A3-FORMALITY FOR DEMUSHKIN GROUPS AT ODD PRIMES

AMBRUS PAL AND GEREON QUICK

ABSTRACT. We study a weak form of formality for differential graded alge-
bras, called As-formality, for the cohomology of pro-p Demushkin groups at
odd primes p. We show that the differential graded Fj-algebras of continu-
ous cochains of Demushkin groups with g-invariant not equal 3 are As-formal,
whereas Demushkin groups with g¢-invariant 3 are not Az-formal. We prove
these results by an explicit computation of the Benson—Krause—-Schwede canon-
ical class in Hochschild cohomology.

1. INTRODUCTION

Let F be a field and let G denote its absolute Galois group. For a prime number
p, let C*(Gp,F,) denote the differential graded algebra of inhomogeneous contin-
uous cochains of G with coefficients in the constant discrete Grp-module F,. In
[14], Hopkins and Wickelgren showed that all triple Massey products of local and
global fields at the prime 2 vanish whenever they are defined. Since triple Massey
products are the first obstruction to formality, Hopkins—Wickelgren therefore asked
in [I4, Question 1.4] whether C*(Gp,F3) is formal, i.e., whether there is a zigzag of
quasi-isomorphisms of differential graded algebras between C* (G, F3) and its coho-
mology H*(Gp,F3). However, Positselski showed in [42] Section 9.11] and [44] §6]
that C*(G,F3) is not formal in general for local fields. Then Harpaz—Wittenberg in
[12, Example A.15] and more recently Merkurjev—Scavia in [27, Theorem 1.6] and
[29, Theorem 1.3] provided examples which show that the second obstruction to
formality is not trivial in general, i.e., not all fourfold Massey products are defined
when the neighbouring cup-products vanish.

The question whether a differential graded algebra (dga) is formal as a dga is
equivalent to whether it is formal as an A, -algebra. We may then ask the weaker
question whether a dga A is formal as an Az-algebra, i.e., whether there is a there is
a quasi-isomorphism of Asz-algebras between A and its cohomology algebra H*(A)
(see Section for a definition of Ag-algebras). The purpose of this paper is to
study As-formality for the dga C*(G,TF,) of pro-p Demushkin groups at odd primes.

Definition 1.1. Let p be a prime number and let G be a pro-p-group. Then G is
called a Demushkin group if
(1) dimp, H'(G,F,) < o0,
(2) dimg, H*(G,F,) =1,
(3) the cup product H'(G,F,) x H'(G,F,) — H*(G,F,) is a non-degenerate
bilinear form.
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The only finite Demushkin group is Z/2 and C*(Z/2,F3) is known to be intrinsi-
cally formal. Every Demushkin group is finitely presented as it can be topologically
presented with dimp, H Ya, F,) number of generators and just one relation. In fact,
by [], [2I] and [47], a pro-p Demushkin group for an odd prime number p is com-
pletely characterised by invariants d and ¢ = p/ with f > 1 as follows. The pro-p
group G has an even number d > 2 of generators x1,...,x4 subject to the single
relation

1 = a{[z1, zo][2s, ®a] - - - [®d—1, 2]

where [z,y] = 27ty lzy denotes the commutator of elements z,y € G.

Our main result is the following theorem, see Theorems [6.6] and [6.12}

Theorem 1.2. Let p be an odd prime and let G be a pro-p Demushkin group with
an even number of generators. For ¢ = p = 3, C*(G,Fs3) is not As-formal. For
g=0o0rq=5,C(G,TF,) is As-formal.

Demushkin groups are Poincaré groups of dimension two and play an important
role for example in number theory since the maximal pro-p quotients of absolute Ga-
lois groups of local fields that contain a primitive p-th root of unity are Demushkin
groups or are trivial (see for example [47, Théoréme 4.2]). Demushkin groups are
fundamental building blocks of the class of elementary type pro-p groups in the
sense of Efrat. These groups are defined inductively as the class of pro-p groups
that includes finitely generated free pro-p groups and Demushkin groups and is
closed under taking free pro-p products and semi-direct products with Z,. For the
latter one requires that all groups are equipped with an orientation (see [7, Section
3] and e.g. [3T), Section 4]). For positive results on Efrat’s elementary type conjec-
ture see [8], [9], [II, Chapter 12]. Demushkin groups also arise as pro-p completions
of fundamental groups of compact surfaces 3 of genus g > 1 when ¥ is orientable
and g > 2 when X is not orientable (see also [22]).

Example 1.3. Let p = 3 and let G be the pro-p group with generators z1, x2, x3, x4
subject to the single relation 1 = $[z1, 22][23,24]. Following [7] and [20, page
254], the group G is realisable as the maximal pro-3 Galois group G (3) of the field
F = Q3(¢3) where (3 is a root of unity of order 3. Thus, Theorem shows that
C*(Gp,F,) is not As-formal for F' = Q3((3).

Example 1.4. The pro-3-group with generators z1, x5 and relation [z, x2] = 1

is isomorphic to the semi-direct product Zgz x¢ Zz where 0: Z3z — 1 + 3Z3 is the
cyclotomic character. Theorem thereby shows that Z3 xg Z3 is not Ag-formal
even though Zj is intrinsically A, -formal. This example demonstrates that As-
formality does not distribute over semi-direct products of pro-p groups in general.
However, we do not know of such a counterexample for p > 5.

