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CONTINUOUS HOMOTOPY FIXED POINTS FOR LUBIN-TATE
SPECTRA

GEREON QUICK
(communicated by Daniel Dugger)

Abstract

We provide a new and conceptually simplified construction of
continuous homotopy fixed point spectra for Lubin-Tate spectra
under the action of the extended Morava stabilizer group. More-
over, our new construction of a homotopy fixed point spectral
sequence converging to the homotopy groups of the homotopy
fixed points of Lubin-Tate spectra is isomorphic to an Adams
spectral sequence converging to the homotopy groups of the
spectra constructed by Devinatz and Hopkins. The new idea is
built on the theory of profinite spectra with a continuous action
by a profinite group.

1. Introduction

For the action of a discrete group G on a spectrum X there are well-known con-
structions for the homotopy fixed point spectrum X"¢ and for the homotopy fixed
point spectral sequence. For a spectrum X, the spectrum X"¢ is given by the G-
fixed points of the function spectrum F(EG,, RX), where EG is a contractible free
G-space and RX denotes a fibrant replacement of X. For each spectrum Z, the spec-
tral sequence

H*(G;X*Z) = [Z, X" (1)

is induced by the filtration by the finite subskeleta of EG. But in some cases of
interest, the group G and the spectrum X carry additional structures that one would
like to take care of. For example, this is the case for the most important group action
in the chromatic approach to stable homotopy theory, the action of the extended
Morava stabilizer group G, on the p-local Landweber exact spectrum FE,. Let us
briefly describe this well-known example.

Let p be a fixed prime, n > 1 an integer and [Fp» the field with p" elements. Let
S, be the nth Morava stabilizer group, i.e., the automorphism group of the height n
Honda formal group law I';, over F,n. We denote by Gal(F,» /F,) the Galois group of
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F,n over F,, and let G,, = S, x Gal(F,n /F,,) be the semi-direct product. By the work
of Lubin and Tate [18], there is a universal ring of deformations

E(]Fpn, Fn) = W(Fpn)[[U1, ‘e ,un,lﬂ

of (Fyn,T',,), where W (F,») denotes the ring of Witt vectors of F,n. The MU,-module
E(Fpn,Ty)u,u™!] induces via the Landweber exact functor theorem a homology
theory and hence a spectrum, denoted by F, and called the Lubin-Tate spectrum,
with B, = E(Fpn, Ty)[u,u™t], Ju| = —2. The profinite group G,, acts on the ring E,,.
(cf. [7]). By Brown representability, this induces an action of G,, by maps of rings in
the stable homotopy category. Furthermore, Goerss, Hopkins and Miller have shown
the crucial fact that there is even a G,-action on the spectrum-level on FE,, that
induces the action in the stable category (see [11] and [26]).

Now S,,, Gal(F,» /F,) and hence also G, are profinite groups. Moreover each homo-
topy group mE, has the structure of a continuous profinite G,,-module. The conti-
nuity of the action of G,, on each m F,, is an important property for stable homotopy
theory. For by Morava’s change of rings theorem, the K (n).-local E,-Adams spectral
sequence for the sphere spectrum S° has the form

H*(Gy; Eny) = mLic(n)S° (2)

where the Es-term is continuous cohomology of G, with profinite coefficients F,,..
Here K(n) denotes the nth Morava K-theory and Lg,) denotes K (n).-localization
(cf. [21] and [5]). Hence Ly (,)SY looks like a continuous G,-homotopy fixed point
spectrum of F,, and one would like to interpret the above spectral sequence as a
continuous homotopy fixed point spectral sequence of the G, -action.

But the classical construction of homotopy fixed points and its spectral sequence
(1) do not reflect the topology on G,,. The function spectrum F(EG., E,,) should
consist of continuous maps in some sense and the Es-term of the spectral sequence
(1) should be continuous cohomology of G. Hence it is a fundamental question in
stable homotopy theory to understand in which way E,, can be viewed as an object
with a continuous action under G,,.

Devinatz and Hopkins [8] have circumvented this problem and given an ad hoc
argument for the construction of a spectrum that has the expected homotopy type
of the continuous homotopy fixed points of E,. They proceeded in two steps by first
constructing a spectrum, here denoted by E4"V by adopting the notation in [4], with
the correct homotopy type for an open subgroup U of G,, using that G,, /U is finite. In
a second step they defined E?"C for a closed subgroup G. Since G, is a p-adic analytic
group, it is possible to find a sequence of open normal subgroups G,, = Uy DUy D -+
whose intersection is the trivial subgroup. Then E%"C is defined as an appropriate
homotopy colimit of the E4"Vi%’s. Moreover, for every closed subgroup G of G,,, they
provided a construction of a K(n).-local E,-Adams spectral sequence converging to
7. (E3"G) whose Ep-term equals the desired continuous cohomology.

But since the argument of [8] did not explain in which sense G,, acts continuously
on E,, the question remained how to view F,, as an actual continuous G,-spectrum
and to find a natural framework for the continuous homotopy fixed point spectral
sequence. The purpose of this paper is to give a new and complete answer to this
question.
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A previous approach has been developed by Davis in [4] and by Behrens and
Davis in [1] by studying discrete G-spectra. Davis used the idea of Devinatz and
Hopkins to start with the homotopy fixed point spectrum E%*U of [8] for an open
normal subgroup U C G,, and defined a new spectrum F,, := colim; Efthi where the
U; run through a fixed sequence of open normal subgroups of G, as above. The
K (n).-localization of F,, is equivalent to E,. One can regard the localization of F,
as a continuous G,-spectrum in the sense that it is the limit of a tower of discrete
G ,-spectra. Then he defined systematically the homotopy fixed points for closed sub-
groups of G, and constructed a continuous homotopy fixed point spectral sequence.
Furthermore, Davis developed a stable homotopy theory for discrete G-spectra, for
an arbitrary profinite group G.

A different method has been used by Fausk. In [10], Fausk constructed a model
structure for pro-G-spectra, where GG denotes a compact Hausdorff topological group,
e.g., a profinite group. He also obtained results on homotopy fixed points and descent
spectral sequences. The homotopy fixed point spectra of [10] are equivalent to those
of [4] if G has finite virtual cohomological dimension.

But the crucial point is that if one wants to use the methods of Davis or Fausk
for Lubin-Tate spectra E,, one first has to apply the construction of [8] for open
subgroups and has to rewrite E, as the K(n).-localization of a suitable colimit of
the E4"Ui's as in [8]. Hence the above question of how to view E, as a continuous
G p,-spectrum without using [8] for open subgroups of G,, and of how to give a unified
construction for all closed subgroups of G,, without [8] still remained open.

The approach of the present paper provides a new unified natural construction
of continuous homotopy fixed points for any closed subgroup independent of [8] and
hence, in particular, also a new construction for open subgroups of G,,. The idea is
straightforward. Since the homotopy groups m;F,, are not discrete but profinite G,,-
modules, a natural guess would be to look for a profinite structure on E,,. And, in
fact, there is one in the following sense. There is a model for E,, that is built out of a
sequence of simplicial profinite sets that carry a continuous G, -action. Consequently,
a natural setting to study the action of G,, on E, is a suitable category of continuous
profinite GG,,-spectra.

Let us give a quick outline of the strategy and provide precise statements of
the main results of this paper. A pointed profinite G-space is a simplicial object
in the category of profinite sets with the limit topology and a continuous G-action
together with a choice of basepoint. Pointed profinite G-spaces form a category S.c
with levelwise basepoint preserving continuous G-equivariant maps as morphisms. A
profinite G-spectrum X is a sequence of pointed profinite G-spaces X,, with maps
SY A X,, — X,41 for all n, where the simplicial circle S! is a simplicial finite set with
trivial G-action. The homotopy theory of profinite G-spectra has been developed
in [24] and we refer the reader to loc. cit. for any details.

The category Sp(S.q) of profinite G-spectra is equipped with a natural stable

model structure. The fibrant replacement functor R in Sp(S,¢) enables us to give a
natural definition for continuous homotopy fixed point spectra. In fact, the homotopy
fixed point spectrum X" of a profinite G-spectrum X is defined as a continuous map-
ping spectrum X"¢ := Map(EG., RgX) of G-equivariant and levelwise continuous

maps in Sp(S.¢) (see Definitions 3.7 and 3.14). We will show that these homotopy
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fixed point spectra are equipped with a convergent spectral sequence
H*(G;m.X) = m, X"¢

whose Eo-terms are given by the continuous cohomology groups of G.

The striking advantage of studying profinite actions in the category of profinite
spectra is that G and its classifying space EG yield natural objects in Sc. The
homotopy fixed point spectral sequence is then obtained just as for a finite group
by filtering EG by its finite subskeleta. (But one should note that although EG and
X are profinite, the function spectrum Maps(EG4, X) does not in general inherit a
profinite structure, since, roughly speaking, the limit of EG is turned into a colimit.
Hence the homotopy groups of X" are not profinite anymore in general.)

In order to be able to apply these techniques to the action of G,, on the Lubin-
Tate spectrum E,,, we have to prove that we may consider E,, as a profinite G,,-
spectrum. The starting observation is that E,, has a decomposition as a homotopy
limit of spectra holim; E,, A M;, where the M; denote generalized Moore spectra
corresponding to an inverse system of ideals I in BP, (cf.[14]). These spectra have
the important property that, for each such ideal I and for every ¢, the homotopy group
me(En A My) is finite (being trivial if ¢ is odd). The equivariant finite replacement
functor for spectra with finite homotopy groups constructed in [24] provides a model
of E, A M in the category of profinite G,,-spectra. Taking the homotopy limit over
all I will yield a model of E,, as a profinite G,,-spectrum. More precisely, we will show
the following result.

Theorem 1.1. E, has a canonical model in the category of profinite G, -spectra, i.e.,
there is a profinite Gp-spectrum E! and a Gp-equivariant isomorphism in the stable
homotopy category E, = E! .

This allows us to apply the techniques developed for profinite G-spectra to E,, and
to prove the following theorem.

Theorem 1.2. Let G be a closed subgroup of G,,.

(i) There is a K(n).-local continuous homotopy fized point spectrum ERC of E,
which is natural in G and equivalent to the spectrum EG of [8]. In particular, there
is an equivalence E"CGn ~ BhGn ~ LK(n)SO.

