a finite-dimensional vector subspace, and let

ES’): G X% VY « Us(V) be the associated embedding problem. For a solu-
tion p: Gxg — Us(V), we write p: Gxg — Uz(V) for the composition with the
canonical surjection Uz(V) — Uy(V) and call p the quadratic quotient of p. By
Lemma there is a cochain b, € C!(Gk, Ry) such that

plo) =14 xv(o) +by(0).

Remark 7.11. We note that b, restricts to a homomorphism on ker xy since b, =
—xv U xv and hence 6b,|kery, = 0. Moreover, for o € ker(xv), we have p(o) =
1+ b,(0). Thus, plier(yy) = 1 if and only if by |ier( 0.

xv) =

We now show that a solution whose quadratic quotient is nontrivial on ker xy
cannot extend through every finite-dimensional enlargement.

Proposition 7.12. Let V < H'(Gg,F,) be a finite-dimensional vector subspace
and let p € Sol(Eg’)). If Dlker x # 1, then there is a class c € H' (G, F,) such that
VS W =V +F,c and p ¢ im(Sol(E(Y)) — Sol(EP)).

Proof. Let b, € C'(Gk, Ry,) be the quadratic coordinate of p. Since we assume
Plkeryy # 1, we have by |keryr, # 0 by Remark Hence we can choose o € ker y
with b,(c) # 0. We then choose r € Ry such that b,(c)(r) # 0. Let F//K be the
finite Galois p-extension such that Gal(F/K) = im p. We identify Gal(F/K) with
the image of p, and put g = p(c). Let T contain the primes above p and all finite
primes at which some element of V is ramified. Now we apply Proposition [7.9] to
(F,g,T). Let v ¢ T and ¢ € H'(Gg,F,) be the resulting finite prime and class,
respectively. The image of g in V'V is xy (o) = 0. Therefore, g restricts trivially to
the elementary abelian extension determined by V', and the chosen prime v splits
completely in that extension. Hence loc,(V) = 0 and ¢ v V = 0 by Lemma
Moreover, ¢ ¢ V, since loc, (V) = 0 whereas ¢, is ramified and nonzero. The
prime v is unramified in F/K, and its Frobenius in Gal(F/K) is conjugate to g.
Since v splits completely in the extension determined by V, we have xv|g,, =
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0. By Remark this implies that the restriction b,(r)|c,, is a 1-cocycle in
C'(Gk,.Fp). To simplify the notation, we write dy = b,(r)|a,, € H'(Gk,,Fp).
Since v is unramified in F'/K, the character d,, is unramified. The element g = p(o)
has zero degree one coordinate, and conjugating it by an element of Us(V') changes
its degree two coordinate only by commutators of total degree at least three. Thus,
the image of a Frobenius element at v has quadratic coordinate b,(c), and hence
d,(Frob,) = b,(0)(r) # 0. Thus, d, is a nonzero unramified character. By (i) in
Proposition we have v t p and u, < K,,. By local Tate duality, the cup-product
is non-degenerate and makes H!(Gk,,F,) a two-dimensional symplectic F,-space.
Its unramified line is isotropic, hence equals its own orthogonal complement. The
class d,, is a nonzero unramified class, whereas ¢, is ramified and therefore does not
lie on the unramified line. This shows d, U ¢, # 0.

Now we set W = V + Fpc and write r = ). s; ® t; for s;,t; € V. Since
cuV =0, each t; ® ¢ belongs to Ry by graded-commutativity as p is odd, and
hence T, == r®c = >, ®t; ®c € W® Rw. Since r € Ry < Ry, we have
r®ce Ry @ W. This shows T, € (Rw @ W) n (W ® Rw) = K3(W). Now
suppose that there is a solution py of E(V?,) which maps to p. We write py =
L+ xw + bew + bsw with b, € C1(Gk, Pi(W)) for i = 2,3. By Lemma we
have 0bs w = w(be,w) = —xw U baw —baw U xw € Z%(Gk, P3(W)). Evaluating
this identity on T, € K3(WW) and taking cohomology gives

[W(bz)w)(Tr)] =0in H2(GK,FP).