Example 1.5. For p = 3 and ¢ = 3/ with f > 1, let G = Z3 x4 Z3 with cyclotomic
character 6: Zs — 1 + qZ3. Then the cohomology algebra H*(G,F3) is isomorphic
to the exterior algebra over 3 in two generators in degree one. Theorem shows
that the differential graded algebras for ¢ = 3 and ¢ = 3 with f > 2 are not
quasi-isomorphic as Ag-algebras.

Relation to the Massey vanishing conjecture of Minaé—Tan. Before we
outline the proof of Theorem [I.2] we describe the relation of our work to the
Massey vanishing conjecture. Mind¢ and Tan conjectured in [33, Conjecture 1.1]
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that, for every field F' and prime p, G satisfies n-Massey vanishing with respect to
p, i.e., all n-fold Massey products of elements in H'(Gp,F,) vanish whenever they
are defined. By the work of Matzri [25], Efrat—Matzri [10] and Min&d¢—Téan [35], all
fields satisfy triple Massey vanishing with respect to all primes. In [13], Harpaz—
Wittenberg showed that number fields satisfy n-Massey vanishing with respect to
all primes. More recently, Merkurjev—Scavia proved in [28] that all fields satisfy
fourfold Massey vanishing with respect to p = 2. Other cases of the conjecture have
been proven in [39], [40] and [45]. The vanishing of Massey products has concrete
consequences for the structure of the Zassenhaus filtration of an absolute Galois
and thereby led to new examples of profinite groups which are not absolute Galois
groups of a field (see for example [35] [36]).

In [34, Definition 4.5], Min&¢ and Téan formulate the following related property.
Let G be a profinite group and p be a prime number. Then G is said to have
the cup-defining n-fold Massey product property (with respect to Fp) if for every
X1y---sXn € HY(G,F,) with 0 = x1 U X2 = X2 U X3 ="+ = Xn-1Y Xn the n-fold
Massey product (x1,...,Xn, is defined. For n > 4, this is a non-trivial condition,
and, in [34] Remark 4.4], Mind¢-Téan show that not all pro-p groups have the cup-
defining n-fold Massey product property with respect to F,. In [34, Question 4.2,
Mina¢—Tan ask whether every Galois group of a maximal p-extension of a field
F containing a primitive p-th root of unity has the cup-defining n-fold Massey
product property with respect to F,, (see also [37, Section 8]). They show that, for
two pro-p groups Gy and Ga, the free pro-p product Gy * G2 has the cup-defining
n-fold Massey product property with respect to IF,, if and only if both G; and G3
do. Moreover, in [34, Proposition 4.1}, Mind¢—Téan prove that pro-p Demushkin
groups have the cup-defining n-fold Massey product property with respect to F,,.
Together with their work in [36], this implies that pro-p Demushkin groups have
the following stronger property.

We say that a profinite group G satisfies strong n-Massey vanishing with respect
to p if for every x1,...,xn € HY(G,F,) with 0 = x1 U x2 = -++ = Xn_1 U Xn the
n-fold Massey product {xi,...,Xn, is defined and vanishes. For n > 4, this is a
strictly stronger condition than n-Massey vanishing. By the work of Mina¢—Tén in
[34, Proposition 4.1] and [35 Theorem 4.3], pro-p Demushkin groups satisfy strong
n-Massey vanishing with respect to p and all n > 3. An independent proof that pro-
p Demushkin groups satisfy strong n-Massey vanishing for all n > 3 was given by
Pal-Szabd in [40, Theorem 3.5]. Moreover, by [24, Theorem 1], the absolute Galois
groups of number fields which do not contain a primitive pth root of unity satisfy
strong n-Massey vanishing with respect to p for all n > 3. Strong vanishing of triple
Massey products is a necessary condition for the As-formality of C*(G,F,). We
note, however, that As-formality is a significant strengthening of the vanishing of
the Massey product obstructions since Az-formality requires that a specific element
in the triple Massey product of elements in H*(G,F,) vanishes and that defining
systems of triple Massey products can be chosen compatibly.

New questions. Quadrelli showed in [45] that elementary type pro-p groups sat-
isfy strong n-Massey vanishing. Theorem [[.2] implies that elementary type pro-3
groups are not As-formal in general. For p > 5, we do not know whether there is
an obstruction to Az-formality and may ask the following

Question 1.6. Let p = 5 be a prime number. Are all elementary type pro-p groups
As-formal?
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We note that free pro-p groups are Ay -formal (see Proposition . We can also
show that the free pro-p product of pro-p groups which are Koszul and As-formal
is again Az-formal. Moreover, by [31, Theorem A], the FF,-cohomology algebra of
elementary type pro-p groups is Koszul. Hence, the only case missing for an answer
to Question is the one of semi-direct products. Based on the results of [24], we
also ask the following

Question 1.7. Let F' be a number field which does not contain a primitive pth root
of unity. Is C*(Gp,F,) then As-formal?