(ii) There is a natural strongly convergent continuous homotopy fixed point spectral
sequence starting from continuous cohomology

H*(G;7.Ey,) = n.E"¢

which is isomorphic to the K(n).-local E,-Adams spectral sequence converging to
T (B ).

This theorem restates some of the main results of [8] in the setting of profinite
G-spectra. The point is that it has a conceptually simpler proof. While in [8] the
special properties of G,, and E, have been taken advantage of to define homotopy
fixed points, the methods we develop for the construction of homotopy fixed point
spectra and for the construction of the homotopy descent spectral sequence in The-
orem 1.2 are general and work for any continuous action of a profinite group on any
profinite spectrum. In particular, the construction of E“ is the same for all closed
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(or open) subgroups. Nevertheless, we remark that our construction provides no alge-
braic structure on E"¢, whereas [8] shows that E" is a commutative SP-algebra.
It is an advantage of the work of Behrens and Davis in [1] that they are also able to
consider additional algebraic structures.

For the proof of Theorem 1.2 we will actually compare our construction with
the construction of [4] and [1]. This shortcut has been suggested by the anonymous
referee and we gratefully acknowledge his contribution and generosity. The proof also
answers the question of how all the available homotopy fixed point spectra and descent
spectral sequences are related to each other. Denoting the continuous homotopy fixed
points of Davis [4] by E' ¢ we will show that there is an equivalence of spectra

hG . h'G
EMG ~ Eh'G.

Moreover, this equivalence is equipped with a map between descent spectral sequences
converging to m,(E!S) and 7, (E" ) respectively which is an isomorphism from the
FEs-terms on. To deduce the statement of the theorem we then use that the work of
Davis [4] and Behrens-Davis [1] shows that the homotopy fixed point spectrum E"¢
is equivalent to the spectrum E"¢ of Devinatz-Hopkins [8] and that the descent
spectral sequence converging to w*(EZIG) is isomorphic from the Fs-term on to the
K (n).-local E,-Adams spectral sequence converging to 7, (E).
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2. A short review of profinite G-spectra

For the convenience of the reader, we recall some notation and results about profi-
nite G-spectra that we will use throughout the paper. For any details and proofs of
the results cited we refer the reader to [24] and the references given therein.

2.1. Profinite G-spaces

Let £ denote the category of sets and let € be the category of compact Hausdorff
and totally disconnected topological spaces, or equivalently the category of profinite
sets with the profinite topology. The forgetful functor & = € admits a left adjoint
(?): £ — £ which is called profinite completion.

We denote by S (resp., S) the category of simplicial profinite sets (resp., simplicial
sets). The objects of S (resp. S) will be called profinite spaces (resp., spaces). The
profinite completion of sets induces levelwise a functor (A) : 8 — &, which is also called
profinite completion. It is left adjoint to the forgetful functor | - |: S — S which sends
a profinite space to its underlying simplicial set.

Let G be a profinite group. Let S be a profinite set on which G acts continuously,
i.e., the group G is acting on S via a continuous map p: G X .S — S. In this situation
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we say that S is a profinite G-set. The morphisms between profinite G-sets are G-
equivariant continuous maps. Let S be the category of simplicial objects in the
category of profinite G-sets. We call the objects of Sg profinite G-spaces.

Ezxample 2.1. Important examples are the classifying spaces of G. The simplicial set
EG, whose set of n-simplices is EG,, = G"T1, the (n + 1)-fold product of G with a
free and continuous action of GG in each dimension, is a profinite G-space. The quotient
BG = EG/G is the profinite space whose set of n-simplices is BG,, = G", the n-fold
product of G. The face and degeneracy maps of FG and BG will be discussed in the
next section.

Let S.¢ be the category of pointed profinite G-spaces. The objects of S.c are
profinite G-spaces that are equipped with a basepoint that is fixed under G. The
morphisms in S.¢ are the morphisms of profinite G-spaces that preserve the base-
points. If X is a profinite G-space, we denote by X the pointed profinite G-space
consisting of X with a disjoint fixed basepoint.

Let X and Y be pointed profinite G-spaces. The smash product X AY is again a
pointed profinite G-space on which G acts via the diagonal action. For X, Y € S.c, the
mapping space mapg, . (X,Y) is defined as the simplicial set whose set of n-simplices
is given as the set of maps mapg _(X,Y), = Homg (X A Aln|;,Y) where Aln], is
considered as a pointed profinite G-space with trivial G-action.

Let K be a finite simplicial set, i.e., a simplicial set which has only finitely many
nondegenerate simplices. This implies in particular that K is a simplicial finite set.
Let X be a pointed profinite G-space. The tensor object X ® K € S,¢ is defined as
the smash product X A Ky where K is considered as a pointed profinite G-space
with trivial G-action. The function object in S.¢ is defined as the pointed profinite
G-space homs*c (K,X) e S.¢ whose set of n-simplices is given by the profinite set of
maps

homg (K, X), = Homg (K4 AA[n]4, X)

on which G acts continuously via its action on the target X.

If K is an arbitrary simplicial set, isomorphic to the filtered colimit colim,, K, of its
finite simplicial subsets K, and X a pointed profinite G-space, we define the tensor
object X ® K to be the colimit in S.¢ of the pointed profinite G-spaces X ® K.
The function object homg (K, X) is defined to be the limit in S.¢ of the pointed
profinite G-spaces homg (Ko, X).

If the simplicial set K is already equipped with a basepoint and X is a pointed
profinite G-space, we also denote by homSA*G(K ,X) € S.c the pointed profinite G-
space whose set of n-simplices is given by the profinite set of maps

homg (K, X), = limHomg (Ko A Aln]y, X).

Ezample 2.2. Let S be the simplicial circle, i.e., the quotient S* = A[1]/dA[1] of the
standard simplex A[1] by its boundary. The pointed simplicial set S is finite in each
degree, i.e., it is a simplicial finite set and hence also an object in S.. We consider
S1 as a pointed simplicial finite set with trivial G-action. Taking the smash product
with S! defines a functor S*G — S*G, X — SYAX. It is left adjoint to the functor
S.c — S defined by sending a pointed profinite G-space X to the function object
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homg (', X) =: QX in S.¢. Note that the underlying pointed simplicial set |QX]|
is canonically isomorphic to the pointed simplicial set Q| X| = mapg_(S*,|X]).

The categories S, S*, Sc and S, can be equipped with simplicial model structures.

2.2. Profinite G-spectra

A profinite spectrum X consists of a sequence of pointed profinite spaces X, € S,
and maps 0,,: S' A X,, = X,41 in S, forn>0. A morphism f: X — Y of profinite
spectra consists of maps f,,: X,, — Y, in S, for n > 0 such that On(LA fr) = fat10n.

We denote by Sp(Ss) the corresponding category of profinite spectra.

There is a stable model structure on Sp(g*). The associated stable homotopy
category is denoted by SH. For a profinite spectrum X, let RX denote a functorial
fibrant replacement of X in the stable model structure on Sp(S*) and, for an integer
n, let S™ be the nth suspension of the sphere spectrum considered as a profinite
spectrum. The nth stable homotopy group 7, X of the profinite spectrum X is defined

to be the abelian group
1, X 1= Homg, (S", RX). (3)

Definition 2.3. Let G be a profinite group. We consider S' as a simplicial finite set
with trivial G-action. A profinite G-spectrum X is a sequence of pointed profinite
G-spaces {X,,} together with maps S A X,, — X,, 1 of pointed profinite G-spaces
for each n > 0. A map of profinite G-spectra X — Y is a collection of maps X,, — Y,,
in S, compatible with the structure maps of X and Y. We denote the category of
profinite G-spectra by Sp(S.q).

Profinite G-spectra form a simplicial category. For X,Y € Sp(g*g), the mapping
space mapg p(s;c)(X ,Y) is defined as the simplicial set whose set of n-simplices is
given as the set of maps

mapsp(sxG)(X’ Y)” = HomSp(S*G)(X A A[n]Jrv Y)

where the smash product is defined levelwise.
Let K be a simplicial set and X a profinite G-spectrum. We define the tensor

object X ® K € Sp(S.«q) as the profinite G-spectrum whose nth pointed profinite G-

space is X,, A K. The function object in Sp(S.¢) is defined as the profinite spectrum

homsp(s*c)(K, X) € Sp(S.¢) whose nth pointed profinite G-space is given by
homSp(g*G) (Kv X)n = homg*c (K, Xn)
The structure map of homsp( S*G)(K ,X) is the adjoint of the G-equivariant map

homs*G(K, Xp) — homg (K, QX 41) = Q(homs*G(K, Xnt1))-

The stable model structure on Sp(S.¢) is constructed in two steps. First one proves
that there is a projective model structure. A map f in Sp(S,¢) is a projective weak
equivalence (projective fibration) if each map f,, is a weak equivalence (fibration) in
S.c. A map i is a projective cofibration if it has the left lifting property with respect
to all projective trivial fibrations. In a second step, the projective model structure is

localized at 2-spectra.
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Definition 2.4. A profinite G-spectrum F € Sp(S*G) is called an (2-spectrum if each
E,, is fibrant in S*G and the adjoint structure maps F,, — QF, ;1 are weak equiva-
lences in S, for all n. A map f: X — Y of profinite G-spectra is called a (stable)
equivalence if any projective cofibrant replacement Qg f: QX — QgY in Sp(g*(;)
induces a weak equivalence of mapping spaces

mapsp(s*c)(QgY, E) — mapsp(é*c)(QgX, E)

for every Q-spectrum E in Sp(S.q).

Theorem 2.5. There is a stable simplicial model structure on Sp(S*G) for which the
weak equivalences are the stable equivalences and the fibrant profinite G-spectra are
exactly the Q-spectra of Definition 2.4. A map f: X =Y in Sp(g*g) between -
spectra is a stable equivalence if and only if each frn: X, — Y, is a weak equivalence
in Sy. We denote its homotopy category by SHe:. The stable homotopy groups of

an Q-spectrum in Sp(S.q) (as defined in (3)) have a canonical structure as profinite
G-modules.

Proposition 2.6. (1) Let K be a closed subgroup of the profinite group G. If X is
an 2-spectrum in Sp(S*G), then its restriction to a profinite K-spectrum is also an
Q-spectrum in Sp(S.x ).