Hence we have loc, ([w(ba,w)(T})]) = 0 in H?(Gk,,F,) as well. Now we compute
the class loc, ([w(b2,w )(T})]) in a different way. Since T, = >, 5, ®t; ®c € W Ry,
we get (xw U ba,w )(T)) = 2, 8i U ba,w(t; ®c¢). Since s; € V and loc, (V) = 0, the
localisation of (xw wbz,w)(T) at v is zero. As T, = >, 5;®t;®c € Ry QW we get
(be,w v xw)(T}) = baw(r) U c. Since pw maps to p by assumption, the restriction
of by w to Ry is b,. Thus, we get loc, ([w(be,w )(Tr)]) = —bp(r)|Gx, Vo = —dyUcy.
Thus, the existence of py would force the cohomology class d,, U ¢, to vanish. This
contradicts our previous computation of d, U ¢, # 0. Hence p does not lift to a
solution of EE,?,). O

Proposition shows that a solution which lifts through every finite enlarge-
ment must have a special quadratic quotient. The next two lemmas rule out that
remaining possibility after a suitable two-dimensional choice of V.

Lemma 7.13. There ezist linearly independent a,be H' (Gk,F,) with a ub = 0.

Proof. We apply Proposition first with the trivial p-extension F' = K, g = 1,
and T equal to the set of primes above p. This gives a nonzero character a, ramified
at one tame prime. We enlarge T to contain the primes above p and every prime at
which a is ramified. Now we apply Propositionagain with F = K(a) and g = 1.
The resulting character b is ramified at a new prime v which splits completely in
K(a), and it is trivial at the primes of T. Now we apply Lemma toV =Fpa
and get b U a = 0 and hence a U b = 0 by graded commutativity as p is odd. The
classes are linearly independent since b is ramified at v while a,, = 0. O

Lemma 7.14. Suppose V' contains linearly independent classes a, b such that aub =
0. Then the natural surjection Ua(V) — V'V has no group-theoretic section.
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Proof. Since a,b are linearly independent, we can choose xz,y € VY with z(a) =
y(b) = 1, and z(b) = y(a) = 0. Since a U b = 0, the tensor a ® b belongs to
Ry. Let T = 1+ 2+ 29 and § = 1 + y + y2 be arbitrary lifts to Us (V') with
x2,y2 € Po(V). Since the subgroup P»(V) is central in Uy(V'), the degree two
coordinate of the commutator [Z, 7] is vy — yz. Evaluating this coordinate on a®b
gives (zy — yz)(a ®b) = z(a)y(b) — y(a)z(b) = 1. Thus, [¥,7] # 1. Since V'V is
abelian, this shows that there cannot exist a section V¥ — Uy (V). O

Now we are ready to prove our main result.

Theorem 7.15. Let K be a number field, let p be an odd prime number, and
assume pi, & K. Then C*(Gk,F)p) is not As-formal.

Proof. By Lemma we can choose linearly independent a,b € H'(Gg,F,) with
aub=0,and we set V = Fpa + Fyb. Suppose that C*(G,F,) were Az-formal.
By Theorem [3.28] there would be a compatible family of solutions

(PW)WeF (Y (GK F,)) € liLnSOl(EE/?/))
W

Let p = py and let p: Gxg — Uz(V) be its quadratic quotient. If Pleryy = 1,
then p factors uniquely through Gg/ker(xy). Since xy is surjective by Lemma
xv induces an isomorphism Gy /ker(xy) = VV. Thus, there exists a group
homomorphism s: V'V — Us(V) with s o xyy = p. Composition with the quotient
map q: Ua(V) — V'V gives gosoxy = qop = xv. Since yy is surjective by Lemma
this implies ¢ o s = idy . This contradicts Lemma Therefore, we must
have Dlkery, # 1. Proposition gives a finite-dimensional W < Hl(GK,IFp)

with V' < W such that p is not in the image of Sol(Eg’,)) — Sol(Eg)). But the
W-component py of the projective family maps to py = p, contradicting the choice
of W. Thus, C*(Gk,F,) is not Az-formal. O
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