Outline of the proof. We now give a brief outline of the proof of Theorem
While n-Massey vanishing for Demushkin groups is a direct consequence of the
non-degeneracy of the cup product, showing As-formality is much more involved.
Let p be an odd prime. For every pro-p Demushkin group G we compute the
canonical class g of the differential graded algebra C*(G,F,) in the Hochschild
cohomology group HH* ™! (H*(G,F,)). The canonical class of a dga was introduced
by Benson-Krause-Schwede in [2] in the context of the realizability of modules over
Tate cohomology. It follows from the general theory of Ag-algebras that the class
v¢ vanishes if and only if C*(G,F,) is As-formal. In fact, the canonical class ¢ is
the Hochschild cohomology class of the homotopy associator on H*(G,F,) which
is needed to construct a lift H*(G,F,) — C*(G,F,) of the identity on H*(G,F))
as As-algebras. In Theorem [6.1] we first compute the canonical class for ¢ # 3
and d = 2 since the proof in the case of just two generators is significantly simpler
while still demonstrating the principal ideas. We then show that v is non-trivial
for ¢ = 3 and all even d > 2 in Theorem [6.12] The failure of the vanishing of
ve in this case relies on the fact that a certain group homomorphism cannot be
lifted since (g) = 1, whereas (g) = 0 in F, when ¢ = p/f and f > 2 for p = 3.
We give an alternative proof of Theorem in Remark and explain how the
defining system of the canonical class can be modified to show the vanishing of the
corresponding triple Massey product. We then provide the proof of Theorem
which is about the case ¢ # 3 and d > 4 which is much more involved and relies
on explicit computations both in group cohomology using results of Dwyer and in
Hochschild cohomology.

Remark 1.8. The proof of Theorem [I.2] relies on the fact that the quadratic algebra
H*(G,F,) for a pro-p Demushkin group is Koszul. The latter is known by the
work of Mina¢—Pasini-Quadrelli-Tan in [31, Theorem 5.2]. In fact, they prove the
stronger result that H*(G,F,) is a PBW-algebra which implies that H*(G,F)) is
Koszul. We provide an alternative proof that H*(G,F,) is Koszul in Section
for completeness and convenience of the reader. We recall that Positselski and
Voevodsky conjectured that all Galois cohomology algebras are Koszul [43], §0.1,
page 128]. Further results on the Koszulity of Galois cohomology algebras we refer
to [30], [31], [32], [39], and [43].

Remark 1.9. We note that the case ¢ = 3 provides examples of differential graded
algebras arising from group cohomology which are Koszul and for which all n-fold
Massey products which are defined vanish but which are not As-formal.

Remark 1.10. In the proof of Theorem we make frequent use of the assumption
that p is odd. We do not know whether pro-2 Demushkin groups are Az-formal or
not. For ¢ = 5, we do not know for which integer n > 3 pro-p Demushkin groups are
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not A,-formal with respect to p. That such an n exists follows from Positselski’s
work in [44] §6].

Contents. We intended to write the paper as self-contained as possible since we
found it challenging to find proofs for all the results we use in the literature. We
hope that the reader will appreciate the additional effort. In Section [2.1] we define
As-algebras and morphisms between them. In Section we show that every
differential graded algebra has a minimal As-model which is unique up to quasi-
isomorphisms of Asz-algebras and introduce the notion of Az-formal algebras. In
Section [2.3] we discuss the relationship between Asz-algebra structures and Massey
products. We also provide a simple example of a differential graded algebra which
is not Asz-formal but for which all triple Massey products which are defined vanish.
In Section [3| we recall graded Hochschild cohomology groups of graded algebras and
introduce the canonical class of Benson—Krause—Schwede in Hochschild cohomology.
We then show that a differential graded algebra A over a field is Asz-formal if and
only if the canonical class of A is trivial. In Section [f] we recall Koszul algebras
and show in Section that the Koszul complex allows for a simpler construction
of the canonical class of a differential graded algebra whose cohomology algebra
is Koszul. In Section [5| we recall Dwyer’s theorem on Massey products in group
cohomology and its consequences for profinite groups whose cohomology algebra is
Koszul. In Section [5.3] we provide a proof of the fact that the cohomology algebra
of a Demushkin group is Koszul. In Section [6] we formulate our main results on
Demushkin groups and construct a concrete map which represents the canonical
class in Section [6.2] We then prove Theorem [6.12] on the case ¢ = 3 in Section
This yields the first part of Theorem In Section [7] we provide the proof of
Theorem [6.6] for the case ¢ # 3 and thereby finish the proof of Theorem [T.2]
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GQ would also like to thank Mads Hustad Sandgy for valuable conversations on
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2. A3-ALGEBRAS, A3-FORMALITY AND MASSEY PRODUCTS

In this section we recall the theory of As-algebras needed for this paper.

2.1. As-algebras. Let F be a field. For graded F-vector spaces A and B, we denote
by Hom(A, B) the set of graded F-linear maps A — B. For j € Z and a graded
F-vector space A, we write A[j] for the graded vector space given in degree i by
A[j]¢ = A*J. Tensor products ® will be over I, unless otherwise stated. We will
follow the notation and sign convention of [19], i.e., for graded maps f and g and
elements z, y we have

(f®9)(®y) = (-1 f(z)® g(y)

where |g| and |z| denote the degrees of g and z, respectively.

Definition 2.1. Let A = @;>0.A" be a non-negatively graded F-vector space with
AY = F. Then A is called an As-algebra over F if, for i = 1,2, 3, there are graded
F-linear maps

mi: A% — A[2 —i]
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satisfying the following relations: We have mim; = 0, i.e., (A, my) is a cochain
complex. We have

(1) mims = ma(m1 @1+ 1Q@my)

as maps A®? — A, where 1 is the identity map of A. Hence m, is a graded
derivation with respect to the multiplication ms. We note that the sign rule implies
that we have

ma(mi ®1+1Qm1)(x®y) = mi(z) @y + (—1)*lz @ m4(y)
since my has degree 1. For the map mg we require that
(2) TILQ(].@TI”LQ —m2®1)
= mims +m3(m1®1®1+1®m1®1+1®1®m1)

in Hom(A%®3, A). Hence, ms is associative up to homotopy. However, there is no
further coherence condition on the homotopy of the associator.