(2) Let Sp(Sy) be the category of Bousfield-Friedlander spectra [2]. The composition
of forgetful functors Sp(S.a) — Sp(S.) — Sp(S..), which we also denote by | - |, sends
Q-spectra to Q-spectra and preserves stable equivalences between Q-spectra.

(3) Let X be an Q-spectrum in Sp(S.q). The underlying groups of the profinite
homotopy groups of X are isomorphic to the stable homotopy groups of the underlying
spectrum | X| in Sp(Si).

Let I be a small category and let X (—) be a functor from I to the full subcategory
of Q)-spectra in Sp(S*G). For each n > 0 and each ¢ € I, the pointed profinite G-space
X, (i) := X(i),, is fibrant. This implies that for every n > 0, the homotopy limit
holim;¢; X, (4) in S.¢ is a fibrant pointed profinite G-space and there is a natural
isomorphism holim;c; QX,, (i) =2 Qholim;e; X, (4) in S (see [24]). Since each X (i)
is an (2-spectrum in Sp(S*G) and since holim;¢; preserves weak equivalences between
fibrant objects, we obtain for each n a weak equivalence in S.c

holim X, (i) = holim Q.X,, (i) = Q holim X, (7).
i€l i€l i€l

Hence together with the adjoints of these maps as structure maps the sequence
holim;¢; X, (4) of fibrant pointed profinite G-spaces defines an Q-spectrum in Sp(S*G)
that we denote by holim;c; X (7) and call the homotopy limit of the diagram X (—).

Finally, a crucial result of [24] is the construction of concrete models in the category
of profinite G-spectra for ordinary G-spectra with finite homotopy groups.

A profinite group G is called strongly complete if every subgroup of finite index is
open in G. A consequence of this property is that for a strongly complete profinite
group G, every finite set S with a G-action is a continuous discrete G-set. The profi-
nite completion of an abstract group is strongly complete. But in general there are
subgroups of finite index which are not open in the given topology. It is the impor-
tant result of Nikolov and Segal [22] that every finitely generated profinite group is
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strongly complete. The most important example for us is provided by the extended
Morava stabilizer group G,, and all of its closed subgroups (see e.g., [4], p. 330).

Theorem 2.7. Let G be a strongly complete profinite group. Let X € Sp(S.) be a
spectrum such that each space X,, is a pointed G-space and the G-actions are com-
patible with the structure maps. We assume that the homotopy groups of X are all
finite groups. Then there is a G-equivariant map

' X — FX
of spectra from X to a profinite G-spectrum FgX built of simplicial finite discrete G-

sets such that F$.X is fibrant in Sp(S*G) and p° is a stable equivalence of underlying
spectra. In particular, ©° induces a G-equivariant isomorphism m, X = m,|F&X| of
the homotopy groups of underlying spectra.

The assignment X — F&X is functorial in the sense that given a G-equivariant
map h: X — Y between G-spectra whose homotopy groups are finite, there is a map

Fg(h) in Sp(Siq) such that the following diagram of underlying spectra commutes

) L v

L

FeX om FEY.

3. Homotopy fixed point spectra

3.1. Continuous equivariant mapping spectra

Let Y be a profinite space and W be a pointed profinite space. The functor S— S*,
Y — Y., defined by adding a disjoint basepoint, is the left adjoint of the functor that
forgets the basepoint. Hence there is a natural isomorphism of simplicial sets

mapg (Y4, W) = mapg(Y, W). (4)

The spaces on both sides of (4) are pointed by the map that factors through
* — W. Hence (4) is in fact an isomorphism of pointed simplicial sets. We will use
the notation Map(Y, W) for the pointed simplicial set mapg (Y, W) together with
its basepoint Y, — x — W. This defines a functor

Map(—, —): SP x S, — S,.

Definition 3.1. Let G be a profinite group. Let Y be a profinite G-space and W be
a pointed profinite G-space. We define Map (Y, W) to be the pointed simplicial set
mapg . (Y4, W) pointed by the map Y} — % — W. This defines a functor

Mapg(—, —): S& x Sug — S..

When Y is a profinite G-space and W is a pointed profinite G-space, we can equip
the pointed simplicial set Map(Y, W) with a G-action by (gf)(y) := gf(g~'y). With
this G-action on Map(Y, W), Map(Y, W) is the pointed space of G-fixed points of
the pointed space Map(Y, W).
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Lemma 3.2. Leti: A — B be a cofibration of profinite G-spaces and W be a fibrant
pointed profinite G-space. Then
Map (i, W): Map (B, W) — Mapq (A, W)
is a fibration of pointed simplicial sets.
Proof. Since W is fibrant and S,¢ is a simplicial model category, the map
mapg . (B4, W) — maps**G(A+7 W)
is a fibration of simplicial sets. Thus Map (i, W) is a fibration of pointed spaces. [
Lemma 3.3. Let Y be a cofibrant profinite G-space and f: V — W be a fibration
between pointed profinite G-spaces. Then
Map(Y, f): Map(Y,V) — Mapq (Y, W)
is a fibration of pointed simplicial sets.
Proof. Since Y, is cofibrant and S, is a simplicial model category, the map
mapg (Y4, V) — mapg (Y, W)
is a fibration of simplicial sets. Thus Map (Y, f) is a fibration of pointed spaces. [
Lemma 3.4. LetY be a cofibrant profinite G-space, f: V — W be a weak equivalence
between fibrant pointed profinite G-spaces. Then
Mapg (Y, f): Mapg(Y,V) = Mapg(Y, W)
is a weak equivalence of fibrant pointed simplicial sets.

Proof. The profinite space Y is a cofibrant object in Sc and V and W are fibrant
objects in S by assumption. Since S.¢ is a simplicial model category, the induced
map mapg*G(YJr, V) — mapS*G(Y+,W) is a weak equivalence of fibrant simplicial
sets. Hence the pointed map Mapq (Y, f) is a weak equivalence of fibrant pointed
spaces. O

Lemma 3.5. Let Y be a cofibrant profinite G-space. Let X(—): I — S.¢ be a small
diagram of fibrant pointed profinite G-spaces. Then there is a natural isomorphism of
fibrant pointed simplicial sets

Map(Y; holim X (2)) & holim Mapg(Y; X (1))

where holim;er Map (Y, X (7)) denotes the homotopy limit in S. of the small dia-
gram Mapq (Y, X (—)): I — S, of pointed simplicial sets. In particular, Mapg(Y, —)
preserves homotopy fibers.

Proof. SinceY is a cofibrant object in Sg, Mapq (Y, —) preserves fibrations. Moreover,
being a right adjoint functor, Mapq (Y, —) preserves products and limits and sends
cotensors to cotensors in the sense that there is a natural isomorphism of pointed
simplicial sets

Map (Y, homg (K, W)) = homs, (K, Mapg (Y, W))

for every simplicial set K, where the right hand space is equal to the pointed space
mapg (K, Mapg(Y,W)) whose basepoint is the map having constant image the base-
point of Map (Y, W). Thus Map(Y, —) sends the equalizer of the diagram of pointed
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profinite G-spaces
[[homs, (B(I/i),X() =[] homgs  (B(I/i),X(i")),
el a: 1=’ el

which is by definition holim;c; X (4), to the equalizer in S, of the diagram of pointed
spaces

[[homs, (B(1/i),Mapg (Y, X () = [  homs, (B(1/i), Mapg (Y, X (i"))).
iel a:i—i'el

Since the equalizer of the last diagram is by definition holim;c; Maps (Y, X (7)),
this proves the assertion. The statement on homotopy fibers is a special case of the
first assertion. O

Now we turn our attention to continuous mapping spectra.

Definition 3.6. For a profinite space Y and a profinite spectrum X, we denote
by Map(Y, X) the spectrum whose nth space is given by the pointed simplicial set
Map(Y, X,,). This defines a functor

Map(—, —): 8% x Sp(S,) — Sp(S.).
Definition 3.7. Let Y be a profinite G-space and X a profinite G-spectrum. We
define Map (Y, X) to be the spectrum whose nth space is given by the pointed sim-

plicial set Map(Y, X,,) defined in Definition 3.1. The structure maps are defined as
follows. The compatibilities of mapping spaces and cotensors provide an isomorphism

Mapg (Y, homg (S, X,,)) = homg, (S*, Map (Y, X,,)).

The space on the left hand side is Map (Y, Q2(X,,)) and the space on the right
hand side is Q(Map(Y, X,,)). Hence the map X,, — QX,,+1 defines a map

Map(Y, X)) = Mapa (Y, QX 41) = Q(Mapa(Y, Xpt1))- (5)
This provides a functor
Mapg (=, —): 8¢ % Sp(S.c) = Sp(S.).

Remark 3.8. Let Y be a profinite G-space and X a profinite G-spectrum. If we equip
again Map(Y, X,,) with the above G-action, then we can consider Map(Y, X) as a
spectrum which is built out of pointed spaces with a G-action and Map(Y, X) is the
spectrum of fixed points of Map(Y, X).

Lemma 3.9. Let i: A — B be a cofibration of profinite G-spaces and X be an -

spectrum in Sp(Siq). Then
MapG(i7 X) : MapG(Ba X) - MapG(Aa X)
is a projective (i.e., levelwise) fibration of Bousfield-Friedlander spectra.

Proof. This follows from Lemma 3.2 and the definition of projective fibrations. [

Lemma 3.10. Let Y be a cofibrant profinite G-space. If X is an Q-spectrum in

Sp(S«a), then Mapa(Y, X) is an Q-spectrum in Sp(S.).
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Proof. This follows from Lemma 3.4 and the definition of the structure maps of
Mapq (Y, X) in (5). O

Lemma 3.11. Let Y be a cofibrant profinite G-space. The functor Mapq(Y, —) sends
stable equivalences between profinite Q-spectra in Sp(S«g) to stable equivalences
between 2-spectra in Sp(Sy).