Example 2.2. Every graded F-algebra is an As-algebra with trivial m; and ms.
Every differential graded algebra over I is an Agz-algebra with m; = 0 for all ¢ > 3.

Definition 2.3. Let A and B be As-algebras over F. A morphism of As-algebras
f: A— Bisatriple (f1, fa, f3) of graded F-linear maps f;: A®" — B[1—i] satisfying
the following relations: We have fimf' = m¥f;, i.e., fi is a morphism of cochain
complexes; we have

(3) fimst —=mB (A @ f1) =mBfo+ fo(mP @14+ 1La@mT),

i.e., fi commutes with multiplication up to homotopy given by fo; and we have

myfs +m3(fi® f2 = 2@ f1) +mE (1 © /i ® fr)
(4) = fim3' + fo(m3' @ 14 — 14 ®@m3)

+ fs(mf @1+ 1a@mi @14 + 1§ @mi).
A morphism of Az-algebras f is called strict if fo and f3 are trivial. The identity
morphism is the strict morphism with f; = id. A morphism of As-algebras f
is called a quasi-isomorphism if f is a quasi-isomorphism of underlying cochain

complexes. The composition of two As-morphisms f: B — C and g: A — B is
given by

(feogh=homn
(fogla=fao(g1®g1) + fioge
(fog)s=f30(91®1®9g1) — fao(92®91 — 91 ®g2) + f1093.

Lemma 2.4. Let f: A — B be a morphism of As-algebras. Then f is an isomor-
phism if and only if f1 is an isomorphism.

Proof. Assume that f; is an isomorphism. We need to show that there is an As-
inverse g: B — A of f. We set g1 = fl_1 to be the inverse of fi. We then define

g2 = —f1 "o (f2(91 ® g1)) and
B=fto(—f3(01 091 ®g1) + f20 (2 Qg1 — 91 ® g2)).

One can then check that the required relations for the compositions are satisfied. O
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2.2. As-formality. We adopt the following terminology from the theory of Ag-
algebras:

Definition 2.5. An As-algebra H is called minimal if m}* = 0. A minimal model
for an As-algebra A is a minimal Ag-algebra H together with a quasi-isomorphism
of As-algebras H — A.

Lemma 2.6. Let f: A — B be a morphism between minimal Az-algebras. Then f
is an isomorphism if and only if it is a quasi-isomorphism.

Proof. This follows from Lemma 2.4 and the fact that f; is an isomorphism if and
only if it is a quasi-isomorphism when both A4 and B are minimal Az-algebras. [

Recall that a differential graded algebra A is called connected if A* = 0 for i < 0
and A° = F. The next theorem is a variation of a theorem due to Kadeishvili in
[16] (see also [18]).

Theorem 2.7 (Kadeishvili). Let A be a connected differential graded algebra with
cohomology algebra H*(A). Then H*(A) can be equipped with the structure of an
As-algebra under which it is a minimal model for A and such that the multiplication
mi on H*(A) is induced by ms'. This structure is unique up to isomorphism of

As-algebras.

This is a well-known result for Ay -algebras (see for example [50, Proof of Theo-
rem 7.2.2]). We provide a sketch of the proof since it provides us with constructions
that will be used later. Moreover, we could not find a proof of the uniqueness state-
ment for As-algebras in the literature.

Proof of Theorem [2.7]. We need to define a graded F-linear map mi: H®(A)®3 —
H*(A) such that mil = 0,mil, mil satisfy the required relations together with an
Ag-algebra morphism f: H*(A) — A. We choose f;: H*(A) — ker m{! to be an F-
linear graded map which induces the identity on H*(A). Since f; is multiplicative
on cohomology, we can find a graded F-linear map fo: H*(A) ® H*(A) — A of
degree —1 satisfying
(5) mifa = fims" —m3 (f1 @ fr).
See Remark [2.9] for a formula for f,. Now we define a graded F-linear map
D3: H*(A)®3 — A[-1] by
(6) O3 =m3 (L ® f2— fa® fi) — fa(ms' @1 —1@m3).
We check that ®3 has image in the cocycles of A and hence induces a graded map
[®3]: H*(A)® — H*(A)[—1]. We set m&l := [®3]. By construction, the difference
fim# — &3 has image in the coboundaries of A. Thus, we can find a graded F-linear
map f3: H*(A)® — H*(A)[—1] such that

Ami — @5 = m{' fs.
See Remark for a formula for f3. By definition of ®3 and mi!, relation
is satisfied where we use that mi’ and mSA are trivial. The uniqueness assertion
follows from Lemma and Theorem [2.8 below as follows: If m5 and f': H*(A) —
A is another choice which turns H*(A) into a minimal model for A, then the

composition of Az-morphisms p o f’ is an isomorphism of As-algebras since p o f]
is the identity. O
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It remains to show that we can construct an Ag-algebra structure on H*®(A) such
that we can lift the projection A — H*(A) from a map of graded vector spaces to
a morphism of As-algebras.

Theorem 2.8. Let A be a connected differential graded algebra and let p: A —
H*(A) be a graded F-linear projection onto the cohomology algebra of A. Then
there exists an As-algebra structure on H*(A) with m; = 0 and ma = mil such

that p extends to a morphism of As-algebras A — H*(A).

Proof. We choose a graded F-linear map ¢: H*(A) — kerms' which induces the
identity on H*(A). To simplify the notation, we write H = H*(A). Now we
choose a homotopy h from the identity 14 to ¢ o p, i.e., a graded F-linear map
h: A— A[—1] satisfying

(7) 14—top=mitoh+homi,

in the following way: We write HY < A’ for the image of the jth component of
the injective map ¢, and identify H®(A) with ®;H? < A via . We then identify
p = pry: A — A with the projection to H. Let Z7 and B’ denote the cocycles and
coboundaries in A7, respectively. We have Z7 = B/ @ H7. We choose a subspace
L7 < AJ such that A7 = B'® HY ® LY. We let h: A — A[—1] be the graded
F-linear map such that, for every j, h%: A7 — AJ~! is the map which is trivial
. ) . -1 .
when restricted on L7 @ H7 and equals (5‘31.;1_1) when restricted to B’, where
6{;1,1 denotes the restriction of 64 = m{* to the subspace L7~ = A7~!. It follows
that the image of h/ is L’~! and that h/*! o 6f4 = pry,; and (5f4_1 oh? =prg;. We
define the graded F-linear map ho: A®? — A®?[—1] by
he :=1®h +h® (1p)

which is a homotopy between 1®1 and (1p) ® (tp) as maps A®? — A®2, We define
the graded F-linear map p3: A®3 — A®? by

3 = m§4®1—1®m“24: AD3 5 492,

We note that ms'uz = 0 since ms' is associative. We then define the graded F-linear

map mg: A®3 — H[-1] by
(8) ms = pomy o hy o us(193) = pmz! (hmé4 ®(p) —1® hmf) (u2?)

where we use for the right-hand equality that i vanishes on the image of ¢. Since

mil is associative and mil = 0, relation is satisfied and ms turns H into an

As-algebra.
It remains to show that the projection map p can be extended to a morphism of
As-algebras. For n = 2, we define the graded F-linear map py: A®? — H[—1] by

p2i=poms ohy =pms'(1®h+h® (ip)).
We then get, using the definition of mi as poms'(t®1),
p2(mi' ®1+1@mi)
= (pmgl(l Rh+h® (Lp)))(m{4 ®1+1@mif)
= pm (mP @ h + 1@ hmi' + hm{ ® (1p) + h® (pm?)).
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Now we use (7)) to write hm{* = 1 — (1p) — m{*h and pm{* = 0 to continue

pe(mit®1+1@md)
= pm3' (m{ @ h+1® (1= (1p) —mi'h) + (1 = (1p) — mi'h) ® (1p))
= pm3' (1®1) — pm3'((1p) ® (1p))
= pm3' —m5 (p@p)

where we used that p vanishes on coboundaries. Setting dy := mf‘ ®1I+1® mf,
this reads

(9) pdz = pmy' —m3 (p @ p).
For n = 3, we first define
hy =1%2Q@h+1Qh® (1p) + h ® (1p)®?
and check that
(10) 1%% — (1p)®® = hads + dshs
where we write d3 := 1®2®m“14 + 1®m“14®1 +m“14®1®2. Furthermore, we compute
psds = (1@m3' —ms'®1) (1% @m' + 1@mf ®1 + m{' ® 1%?)
—10m'A@mM) +1@ms'(m®1) + m{ @ms'(1®1)
(m2 1) @mi+mi'1emM)@1+mi(mie1)®1 )

=1@mims'(1®1) +mi'®@msi(1®1)
- (miaeemt +mi'ml(1e1)®1).

Thus, we get the relation
(].].) /Jgdg = dgug.

Moreover, we compute

(p®p)(p3 0 hs) = pm3' (1 ®1) @ ph + pm3' (1 ® h) @ p(tp) + pm3'(h ® (1p)) ® p(wp)
— (p@pm3 (1®h) +p®pm§‘(h®( p)) + ph ® pm3'((1p) @ (1p)))
= pm3' (1@ h) @ p + pm3' (h ® (1p)) ®
—(p@pm3'(1®@h) + p@pms' (h® ( p)))

where we use that ph = 0 and p(:p) = p. Using the definition of py this shows

(12) (p®p)(uzohs) = —(p®p2 — P2 ®p).

Now we define the graded F-linear map p3: A®? — H[-2] by

p3 = —p2 o u3 o h3.
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‘We check
p3dz + papi3 = —papzhsds + paps
= —popz (1%3 — (1p)®3 — d3hs) + papus using (I

= pops(tp)®® — papis + popsdshs + papiz = qus(bp) + p2M3d3h3
= m3(p®3) + padapshs using the definition of ms and

= m3(p®*) + pmg'pshs — m3! (p ® p)pshs using (@)
= m3(p®°) —
= m3(p®*) + my' (p @ p2 — p2 @ p) using

Using the definition of d3 and pg, this shows that

mi (p ® p)ushs using associativity: mitus =0

p3(mP @192 +1@mf @1 +192@m7) + pa(mz' @1 — 1@ m3')
=m3(p@p®p) +mb (p®p2 — p2 ).
Thus, holds and (p,p2, p3) defines a morphism of Az-algebras A — H*(A). O

Remark 2.9. We note that the map mg defined in the proof of Theorem corre-
sponds to the map of Merkulov’s explicit construction of the minimal Ay-model in
[26]. With the above notation the graded F-linear map mg: (H®(A))®® — A[-1]
in [20] is defined by

m3 = pomy ((hom2)®1—1®((hom ))(®3)

which is the map m3 of the proof of Theorem @ We can then define graded F-
linear maps fo = —homs'(192) and f3 = —homs'((homz')®1 —1® (homs'))(1®%).
This defines a morphism of Agz-algebras f: H*(A) — A which turns H*(A) into a
minimal model for A.