Proof. Let f: X — X' be a stable equivalence between profinite -spectra in

Sp(S:c)- By Lemma 3.10, Mapg (Y, X) and Mapg (Y, X') are Q-spectra in Sp(S.).
Since stable equivalences between -spectra in Sp(S.¢) and Sp(S.) are exactly the
projective (i.e., levelwise) equivalences, the assertion now follows from Lemma 3.4. [
Proposition 3.12. Let Y be a cofibrant profinite G-space. Let X (—): I — Sp(S*G)

be a small diagram of Q-spectra in Sp(S«g). Then there is a natural isomorphism of
Q-spectra in Sp(Si)

Map(Y; holim X (2)) & holim Mapg(Y; X (1))

where holim;er Maps (Y, X (7)) denotes the homotopy limit in Sp(S.) of the small
diagram Map (Y, X (=)): I — Sp(S«) of Q-spectra in Sp(S.).

In particular, the functor Mapg (Y, —) preserves homotopy fibers of maps between
Q-spectra.

Proof. Since Map (Y, —) and homotopy limits are defined levelwise, the first asser-
tion follows from Lemma 3.5. The second assertion is a special case of the first one. [

3.2. Skeleta and coskeleta

For n > 0, let sk,: & =& S be the nth skeleton functor for simplicial sets. It is
the left adjoint of the coskeleton functor cosk,: & — S. For a simplicial set Z, the
simplicial set sk, Z is given by the subspace of Z generated by simplices of degree less
than or equal to n. The k-simplices of the nth coskeleton cosk,, Z are given by the set
Homgs(sk,Alk], Z). If Z =Y is a profinite space, then cosk, Y inherits the structure
of a profinite space. For sk, A[k] is a finite simplicial set, and hence the set

Homgs (sk,A[E],|Y]) = Homg(sk,A[k],Y)

inherits the structure as a profinite set.

Moreover, if Y is a profinite G-space, then Homg(sk,A[k],Y) is a limit of finite
discrete G-sets, since sk, A[k] is a finite simplicial set with trivial G-action. Thus the
well-known constructions for skeleta and coskeleta yield a pair of adjoint endofunctors
(sky, cosk,,) on Sa.

In terms of mapping spaces, this adjunction translates into the natural isomor-
phism of pointed simplicial sets

Mape(sk, W, Y) = Mapq (W, cosk,, Y) (6)

for every profinite G-space W and every pointed profinite G-space Y. The basepoint
of cosk, Y is given by the basepoint of Y.

Now let X be an Q2-spectrum in Sp(S*G). For a given integer n, the nth coskeleton
of X is defined to be the profinite G-spectrum whose kth space is the pointed profinite

G-space cosky, Xk, i.e., the (n 4+ k)th coskeleton of the kth space X of X, where
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cosk,, 4+ Xy is defined to be the one point space if n + k < 0. Each cosk,,; Xy is a
fibrant pointed profinite G-space and the induced map of pointed profinite G-spaces

cosky 11k X — Q(coskpt k1 Xkt1)

is a weak equivalence in S*G, since cosk,, preserves fibrant objects and weak equiva-
lences between fibrant objects. Thus cosk, X is an Q-spectrum in Sp(S.q) if X is.

Lemma 3.13. Let X be an Q-spectrum in Sp(S.q). The tower
-+ — cosko X — cosk; X — coskgX — cosk_1 X — ---

is a Postnikov tower for X, i.e., X = lim,, cosk, X, myX — m4(cosk,X) is an iso-
morphism if ¢ < n, and my(cosk,X) =0 if ¢ >n. In particular, the fiber F(n) of
cosk, X — cosk,_1X is an Eilenberg-MacLane spectrum in Sp(S*G) whose only non-
trivial homotopy group is m, F(n) & m, X .

Proof. Let n and q be integers, and k be any positive integer such that ¢ + k > 0.
Since X and cosk, X are (-spectra in Sp(S*G), the ¢th profinite homotopy group
of X is given by the abelian profinite group w4 Xy, and the gth homotopy group
of cosk, X is given by 7,44 ((cosk, X)k) = mgtk(cosky 41 Xy). Hence 7, (cosk, X) is iso-
morphic to 7w, X if ¢g+k<n+k ie, if g<n, and m,(cosk,X)=0 if
qg+k>n+k, ie, if ¢g>n.

Since cosk, X and cosk,_1 X are Q-spectra in Sp(S.¢), the fiber F(n) of the map
cosk, X — cosk,_1X is an Q-spectrum in Sp(S*G) by Proposition 3.12. For k > 0, the
kth space F(n)y is the fiber of cosk, X — cosk,—14%X. This fiber is the profinite
G-space K (w115 Xg,n + k). The structure map is given by the natural equivalence of
pointed profinite G-spaces K (w45 Xk, n + k) = Q(K (746 Xk, n + k +1)). Since X
is an {)-spectrum in Sp(S*G), the profinite G-module 7,4, X}y is the nth homotopy
group of X . Hence the fiber F'(n) is an Eilenberg-MacLane spectrum whose homotopy
groups 7, F'(n) vanish for m # n and whose nth homotopy group is isomorphic to
TpX. O]

3.3. Homotopy fixed point spectra

As an example of a continuous mapping spectrum, let EG be a contractible profi-
nite G-space with a levelwise free G-action, in other words a cofibrant profinite G-
space which is weakly equivalent to a point.

Definition 3.14. Let X € Sp(S.¢) be a profinite G-spectrum and let Rg be a fixed
functorial fibrant replacement in Sp(S*G). We define the homotopy fixed point spec-
trum X" of X to be the function spectrum of continuous G-equivariant maps from
EG to RgX, ie.,

X"G .= Maps(EG, R X).

Proposition 3.15. If f: X =Y is a stable equivalence of profinite G-spectra, then
the induced map f"¢: X"G = YMC s a stable equivalence between Q-spectra in
Sp(S.).

Proof. 1f f is a stable equivalence in Sp(‘SA'*C;)7 then Rg(f) is a stable equivalence
between Q-spectra in Sp(S.g). Now the assertion follows from Lemma 3.10,
Lemma 3.11, and the fact that EG is cofibrant in Sg. O
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Remark 3.16. 1. One should note that the homotopy fixed points of a profinite G-
spectrum are not the homotopy limit of the G-action in the sense of the construction
of the previous section. The homotopy limit construction would treat G as an abstract
group, or rather the category defined by G, and would forget the profinite topology.
But for the homotopy fixed points we want to remember the topology of G. This is
why we use the explicit functor Map(EG, —).

2. The reader may wonder why we do not look for homotopy fixed point spectra
that are profinite spectra themselves. The goal of our construction is to obtain the
descent spectral sequence of Theorem 3.17. Since the cohomology groups H*(G; m: X)
are not profinite groups in general, there is no reason to expect m,(X") to be profi-
nite.

Before we prove our main result about continuous homotopy fixed point spectra,
let us choose a concrete model for EG. We let EG be the profinite G-space given in
degree n by the (n + 1)-fold product G"*! of copies of G. Its ith face map is given
by

di: Gn+1 — Gnv (917 ce 7gn+1) = (917 s 7gi:i-17 ce 7gn+1) (7)
where the hat means that the component g;;1 is omitted. We let g € G act on G by
h — gh, for all h € G, and let G act on EG,, via the diagonal action on G™*!. This

action is free, and the quotient EG/G is the usual classifying space BG for G given
in degree n by G™ with face maps

_. (92a'~'agn) 1 =0
d'(g1y--s9n) = (9155 GiGit1,---19n) 1<Z n—1
(915, 9n-1) : =n.

Theorem 3.17. Let G be a profinite group and X a profinite G-spectrum. There
is a homotopy fixed point spectral sequence whose E;’t—term is the sth continuous
cohomology of G with coefficients the profinite G-module m; X :

By = H(G;mX) = m_o(XhO).
This spectral sequence converges completely to m,(X"G) if im E** =0 for all s,t.
The reader should note that above and in the rest of the paper we do not use a

special notation for continuous cohomology. For a profinite space and a topological
coefficient group, cohomology will always mean continuous cohomology.

Proof. After applying the fibrant replacement functor Rg we can assume that X is
fibrant in Sp(S.q). Let sk, EG be the nth skeleton of EG in Sg. The induced G-
equivariant map sk, _1 FG — sk, EG is a cofibration of profinite G-spaces (since we
only add free copies of G in dimension n as nondegenerate simplices). Filtering EG
by its finite skeleta we obtain a tower of spectra

- — Mapg (sk, EG, X) — Mapg(sk,—1 EG, X) — - - ®)
{X(n) := Mapg (skn EG, X) }»,

whose limit is isomorphic to X" Since the skeleton sk, EG is a cofibrant profinite G-
space for every n > 0, every spectrum Map (sk, FG, X) is an Q-spectrum in Sp(S.)
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by Lemma 3.10, and each map
Mapq(sk, EG, X) — Mapg(sk,—1 EG, X)

is a projective (or, in the terminology used in [2], a strict) fibration in Sp(S.) by
Lemma 3.9. Now we can use the fact that the projective fibrations between (2-spectra
are exactly the stable fibrations. For Sp(S,) this was proved in [2], Lemma A.8. But
this is just a special case of the general fact that in a left Bousfield localization L M
of a model category M a map between C-local objects is a fibration in Le M if and
only if it is a fibration in M by [13]. Thus (8) is in fact a tower of stable fibrations
between Q-spectra in Sp(S.).

By the adjunction of skeleta and coskeleta, tower (8) is naturally isomorphic to
the tower of stable fibrations of Q-spectra in Sp(S,)

-+« = Mapg(EG, cosk, X ) — Mapg(EG, cosk,—1 X) — - -+ (9)

By Lemma 3.13, the fiber of the map cosk,, X — cosk,,_1 X is an Eilenberg-MacLane
spectrum H, X [n]. Since 7, X is a profinite G-module, Hm, X [n] is a fibrant object

of Sp(S«g) whose kth space is the pointed profinite G-space K (m, X,k + nz Now
the crucial point is that the functor Maps(EFG, —) sending Q-spectra in Sp(S.¢) to
Q-spectra in Sp(S.) preserves homotopy fibers by Proposition 3.12. Hence, for every

n, tower (9) induces a long exact sequence of abelian groups

oo = mp1(Mape(EG, cosk,—1X)) — m(Mapg(EG, F(n))) —
— m(Mapa (EG, cosk, X)) — -+

continuing with 7, (Maps(EG, cosk,—1X)) and so on. This sequence yields exact
couples for various n and we obtain a spectral sequence

Eyt = m_(Mapg(EG, F(t))) = m_o(X"%).

Since F'(t) is an Q-spectrum in Sp(S.q) equivalent to Hm X [t], the fiber of the map
Mapq(EG, cosk: X ) — Map(EG, cosks—1 X)

is the Q-spectrum Mapq (EG, Hm X[t]) in Sp(Sy). The (¢ — s)th homotopy group of
this spectrum is given by any of the isomorphic abelian groups

Ti—s+k(Mapg (EG, K (me4, Xy, t + k)))

such that ¢t + k > 0. The following lemma shows that this group is exactly the contin-
uous cohomology group H*(G;m:X). Finally, complete convergence follows as in [3],
IX §5. O

To finish the proof of Theorem 3.17, it remains to prove the following lemma.

Lemma 3.18. Let 7 be a profinite G-module. For every n > 0 and 0 < ¢ < n, there
is a natural isomorphism

7qa(Mapg(EG, K(m,n))) = H"9(G; )

between the homotopy groups of the fibrant pointed space Mapo(EG, K (m,n)) and
the continuous cohomology of G with coefficients in w. Moreover, for ¢ > n, the group
7qa(Mapg(EG, K(m,n))) vanishes.
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Proof. The weak equivalence K (m,n) — Q(K (m,n + 1)) of pointed profinite G-spaces
induces a weak equivalence

MapG(EG7 K(T(, Tl)) — Q(MapG(EG7 K(Tn n—+ 1)))
of pointed simplicial sets. Hence by induction it suffices to show
mo(Map(EG, K(m,n))) = H"(G;7),

since Q'K (m,0) is contractible for every i > 1. For a profinite G-space Y recall the
cochain complex C*(Y';7) given in degree n by the set of continuous cocycles in the
cochain complex of continuous maps

C"(Y;m) = Homg (Y, ).

The differential §: C™(Y;7) — C"T1(Y;7) is the map associating to the continuous
map «: Y, — 7 the map Z?:Jrol(—l)ia o d;, where d; denotes the ith face map of Y.
For Y = EG, C"(EG; ) is just the set

C™(G;7) = Homg (G™H, m)

of continuous maps from the (n + 1)-fold product of copies of G to m and 6™ sends a
map a: G"t! = 7 to the map given by

n+1
(QOa cee agn+1) = Z(—l)la(Qm s agia s agn+1)~
=0

The subcomplex of G-equivariant continuous maps C%(G;7) C C*(G; ) is given in
degree n by the maps a such that

9ga(g1, -5 gnt1) = (991, -+, 9Gn+1)-

The homology groups of this cochain complex are the continuous cohomology groups
of G with coefficients in the profinite G-module 7. Since the differentials in C*(G;7)
are G-equivariant, the group of nth cocycles ZZ(G;m) in the complex C&(G;m) is
equal to the subgroup of G-equivariant maps in Z"(G; 7). Hence in order to prove
the lemma it suffices to show that there is an isomorphism

mo(Mapg (EG, K (m,n))) = Hg(EG; )

where HZ(EG; ) denotes the nth cohomology group of the complex C&(EG;7) of
G-equivariant cochains. Since EG is cofibrant and K (7, n) is a fibrant profinite G-
space, there is a canonical bijection between the set mo(Map(EG, K(m,n))) and the
set of homotopy classes of maps in Sg from EG to K(m,n), i.e., the set of equivalence
classes of Homg_(EG, K (m,n)) modulo simplicial homotopy. Hence it suffices to show
that, for any cofibrant profinite G-space Y, there is an isomorphism

¢: Homg_ (Y, K(m,n)),n = HA(Y;7), (10)

where ~ denotes the equivalence relation generated by simplicial homotopy.

The rest of the argument is almost exactly the same as in [20], §24, we just have to
take into account that our maps and cocycles are G-equivariant. For the convenience
of the reader we repeat the main ideas of [20], §24, for which we do not claim any
originality.
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The crucial point is that the fibrant profinite G-space K (m,n) represents G-
equivariant continuous cohomology in S¢ with coefficients in the profinite abelian G-
module 7. To see how this works, recall the simplicial profinite G-module L(m,n + 1)
given in simplicial degree ¢ by the group C™(Al[g];m) with G-action induced by
the one on 7. Define an n-cochain u € C"(L(m,n + 1);7) by u(a) = a(idy,)) where
a € C"(Aln], 7). It follows immediately from its definition that u is G-equivariant,
i.e., that it lies in the subgroup CZ&(L(m,n + 1);7).

Let Y be a cofibrant profinite G-space. The abelian group structure on 7 induces a
group structure on Homg_ (Y, L(m,n 4+ 1)). Define a homomorphism

¢ : Homg (Y, L(m,n + 1)) = C&(Y; ) (11)

by ¢(f) := f*(u) where f* is the pullback induced by f. We note that, for a G-
equivariant f, f*(u) is also G-equivariant. One can show exactly as in [20],
Lemma 24.2, that ¢ is an isomorphism whose inverse

Y: Ca(Y;m) — Homg (Y, L(m,n + 1))

is given by sending v € CZ(Y;7) to the map () defined by ¥(v)(z) = *(y) for
x €Y,, which we consider as a simplicial map Alg] — Y that induces a homomor-
phism z*: CE(Y;m) = C™(Alg]; ). The map v(7) is in fact G-equivariant. For the
simplicial map ¢() is defined in degree ¢ by sending = to the element in L(w,n + 1),
given by the composite

Alg] 2 Y, 5 .

Now for g € G, () sends the element gz € Y, to the element in L(m,n+ 1),
given by the composite
Al >Y, 5y, S
But since v is G-equivariant by assumption, this map is the same as
Al 2V, dndax

which is exactly gy (v)(z). Hence we get ¥ (y)(gx) = g (y)(x).
Now the complex K (7, n) is given in degree ¢ as the subgroup

K(m,n)q = Z"(Alg]; )

of cocycles in L(m,n + 1);. One checks as in [20], Lemma 24.3, that u induces a
fundamental cocycle in ZZ (K (m,n),n) which is also denoted by u and that ¢ induces
an isomorphism

¢: Homg (Y, K(m,n)) = Zg(Y;)

whose inverse is induced by the restriction of 1. Hence it remains to show that under
the isomorphism ¢ in (10) two maps

fa fl € HOH’ISG (Y,K(?T,TL))

are homotopic if and only if ¢(f) is cohomologous to ¢(f’) in ZZ&(Y; 7). This can
be shown as in [20], Theorem 24.4. If f and f’ are homotopic, then it follows from
the invariance of cohomology under homotopy that f*(u) and f*(u) agree on the
cohomology level and hence are cohomologous. Now suppose ¢(f) = o¢(f’) + é(a),
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where ¢ is the boundary map and « is a cochain in Cg_l(Y;w). Let ig: Y - Y x0
and i1: Y — Y X 1 be the simplicial maps identifying Y with the cited subcomplexes
of Y x A[l], where we regard A[l] as before as a simplicial finite set with trivial
G-action and where 0 and 1 denote the corresponding vertices A[0] — A[1] of A[l].
It suffices to find a v € ZZ(Y x A[l];7) such that

io(v) = VCE (Y x0;m) = o(f)
and
i1(y) = Yoz (Y x15m) = ¢(f/)-
For then the map ¥ (v): Y x A[1] = K(m,n) is a homotopy between f and f’. This

homotopy is even G-equivariant, since ¥(7) is G-equivariant as shown above. Let
p: Y X A[l] = Y be the projection onto Y and let

Y0 =P (o(f)) € Zg(Y x AlL]; ).
Since p oig = poi; =id, we have (7o) = 77 (y0) = #(f). Further, regarding « as a

cochain defined on i;(Y), we may choose a cochain 8 € Cj~ (Y x A[l];7) which
extends « and vanishes on i(Y"). Thus i§(5) = 0 and i} (8) = a. Now set

v = — 6(B).
Then if(7) = ¢(f) and i5(7) = ¢(f) — 6(a) = ¢(f"), as desired. O

3.4. A cosimplicial version of the homotopy fixed point spectral sequence

The homotopy fixed point spectral sequence of Theorem 3.17 and the definition
of homotopy fixed points can also be given in terms of cosimplicial spectra and total
spaces of cosimplicial objects. Let V'® be a cosimplicial pointed space, i.e., a cosimpli-
cial object in S,. The total space TotV*® of V'* (see [3], X, §3) is given by the equalizer
in S, of the diagram

[ boms, (Aln],v™") = J[ homs, (A[R], V™).

n=0 @: [n]—[m]
For k > 0, let Toty V'* be the equalizer in S, of the diagram

H homg, (skpA[n], V") = H homg, (skpAln], V™).

n>0 ¢: [n]—=[m]

Now let Z* be a cosimplicial spectrum, i.e., a cosimplicial object in Sp(S). The
total spectrum TotZ® is the spectrum whose nth space is the total space of the
cosimplicial space Z% (see [30], Definition 5.24). Since Tot commutes with cotensor
objects for spaces, the structure maps of TotZ*® are given by the maps

TotZ) — Tot(QZ), 1) = Q(TotZ) ).

Since cotensor objects in Sp(S,) are defined levelwise, Tot also commutes with coten-
sor objects for spectra. For k > 0, Toty Z° is defined to be the spectrum obtained by
applying Toty levelwise.

Now let W be a profinite G-space and X a profinite G-spectrum. Considering the
nth profinite set W,, of W as a constant simplicial profinite G-space, we can view W
also as a simplicial object in Se. Applying the functor Maps(—, X) to W yields a
cosimplicial spectrum which we denote by Mapg(W*, X).
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Lemma 3.19. (a) For W and X as above, the total spectrum Tot(Maps(W*, X)) is
naturally isomorphic to the spectrum Mapq(W, X).

(b) For every k > 0, the spectrum Toty(Mapg(W?®, X)) is naturally isomorphic to
the spectrum Mapq (skp W, X).