Recall that a differential graded algebra is called (A-) formal if its minimal
As-model can be chosen such that m; = 0 for all ¢ > 3. We will use the following
weaker notion:

Definition 2.10. Let A be a connected differential graded algebra over F with
cohomology algebra H*(A). Then A is called Az-formal if its minimal Az-model
can be chosen such that mi = 0.

Remark 2.11. It follows from Theorem [2.7)that A is As-formal if and only if there is
a morphism of As-algebras f: H*(A) — A which lifts the identity of H*(.A) where
we consider H*(A) as an Agz-algebra with mi = 0 and m# = 0.

Remark 2.12. Let A be a connected differential graded algebra over F. The proof
of Theorem and relation () tell us that in order to construct a morphism of
As-algebras f: H*(A) — A which lifts the identity of H*(.A) we need to show that
we can choose f; and fs such that the map

D3 =m3 ([ ® fo— fo® f1) — fo(mf @1 —1@mi)

has image in the coboundaries of A. Since F is a field, we can then find a graded
F-linear map f3 such that relation is satisfied.
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2.3. Asz-formality and Massey products. In this section we show that As-
formality implies the vanishing of triple Massey products in all degrees and that
fourfold Massey products are defined whenever all neighbouring cup-products van-
ish. First we recall the definition of triple and fourfold Massey products.

Definition 2.13. Let F be a field and let A be a differential graded F-algebra
with differential § and cohomology algebra H*(.A). For an element a € A of degree
d = |a|, we write @ := (—1)'*%a. Let a1, as,a3 be cohomology classes of degree
d; = |a;| such that a; - az = 0 and ay - a3 = 0. For each i, we choose a cocycle
a;,;+1 which represents a; and cochains a3 and a4 such that daj3 = @12 - ags and
dagq = @23 - azq. The set M = {a12, a3, a34,a13,a24} is called a defining system
for the triple Massey product of a1, as, az. The cochain Gys - agq + @13 - as4 € Ad-1
is a cocycle where d = dy + dy + d3. We write (ay,as,a3)sr € H1(A) for the
corresponding cohomology class. The triple Massey product {a1,as2,as) is the set
of all cohomology classes {a1, as,asys for all such defining systems M.

If we are given four cohomology classes a1, as, a3, a4 such that a;-as =0, as-az =
0 and a3 - a4 = 0, we choose again, for each 7, a cochain a; ;41 which represents a;
and cochains a; ;42 such that da; i+2 = @ i+1 - @i+1,i+2. 1f we can choose cochains
a14, ags such that

d(a14) = @12 - @24 + @13 - aza and 6(ags) = Gog - ass + Go4 - A5

then the set M := {a;;} is called a defining system for the Massey product of
ai,as,as,as. The cochain

12 - G25 + @13 - ass + Q14 - Q45 € Ad72 with d = d; + ds +d3 +dy

is a cocycle. We write (a1, as,as3,as)pr € H> @1 (A) for the corresponding coho-
mology class. The fourfold Massey product {aj,as, a3, a4y is the set of all cohomol-
ogy classes {ay, as, a3, asyps for all defining systems M.

We say a Massey product is defined if the Massey product set is not empty,
i.e., at least one defining system exists, and we say a Massey product vanishes if
the Massey product set contains 0, i.e., there is a defining system such that the
corresponding cohomology class is trivial.

We now show the well-known fact (see for example [3, Section 3]) that the As-
structure of the minimal model of a differential graded algebra is closely related to
triple Massey products.

Proposition 2.14. Let F be a field. Let A be a differential graded algebra over
F with cohomology H®*(A). Let (mi = 0,m& mil) be an As-algebra structure on
H*(A) which turns H*(A) into a minimal model for A. Let a1,a2,a3 € H*(A) be
cohomology classes such that ay-as = 0 and ag-a3 = 0. Then (—1)1H‘12|m§1’(al7 ag,as)
is an element in the Massey product set (a1, as,as).

Proof. Let f: H*(A) — A be an Ag-algebra morphism such that f; lifts the identity

of H*(A). For @3 as in @, the assumption a; - as = 0 and as - a3 = 0 implies
®3(a1,az,a3) = (1) fi(a1) - foaz, as) — fa(ar, a2) - f1(as)

where we use the sign rule and that f, is a map of degree 1 — n. Since the map

f1 picks cocycle representatives, we may write a1o = f1(a1), ass = fi(as2), and
aszs = f1(as). By , we have m{'fo = —m3'(f1 ® f1) and hence

mf‘f2(al,02) = —a2 - az3 and mfo(ag,ag) = —a23 - a34.
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Hence we may write a3 := (—1)1% fy(a1, a2) and agy == (—1)!92 fy(az, a3). Then
we get

(—1) He2ldy(ay, ag, az) = (—1)1 o] ((*1)|a1|a12 S(=D)le2lagy + (=1) gy 034)
= Q12 - A24 + Q13 - A34-

Since mil(ay, as,az) is the cohomology class represented by ®3(ai,az,as), this
shows (—1)'*1elm¥ (a1, ay,a3) € (a1, az, as). ]

Corollary 2.15. Let F be a field. Let A be a differential graded algebra over F. If
A is As-formal, then all non-empty triple Massey product sets contain zero.

Proof. Let ay,as,a3 € H*(A) be classes for which the Massey product is defined.
By Proposition (=1)le2lmil (a1, ap,a3) is an element in {a,as,az). If A is
As-formal, we have mgl = 0 which proves the assertion. ([l

We note that by [I5, Theorem 3.4] it is not true that for the fourfold Massey
product (a1, ag, as,as)y to be defined it is not sufficient that the triple Massey prod-
ucts {ay,as,a3y and {as, a3, asy vanish. There is no obstruction, however, for an
As-formal differential graded algebra as the following result shows.