Proof. Since the total spectrum is defined levelwise, it suffices to prove the corre-
sponding assertions when X is a pointed profinite G-space. In this case, (a) follows
immediately from the description of Tot(Mapg(W*®, X)) as the equalizer in S, of the
diagram

[ [ homs. (A[n], Mape (W™, X)) =[] homs. (An],Mapg(W™, X)).

n>0 @: [n]—[m]

Claim (b) follows in the same way by considering the corresponding equalizer diagram
for Toty,. O

For W = EG € Sg, we obtain a cosimplicial spectrum Mapg (G*T1, X) whose nth
spectrum is Map (G™"1, X) (different versions of this object have already been stud-
ied in [30]). The previous lemma and the construction of the homotopy fixed point
spectral sequence in the proof of Theorem 3.17 imply the following result.

Proposition 3.20. Let X be a fibrant profinite G-spectrum.
(a) There is a natural isomorphism of spectra

X"E = Map(EG, X) = Tot(Mapg (G*T!, X)).

(b) The spectral sequence of Theorem 3.17 is isomorphic to the spectral sequence
associated to the tower of spectra

{Toty (Mapg(G***, X)) }s.

In [30], Definition 5.23, Thomason calls a cosimplicial spectrum Z* a cosimplicial
fibrant spectrum, if each spectrum Z" is a fibrant spectrum, and calls Z*® a fibrant
cosimplicial fibrant spectrum if in addition each cosimplicial space Z}, is Reedy fibrant
(see [13], 15.3.2, or [3], X, 4.6).

Lemma 3.21. (a) Let V be a fibrant pointed profinite G-space. Then Maps(G*T1, V)
is a fibrant cosimplicial space in the Reedy model category structure on cosimplicial
spaces.

(b) Let X be a fibrant profinite G-spectrum. Then Map,(G*T!, X) is a fibrant
cosimplicial fibrant spectrum.

Proof. (a) By [13], Lemma 15.11.10, in order to show that Map,(G**!, V) is Reedy
fibrant it suffices to show that G**! is a Reedy cofibrant simplicial profinite G-space.
This means that the map from the nth latching object L,,G**! to G" ! is a cofibration
in S¢; for every n > 0. Since L,G*t! is a subobject of G™**1 in S and since the action
of G on G™* is free, the map L,,G*T! — G is in fact a cofibration in Sg.

Claim (b) follows from (a) and the fact that Mapg(G™*?1, X) is an Q-spectrum for
every n. O

Finally, we would like to replace Map(G**1, X) by a cosimplicial spectrum of the
form Map(G*, X) given in cosimplicial degree n by the spectrum Map(G", X).
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Remark 3.22. In the following discussion we abuse notation and describe elements in
Mapg(G™HL, X) or Map(G™, X) simply by their effects on tuples of elements in G and
neglect that a general element in the kth set Maps(G™*!, X,,)i of the mth space
is a G-equivariant map G"*! x A[k] — X,,, respectively a map G" x A[k] — X,
in Map(G™, X,,,)x. Moreover, we will only discuss the coface maps, since they are
important for the resulting cochain structures, and omit the calculations for the
codegeneracy maps.

Recall that in our definition of the spectrum Mapg (G**1, X) we have used a left
G-action such that a map 8: G"*! — X is in Map,(G™*!, X) if it satisfies

(g1, gnt1) = 9297 g1, -, 97 gns1)

for every g € G.
The ith coface map

d": Mapg(G™, X) — Mapg(G™™, X)

is given by sending a map a: G" — X to d'(a): G""! — X that sends the (n + 1)-
tuple (917 s 7gn+1) to 04(91» v 79121»17 s agn+1)~
Now for the cosimplicial object Map(G*®, X) we define the ith coface map

d': Map(G™!, X) — Map(G", X)

to be the map which sends a map $: G"~! — X to the map

_ 918(g2, - 9n) ©i=0
d'(B)(g1,---19n) = B(g1,- -, 9iGit1s---59n) : 1<i<n—1 (12)
B(g1s---s9n-1) i =n.

We then have a morphism ¢: Map,(G**, X) — Map(G*®, X) of cosimplicial spec-
tra defined as follows. For n = 0, we have

Map(G, X) — Map(*, X) = X, a+— a(l).
Forn > 1,
Mapg (G™™, X) — Map(G™, X), a+ ¢(a) = f3
where 3 is defined by
Bg1s---9n) = a(1,91,9192, 919293, - -, 91+ gn)-

The inverse ¢! is given by the map that sends 8 € Map(G", X) to the element
a = o 1(B8) € Mapg(G™!, X) defined by

a(go,- - 9n) = 90B(g5 9197 G2, -, Gp  19n)-

In the following we assume n > 1, and leave the case n = 0 for the reader. The
map ¢~ 1(f) is in fact G-equivariant. For we have for every g € G

92 B)(G0s -, 9n) = 990B(g0 91,97 G2, -1 G0 2 10n)
9908((990) 991, (99n—1)""g9n)
= ¢ ' B)(990s---,99n)
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Now one can check

gw(a)(gl;lgm = ,g;illgn) 1 1
g1a(1,97 92,91 9291 935,91 92" Gn_19n)
g1,y 9n)-

e ()91, 9n)

On the other hand we have

o™ (B) (g1, -+ gn-1) w‘l(ﬁ)(},gl,glgg, g1 Gn1)
B(g1,97 919255 (91 Gn-2)"1g1 " Gn-1)

Blg1,--- s gn-1)-

Moreover, the maps ¢ and ¢!

with ¢.

are compatible with the coface maps. We start

For i = 0, we have

P(d°(@))(g1,---,9n) = d(@)(1,91,0192,-- - 91 gn)
a(l,91,9192,---,91 - Gn)
a(g1,9192,-- -, 91" Gn)
g10(@) (92, - -+ 9n)

= d%p(a))(g1,---,9n)-

For 1 <i<n—1, we have

o(d () (g1y---rgn) = d()(1,91,9192,---,91" " Gn)

= (1591 9192,---,91-f~gi,...,g1---gn)
%(a)(gl,---79i9i+1,.-.,gn)
dl((p( ))(glaagn)

For i = n, we have

o(d™ () (g1, gn) = d™(@)(1,91,9192,- -, 91 Gn)
L, g1, "'791"'97171)

(a)(g, -~vgn71)

"(e(a))(g1s-- -5 9n)-

[
SR

Now we check ¢~ !. For i = 0, we have

“Hd(B)(gos---r9n) = 90d°(B) (95 91,97 9201 90 t)
= 90951915(9;192, e Ontgn)
= glﬁ(gf Y92, 90t 10n)
= ( )(91,,9n)
= do( “L(B) (g0, g1, -+ -+ gn)-

For 1 <i<n—1, we have

e Hd(B))(90, 9155 9n) = 9od"(B)(95 91,97 2,1 90 1)

goﬁ(galgla e 79;1191" e agrjilg’n)
QO__l(/B)(gla N PR 7977,)
= d'(¢ 1 (B))(90: 91, - gn)-
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For ¢« = n, we have

e Hd"(8))(g0, 91, -+ Gn)

90d™(B) (90 "91, 91 "2, -, 90 2 19n)
908(90 " 91, - - 9 o Gn—1)

= o ' B)(g0,G1s---+Gn-1)

= d"(¢7'(B))(90: 915 gn)-

Together with Proposition 3.20, this proves the following comparison result.

Proposition 3.23. Let X be a fibrant profinite G-spectrum. We equip Map(G*®, X)
with the cosimplicial structure of (12). There is an isomorphism of cosimplicial spectra

Mapg(G**, X) — Map(G*®, X)
which induces an isomorphism
XhC = Tot(Map(G®, X)).
There is an induced map of towers of spectra
{Toty. (Mape(G**1, X))} — {Toty (Map(G®, X))}

and an isomorphism of spectral sequences from the spectral sequence of Theorem 3.17
to the spectral sequence associated to the tower of spectra

{Toty, (Map(G*®, X))}

The latter spectral sequence converges to m_(X"®), and converges completely if
lim}E5t = 0 for all s and t.

Remark 3.24. In order to show that the spectral sequences of the proposition are
isomorphic, one could also use the following fact proved in [5] and [8]. For a profinite
G-module M, let Map(G*®, M) be the cochain complex given in degree n by the
group of continuous maps from G” to M with differentials Y (—1)*d’, where d’ is
defined as in (12) with X replaced by M. The cohomology of this cochain complex
is isomorphic to the continuous cohomology H*(G; M) of G with coefficients in M
(see [6], Proof of Theorem 3.1 on page 139). This also shows that the map ¢ induces

an isomorphism of spectral sequences from the Es-terms on.

3.5. Iterated homotopy fixed point spectra

Let H be a closed normal subgroup of G. The homotopy fixed points under the
action of G, H and G/H should be related to each other. As we mentioned above, the
homotopy fixed point spectrum X" is in general not a profinite spectrum anymore.
Hence, in general, we cannot ask for a continuous action of G//H on X" as a profinite
spectrum. But the homotopy fixed points X*¢ do respect the continuity of the action.
So for comparing X"¢ with X" under its induced G/H-action, we assume that
K := G/H is a finite group.

Starting from the model structure of simplicial K-sets in [12], V §2, we can
define the category of K-spectra Sp(S.x) as in Definition 2.3. Then the method
of Hovey [16] yields again a stable model structure on Sp(S«x). As above, a map f
in Sp(S«x) is a fibration if and only if its underlying map in Sp(S.) is a fibration of
Bousfield-Friedlander spectra.
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Let X be a profinite G-spectrum that is an Q-spectrum in Sp(S*G). By Proposi-

tion 2.6, X is also an -spectrum considered as a profinite H-spectrum. Moreover,

the inclusion H C G induces a map FH C EG which is a trivial cofibration in S.

Since H acts freely on EG, we can consider FG also as a cofibrant replacement of the

one-point space in S. Hence by taking fixed points under H, we obtain an induced
map of spectra

Mapy (EG, X) = Map(EG, X)? 5 Map(EH, X)" = Mapy (EH, X).

By mimicking the proof of Lemma 3.11 for our fixed X and the trivial cofibration
EH — EG, we see that this map is an equivalence of -spectra in Sp(S,). Thus,
in the following we can use the spectrum Map(EG, X)? as a model for the H-
homotopy fixed points of X. By abuse of notation, we also denote this model by
XM — Map(EG, X)H . The advantage of this model for the H-homotopy fixed points
of X is that it inherits a G/H-action from the G-action on Map(EG, X).

Furthermore, the induced map X"¢ — X" factors through the K-fixed points
(XK since K acts trivially on X"“. By composing with the canonical map from
fixed points (X")K = Map (x, X"#) to homotopy fixed points

(XK = Map, (BK, X"),

we get the map
XhG N (XhH)K N (XhH)hK'

It follows almost from the definitions that this map is an equivalence. We summarize
this in the following theorem in which the last assertion follows from the first and the
older brother of Theorem 3.17 for finite groups.

Theorem 3.25. Let X be an Q-spectrum in Sp(Siq) and let H be a normal subgroup
of G with finite quotient K = G/H. Then the map X"¢ S (XK s g stable equiv-
alence in Sp(Si). Moreover, there is a spectral sequence for iterated homotopy fixed

points

H(K;m (X)) = 1 (X"9).

4. Morava stabilizer groups and Lubin-Tate spectra

4.1. FE, has a model as a profinite G,,-spectrum

We return to our main example discussed in the introduction. For a fixed prime
number p and an integer n > 1, let G,, denote the extended Morava stabilizer group
associated to the height n Honda formal group law I',, over F,.. It is a profinite
group and can also be described as the group of ring spectrum automorphisms of the
Lubin-Tate spectrum F,, in the stable homotopy category. Hopkins and Miller have
shown that G, is in fact the automorphism group of E,, by A..-maps, cf. [26]. Later
on, Goerss and Hopkins extended this result to the FE.-setting. Hence G,, acts on
the spectrum-level on E,, by E.-ring maps, cf. [11]. We will show now that there is
a canonical model for F, in the category of profinite G,,-spectra.
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Let BP be the Brown-Peterson spectrum for the fixed prime p. Its coefficient ring
is BP, = Zy)[v1,2,...], where v, has degree 2(p™ — 1). There is a canonical map

7: BP, — By = W(Fpn)[[ug, - - ., un—1]][u, u™"]

defined by r(v;) = usul~?" for i <n, 7(vn) = u*P" and r(v;) = 0 for i > n. Let I be

an ideal in BP, of the form (p, vil, ...,u" 7). Such ideals form a cofiltered system.
Their images in E,, under r: BP, — E,, provide each 7 FE,, with the structure of a

continuous profinite G,-module as

7TtEn = li}nﬂ'tEn/ITftEn.

In fact, for t odd these groups vanish, for ¢ even each quotient m E,,/Im,E,, is a finite
discrete G,-module and the decomposition as an inverse limit of these finite discrete
G,-modules is G,,-compatible.

For a subsystem of such ideals I, there are finite generalized Moore spectra My
with trivial Gp-action whose Brown-Peterson homology is BP,(M;) = BP,/I and
which have the property 7 (E, A M) = mE, /Im E,, for all t (see [14]). Moreover,
there is a canonical isomorphism in the stable homotopy category

FE, = ho}im E, N M;j.

This observation of [14] is the starting point for all attempts to view F,, as a contin-
uous Gp,-spectrum.

Hopkins has shown that although each 7:(F,, A M) is a finite discrete G,,-module,
G, does not act discretely on the spectra E,, A M7, in the sense that there is no open
normal subgroup U of G,, such that the G,-action on the whole spectrum FE,, A Mj
factors through G, /U (see [4], Lemma 6.2). But a slightly less demanding statement
holds. Each E,, A M; and hence F, have a model in Sp(S*Gn), i.e., models that are
built out of pointed profinite G,,-spaces.

Remark 4.1. Since we are working in the world of Bousfield-Friedlander spectra, we
neglect some of the rich additional structure of the spectra E,. In particular, we
form the smash products, for example E, A M, in the category of the underlying
Bousfield-Friedlander spectra. A functorial construction of these smash products has
for example been given in [17].

Theorem 4.2. E, has a model in the category of continuous profinite G, -spectra,
i.e., there is a profinite Gp-spectrum E), and a G,-equivariant isomorphism in the
stable homotopy category

E,~FE.

Proof. Let I be an element of the subsystem of ideals as above such that the asso-
ciated finite generalized Moore spectra M exists. Moreover, for each such I, let
(En, ANMp)y be a functorial fibrant replacement of the underlying Bousfield-
Friedlander spectrum En A M. As argued in [4], Corollary 6.4, or [14], there is
an isomorphism FE,, = holim;(E,, A M) ¢ in the stable homotopy category which is
induced by the isomorphism E,, = E,, A SC in the stable homotopy category and the
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G n-equivariant map
E,ANS° — holim(E,, A My)y

whose underlying map of spectra is a stable equivalence. Now the profinite group
G, is strongly complete (see e.g., [4], p. 330). Thus, since the homotopy groups of
the G,-spectrum E,, A M; are all finite, we can apply the replacement functor of
Theorem 2.7 to obtain a profinite G,-spectrum F§, ((E, A Mr)y) built out of fibrant
pointed simplicial finite G,,-sets and a G,-equivariant map of spectra

(En A MI)f - Fén((En A Mf)f)
which induces isomorphisms
T (En A My) = 7 (FG, ((Bn A Mi)g)) = m(|FE, (En A Mp)g)])

for every ¢t and hence is a stable equivalence of spectra. We define the profinite G,,-

spectrum [, to be the homotopy limit in Sp(S.g,, ) of the F ((En, A My)y)
Ej, := holim F&, (B, A My)f) € Sp(S.qa.,)

over the cofinal subsystem of ideals I for which the M; exist. The profinite G,,-
spectrum E!, is equipped with a G,-equivariant map of spectra

E, AS® 5 holim(E,, A My)y = holim &, (B A My)y) = B,

which is a stable equivalence of underlying spectra. Together with the isomorphism
E, =2 E, ASY in the stable homotopy category this proves the assertion. O

Remark 4.3. The reader familiar with the work of Davis [4] will have noticed that we
have even shown that each F¢, ((E, A Mr)y) is a discrete G,-spectrum. We will use
this fact later in the proof of our main result.

The above theorem also implies that E! is a fibrant profinite G-spectrum for every
closed subgroup G of G,,. This allows us to define the continuous homotopy fixed point
spectrum of E,, under the action of any closed or open subgroup of G,.

Definition 4.4. Let G be a closed subgroup of G,,. The continuous homotopy fixed
point spectrum EZG of the Lubin-Tate spectrum is the homotopy fixed point spectrum
of E!, considered via restriction as a profinite G-spectrum, i.e.,

EM"S .= Map(EG, E.).

Remark 4.5. Since E, is K(n).-local, E/ is K(n).-local, and since taking mapping
spectra preserves K (n).-local objects, E"“ is a K (n).-local spectrum.

Before we prove Theorem 1.2 of the introduction, we collect some consequences of
our construction.

Remark 4.6. We would like to point out that the idea to use continuous mapping
spaces and mapping spectra in descent theory for a profinite group H is not new
and has been used in the context of discrete H-spaces, discrete H-spectra and towers
of discrete G-spectra by Davis, Goerss, Jardine, Thomason and others. But since
profinite spectra had not yet appeared in the picture, we provide the following results
on continuous mapping spectra of E/, for the convenience of the reader.
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As in the proof of Theorem 4.2, we choose and fix a subsystem of ideals such
that the associated finite generalized Moore spectra M are part of the canonical
equivalence E, ~ holim; E,, A M;. To simplify the notation we will write

E, = Fg, (En A Mip)y)
for the fibrant profinite G,-spectrum F¢ ((E, A My)y) built out of simplicial finite

discrete G,,-sets.

Lemma 4.7. For any closed subgroup G of G,,, there is an isomorphism of (2-spectra

EhG ~ holim( Y

Proof. By Proposition 3.12 we have an isomorphism

Map (EG, holim E, ;)= holim Mapg(EG, E,, 1).

The first assertion now follows from the fact that we defined E" to be the left hand
side of this isomorphism, and that the right hand side is holim;(E], ;)"“. O

Let S be a profinite set and let S = lim,, S, be a presentation of S as a limit of
finite sets. We can consider S also as a constant simplicial profinite set with identities
as face and degeneracy maps. Then the constructions of the previous section give us
spectra Map(S, E,) and Map(S, £}, ;) for every I. The main case of interest for us
is the one where S = G7 is the j-fold product of a closed subgroup G of G,, for an
integer 7 = 0.

Lemma 4.8. There is an isomorphism of Q-spectra

Map(S, E},) 22 holim Map(S, £, ;).

Proof. By mimicking the proof of Proposition 3.12 for Map(.S, —), considered as a

functor from Sp(S.¢) to the category of G-spectra, we obtain an isomorphism

Map(S, holim E, )= holim Map(S, E,, ;).

The assertion then follows from the definition of Ej, as holim E, ;. O

In the following, for profinite sets S and T', we will denote the set of continuous
maps from S to T also by

Map(S,T) := Homg (S, T).
Lemma 4.9. For each ideal I, the homotopy groups of the spectrum Map(S, E}, ;)
are given by the isomorphism
7Tﬁkl\/Iap(‘S'7 ETI’L,I) = Map(sa Tl :1,]) = HOIIlé(S, 7T*E‘:v,,l)

where the right hand side denotes the group of continuous functions from the profinite
set S to the finite discrete homotopy groups of E{I’I.

Proof. Since E;l ; is an {)-spectrum that consists of simplicial finite sets, the spectrum
Map(S, E;, ;) is isomorphic to colim, Map(Sa, F,, ;). Taking homotopy groups com-
mutes with this colimit of fibrant spectra by [30], Lemma 5.5. Since each S, is a finite
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set, Map(Sa, £, ;) is just a finite product of copies of E,, - This implies that taking
homotopy groups also commutes with Map(S,, —), i.e., there is an isomorphism

mMap(Sa, E;I) = Map(soz77r*E7/1,I)'
Hence we obtain isomorphisms
mMap(S, E;, ;) = cogmMap(Sa, T Ey, 1) = Map(S, m. E,, 1).
O

Proposition 4.10. The homotopy groups of the spectrum Map(S, E.,) are given by
the isomorphism

mMap(S, E},) = Map(S, m. E;,) := Homg (S, m. Ey,).

Proof. By Lemma 4.9, the assertion holds when we replace E!, by any E;L 1- Moreover,
Map(S, £7,) is isomorphic to the homotopy limit holim; Map(S, Ej, ;) by Lemma 4.8.
Hence the spectral sequence for the homotopy groups of the homotopy limit of spectra
Map(S, E},) has the form

Ep? = lim” Map(S, 7y B}, ;) = m4-pMap(S, E},).