Proposition 2.16. Let F be a field. Let A be a differential graded algebra over TF.
Let ay,a9,as3,a4 € H*(A) be classes such that the neighbouring cup-products vanish,
i.e., a1 a3 =0, a9-a3 =0, and az - aqg = 0. If A is Az-formal, then the fourfold
Massey product {a, as, a3, asy is defined.

Proof. As in the proof of Proposition the existence of the map fo allows us
to choose elements a3 := (—1)"“[]”2(@,&2)7 Q94 1= (—1)'“2‘f2(a2,a3) and ass =
(—1)'“3‘]62((13, a4) in A such that (—1)'“2‘m§{(a1, a2, a3) = Q19 - Q94 + Q13 - az4 and
(—1)'“3‘m§{(a2, as,ay) = digg - ass +dgq - ags. Since A is As-formal, we have m# = 0.
This implies that we can find cochains a4 and ags such that §(a14) = G12-agq +a13-
asq and 0(ags) = Gog - ass + 24 - ags. In fact, we can choose a14 = *f3(a1,a2,a3)
and ass = £ f3(as,,as,as). Hence set of elements above the diagonal in the matrix

1 a2 a3 aus
1 a3 a4 aos
1 aszy ass

1 Q45
1
is a defining system for the fourfold Massey product (a1, ag, as, as). O

It follows from Proposition [2.16) that the question whether fourfold Massey prod-
ucts are defined provides an obstruction for As-formality. In Example we use
this obstruction to construct a simple differential graded algebra for which all triple
Massey products of degree one classes vanish, but which is not Az-formal. See The-
orem [6.12] Remark and the introduction for more interesting examples.

Example 2.17. Similar to [I5], Section 4], we can construct a differential graded
algebra for which all triple Massey products vanish, but which is not As-formal, as
follows. Let S be the set {a12, as3, ass, 45, a13, a4, aby, ass, a14,a5s}, and let V be
the free F-vector space on the set S. Let A be the differential graded algebra over
F whose underlying algebra is the graded tensor algebra T'(V') with V in degree
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one and differential the unique derivation defined on generators as listed in the
following table:

z |app|ams|ass|ass | a1z | asa | aby | ass | a14 \ abs

6() | 0 [ 0 ] 0| 0 |@Gi2a0s | G23a3s | G2303s | G34045 | G12G4 + G130G34 | Q23035 + Ghy0as

where we omit the tensor sign from the notation. For 1 < i < 4, we let a; € H'(A)
denote the cohomology class of a;;11. There are exactly two non-empty triple
Massey product sets {aj,as,az) and {as,as, asy of elements in degree one. More-
over, both Massey product sets contain zero since aisasy + @13a34, Which repre-
sents an element in (a1, ag, as), and @szass + @hya4s5, which represents an element in
{ag, as, asy, are coboundaries. However, the fourfold Massey product {a1, az, as, a4y
is not defined, since we cannot choose a defining system such that both triple Massey
products vanish simultaneously. By Proposition [2.16] this implies that A is not As-
formal.

3. A3-FORMALITY AND HOCHSCHILD COHOMOLOGY

In this section, we recall graded Hochschild cohomology groups of graded al-
gebras and will then introduce the canonical class of Benson—Krause-Schwede in
Hochschild cohomology. We then show that a differential graded algebra A over a
field is Az-formal if and only if the canonical class of A is trivial.

3.1. Graded Hochschild cohomology. Let A = ®;>0A" be a non-negatively
graded F-algebra with A° = F. Let M be a graded A-bimodule. For s € Z, we
write M|[s] for the graded A-bimodule given in degree n by M[s], = Mp4+s. We
recall from [2, Section 4] that the graded Hochschild cochain complex C**(A, M)
of A with coefficients in M is defined by

(13) C™*(A, M) = Homg (A®", M[s]).

A Hochschild cochain in degree (n,s) with coefficients in M is thus given by a
multilinear function from n-tuples of elements of A to M which raise the degree by
s. The differential 0™ : Homg (A®"™, M[s]) — Homgz(A®™+1) M[s]), is defined by

O"(f)(ay, ... ans1) = (—1)"1"ay f(as, ..., ans1)
+ Z(*l)if(al’-~-,a¢ai+1,---7an+1)
i=1

+ (=)™ f(ars . an)any
We note that the differential only changes the first grading denoted by e.
Definition 3.1. The Hochschild cohomology group HH™*(A, M) is the nth coho-
mology group of C**(A4, M), i.e.,
HH™*(A, M) = H"(C**(A, M)).

We write HH™*(A) for HH™?(A4, A).

Now let A be a differential graded algebra over F with cohomology H*(A). We
choose an F-linear graded map f;: H*(A) — ker m{' which induces the identity on

H*(A). We then choose an F-linear graded map fo: H*(A)Q@H*(A) — A of degree
—1 satisfying

mi fo = fim& —m3'(f1 ® fr).
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We define the graded F-linear map ®3: H®(A)®® — A[-1] by
(14) O3 =m3' (f1® fo— f2® f1) — fa(my' @1 —1@my).
For all z,y,z € H*(A), ®3(z,vy, 2) is a cocycle in A. We let mg denote the graded

F-linear map H*(A)®* — H*(A)[—1] induced by ®3. We consider m3 as a cochain
in the Hochschild complex C3(H*(A), H®*(A)[-1]).