Since the functor Map(.S, —) is exact on the category of profinite abelian groups, the
terms ELY? vanish for p > 0 and the spectral sequence collapses. For each g € Z, we
obtain an induced isomorphism

li}n Map(S, 7 E,, ;) = mgMap(S, E,,).

We remark that the category of profinite groups is the pro-category of finite groups.
This means in particular, that the left hand side satisfies

li}n Map(S, 7y Ey, ;) = Map(S, li}n ToE, 1)
Now it remains to recall 7, E;, = limy 7 ], ;. This proves the assertion. O

4.2. Comparison with the construction of Devinatz and Hopkins

Let K(n) be the nth p-primary Morava K-theory spectrum. Its coefficient ring is
given by K(n), = Fp[v,,v; '] where v, has degree 2(p™ — 1). Let L = L (ny denote
K (n).-localization in Sp(S.). As in the introduction we will adopt the notation of [1]
and [4] to denote the spectra defined by Devinatz-Hopkins in [8] by E*¢. Devinatz
and Hopkins define these spectra in two steps. First they define spectra E4"U for
open subgroups U of G,, using the fact that G, /U is finite and that the expected
homotopy type of L(EWU A E,) is the one of Map(G, /U, E,). This construction
depends on the specific properties of GG, as a p-adic analytic profinite group, and of
the important calculations of the mapping space of self-maps of E,, by Goerss and
Hopkins in [11]. (The construction of E!, of course also relies on this calculation which
makes it possible to define a model of E,, on which G,, acts by maps of spectra and
not only by maps in the stable homotopy category.)

In a second step, they define spectra EZ"¢ for a closed subgroup of G,,. Since G,,
is a p-adic analytic profinite group, it is possible to find a sequence of normal open
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subgroups of G,
G,=Us2U1 22U, 2 (13)

with (), U; = {e}. For the rest of the paper we choose a fixed sequence of such open
subgroups of G,,.
Then Devinatz and Hopkins define for an arbitrary closed subgroup G of G,

EghG = ﬁ(hocolim Egh(U"'G))

where hocolim denotes the homotopy colimit in the category of commutative S°-
algebras in the category of S%-modules of [9].

As remarked in [8], p. 5, there is a canonical map — E,,. Since this map is G-
equivariant and since G acts trivially on E%"¢  this map factors through E4"¢ — EC,
i.e., through the G-fixed points of E,.

Now we would like for there to be a map from the fixed points ES to the con-
tinuous homotopy fixed points E"“ of Definition 4.4. But since we provided only a
point-set level map E, AS° — E’ | we do not have a point-set level comparison map
E% — (E!)¢ — EM&. In the next section we will instead show that there is an isomor-
phism in the stable homotopy category between E"“ and E"“ by passing through
the construction of Davis in [4] and Behrens-Davis in [1]. The argument follows the
suggestions of the anonymous referee whose contribution we gratefully acknowledge.

dhG
En

4.3. Proof of Theorem 1.2

We have defined the homotopy fixed point spectrum E" for an arbitrary closed
subgroup G of G,, in Definition 4.4. This proves the first assertion of (i) in Theo-
rem 1.2. The spectral sequence of Theorem 3.17 then yields the homotopy fixed point
spectral sequence

H*(G;mEy) = Wt_S(EZG)

for any closed subgroup G of GG,, starting from the continuous cohomology of G and
converging to the homotopy groups of the homotopy fixed points of F,, under G. This
spectral sequence is natural in G. Since G, is a p-adic analytic group, so is G and
its continuous cohomology groups with profinite coefficients are also profinite groups,
cf. [29]. Hence the lim'-terms of the F,-terms all vanish. This shows that the spectral
sequence above is strongly convergent as in [8], since the spectral sequence is also
conditionally convergent. This proves the first assertion of part (ii) of Theorem 1.2.

It remains to show the comparison statements of the Devinatz-Hopkins spectra
EdhG with E'Y and of the two spectral sequences. We will do this by showing that
our homotopy fixed point spectra are equivalent to the homotopy fixed point spectra
of Davis and Behrens-Davis. This shortcut is a suggestion by the anonymous referee
and we gratefully acknowledge his contribution and generosity to share the outline of
the following argument with us.

We denote the homotopy fixed point spectrum of Davis by EQ/G and refer the
reader to [4] and [1] for the details of the construction and details about the prop-
erties we use in the proof. By Proposition 3.20 and Proposition 3.23, we have an
isomorphism of spectra

E" = Map(EG, E!) = Tot(Mapg(G**, E!)) = TotMap(G*®, E.,).
Moreover, since Map(G®, E/,) = Map(G*™!, E/) is a fibrant cosimplicial fibrant
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spectrum, the canonical map

TotMap(G*, E,) — hoiim Map(G*, E},)

is an equivalence of spectra by [30], Lemma 5.25. By our construction of E/ as the
homotopy limit of the E; 7, we obtain a further equivalence of spectra

EhC ~ ho}im hoiim Map(G*, E}, 1).

The collection of ideals I contains a descending chain of ideals {Ip D I; D --- } with an
associated tower of generalized Moore spectra {Mj, <— My, < ---} which is cofinal
in the sense that there is still an isomorphism of spectra in the stable homotopy
category E, = holim;, E, A My, . Choosing this tower of generalized Moore spectra
{M7, } makes it possible to compare our construction with the one of [4].

By its construction each Ej, ; = F§ ((En, A Mp,)y) is also a discrete G-spectrum
in the sense of [4], since it is built out of pointed simplicial finite discrete G-sets.

Hence, for j > 0, we can write
Map(G7, Ey, 1) colim; Map((G/(GNU;)), By, 1,)

colim; [T/ (aru, )i En.1, (14)
Mapc(Gja E;L,Ik)

1R 1R

where the last expression Map,(G7, E;L Ik) denotes the continuous mapping spectrum
of [4] for the discrete G-spectrum EJ, ; . The collection {Map, (G, E}, ; )};>1 forms a
cosimplicial spectrum defined in [4] as follows. Let I'(—) be the functor on discrete G-
spectra X — Map, (G, U(X)), where U denotes the functor that forgets the G-action.
The spectrum Map, (G, X) is equipped with a G-action given by (gf)(h) = f(hg).
This action turns Map (G, X) itself into a discrete G-spectrum. Iterated application
of T'¢(—) defines a cosimplicial object (I'¢X)® of discrete G-spectra with

(TeX)? = Map, (G, X).
Now one can check as for discrete G-modules that the G-fixed points of (I'¢ X )*® are

given by the cosimplicial spectrum Map,(G*®, X) given in degree j by Map, (G, X)
and with coface maps given by

_ 916(g92, -+, 9j+1) © i=0
d'(B)grs---,9i+1) =18 Blgr,---19iGi+15---,9j+1) : 1<i<y (15)
Bg1,---,95) D=+ 1.

Hence by Proposition 3.23 and isomorphism (14), we obtain an isomorphism of
cosimplicial spectra

MapG(G.Jrlv ;,,Ik) = Map(G.v ;l,]k) = Mapc(G.v ':L,Ik) = Mapc(G.Jrl? ;:,,Ik.)G'

(16)
This implies that we have an equivalence

hG : : . ~ : : o1 G
E}© ~ hollclm hoilmMap(G E )= hollclmhokm Map, . (G**, E;, ;).

By [4], since each E; 1, is by construction a fibrant spectrum, we obtain an equiva-
lence

hollcimhogmMapc(G'H ' )G ~ ENG,

s = Iy n
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This shows that there is an equivalence of spectra E!C ~ EZ,G. Hence together
with the equivalence E" ¢ ~ E?C of Behrens-Davis in [1], Theorem 8.2.1, we get
a sequence of equivalences of spectra

ENG ~ NG~ pinG, (17)

Finally, we have to compare the spectral sequences. Isomorphism (16) implies that
there is an isomorphism of towers of cosimplicial spectra

{Map(G.v ;,,Ik)}k = {Mapc(G.+1a E;L,Ik)G}k' (18)
The homotopy spectral sequence converging to

T (hoiim ho}cim Map, (G* 1, E;L’Ik )

corresponding to the homotopy limit over A of holimy of the right hand side is
isomorphic from the Es-terms on to the homotopy fixed point spectral sequence con-
verging to w*(EZIG) of [4]. By Proposition 3.20 and Proposition 3.23 and by the
choice of the sequence of ideals I, the homotopy spectral sequence converging to
. (holima holim, Map(G*®, E}, 1)) corresponding to the homotopy limit over A of
holimy, of the left hand side is isomorphic from the Es-terms on to the homotopy
fixed point spectral sequence converging to 7, (E"“). Hence isomorphism (18) implies
that the homotopy fixed point spectral sequence converging to 7, (FE"%) is isomor-
phic from the Fs-terms on to the homotopy fixed point spectral sequence converging
to F*(EZIG). By the spectral sequence comparison result of Behrens-Davis in [1],
Theorem 8.2.5, the latter spectral sequence is isomorphic from the Fs-terms on to
the K (n).-local E,-Adams spectral sequence of [8] converging to m,(E2"%). Hence
overall we obtain an isomorphism of spectral sequences from the Fs-terms on of the
K (n).-local E,-Adams spectral sequence of [8] and the homotopy fixed point spectral
sequence converging to 7. (E"). This finishes the proof of Theorem 1.2.

Corollary 4.11. Let G be a closed subgroup of G, and K be a closed normal sub-
group of G such that G/K is finite. Then EMS is naturally equivalent to (EM<)hG/K,
There is a strongly convergent spectral sequence for iterated homotopy fized points

H*(G/K;n,EM) = n,E",
Proof. The equivalence between E" and (E!M<)hG/K and the existence of the spec-

tral sequence follow from Theorem 3.25 applied to E!, of Theorem 4.2. The strong con-
vergence follows from the conditional convergence of Theorem 3.25 and the facts that

G/K is compact p-adic analytic, that each 7 (EZ"K) is a finite group by [6], Lemma
3.5, and from the isomorphism 7, (EM) = 7, (E4K) given by Theorem 1.2. O
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