Lemma 3.2. The cochain ms in C3(H*(A), H*(A)[—1]) is a cocycle with respect to
the Hochschild differential 0*: C3(H*(A), H*(A)[—1]) — C*(H*(A), H*(A)[-1]).
In particular, ms defines a class in HH> ' (H*(A), H*(A)).

Proof. We compute 0°®3 = mi{'(ms'(f2® f2)). Thus, the cohomology class 0>®3 is
zero, and mg is a cocycle in the Hochschild complex C3(H*(A), H*(A)[-1]). O

The next result may be found in [2] Proposition 5.4] (see also Proposition
below):

Proposition 3.3. Let p: A — B be a morphism of connected differential graded
F-algebras. Consider H*(B) as an H®(A)-bimodule via the induced morphism
o: H*(A) — H*(B). Let (fi*, f5) and (fB, fF) be choices of graded F-linear
maps as above for A and B, respectively. Let m{{‘ and m% denote the induced

maps for H*(A) and H*(B), respectively, defined using formula (14). Then the

Hochschild cocycles oo o m3' and m5 o (04)®3 are cohomologous in the complex

C*(H*(A), H*(B)[-1]). 0
Applying Proposition [3:3] with A = B and ¢ being the identity yields the follow-
ing result (see also [2, Corollary 5.7]):

Corollary 3.4. The class [m3] € HH* ' (H*(A), H*(A)) only depends on the
differential graded algebra A and not the choice of the pair (f1, f2). O

Remark 3.5. We could also deduce the independence of the class [mg] from Theorem
as follows. Let mg: H®(A)® — H*(A)[—1] be another map which defines an
Ag-algebra structure which turns H*(A) into a minimal model of A. By Theorem
there is an isomorphism of Ag-algebras go: H*(A) — H*(A) such that g1 =
idge(4) and holds, i.e.,

M3(91 ® 91 ®g1) — gimz = go(my' ® 1 —1@m3") —my' (91 ® g2 — g2 ® g1).-

This shows that the difference of ms and s in the group C3(H*(A), H*(A)[-1])
is the coboundary 02(gz).

Following Benson—Krause-Schwede in [2, page 3623] we use the following termi-
nology:

Definition 3.6. We denote the class [m3] € HH>~!(H*(A)) by 7.4 and call it the
canonical class of A.

Remark 3.7. We note that our construction of the canonical class differs by a sign
from [2, Construction 5.1].

Remark 3.8. As pointed out in [2, Corollary 5.7], Proposition implies that the
canonical class satisfies the following functoriality: With the notation and assump-
tion of Proposition the images of canonical classes are related by the formula

Pe(y4) = ¢"(vp) in HH*> ' (H*(A), H* (B))
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under the induced maps
HH ! (H* (A), H*(A)) 25 HE~(H* (A), H*(B)) << HE*~(H* (B), H* (B)).

3.2. Kadeishvili’s criterion for As-formality. The following result is a modified
version of Kadeishvili’s theorem [I7] (see also [46, Theorem 4.7]).

Theorem 3.9 (Kadeishvili). Let A be a connected differential graded algebra over
F with cohomology algebra H*(A). Then A is As-formal if and only if the canonical
class v € HH> Y (H*(A)) vanishes.

Proof. If A is As-formal, then mil is trivial and the class of mil vanishes in
HH* "' (H*(A)). Now we assume that [m3] = 0 in HH*"'(H*(A)). We may
assume that ®3 and hence mg is constructed using maps f1, fo as in @ Then
there exists a map n: H*(A)®? — (kermi')[—1] such that d?[n] = ms3 as maps
H*(A)®3 — H*(A)[—1]. We will now show that we can use 1 to modify our initial
choice of fs and thereby ®3 such that the new map ®; has values in the image of

mit. We set fo = fo —n. We note that fg satisfies
mitfy = mi(f2 —n) = frmdl —m3'(f1 ® f1)

since mf‘n = 0 by the assumption on the image of 7. Thus, fg is also a cochain
homotopy between fimi and ms'(fi®f1). We then define the map ®3 by replacing
fo with fs, i.e., we define

O3 :=mN(fi®fo— fo® f1) — fo(mil @1 —1@mi).
We then have
03— 3 =mp (LON—n® ) —nim @1 —1@mi).

By definition of 9% and the assumption on 7, this implies &)3 = ®3 — 0% =0 as
maps H*(A)® — H*(A)[—1]. This implies that the image of ®3 is contained in
the image of m{'. As explained in Remark this shows that there is a graded
F-linear map f3 which extends f1, fg to an Ag-algebra morphism which induces the
identity on H*(A) after taking cohomology. O

Remark 3.10. The proof of Theorem [3.9] shows that, if A is As-formal, we may
choose (f1, f2) so that the map mg: H*(A)®3 — H*(A)[—1] is trivial.

Remark 3.11. Theorem [3.9] shows that we may consider the class 74 = [m3] in
HH? ' (H*(A)) as the obstruction class for As-formality.

Remark 3.12. Let H* be a graded algebra with HH* ~'(H*) = 0. Then Theorem
[3:9) implies that H® is intrinsically As-formal, i.e., every connected differential
graded algebra A with cohomology isomorphic to H® is Az-formal. See also [39,
Lemma 4.6]. We refer to [5] for a non-trivial example of an intrinsically As-formal
Fo-algebra.

4. A3-FORMALITY AND KOSZUL ALGEBRAS

We now recall Koszul algebras and then show that they allow for a simplified
construction of the canonical class.
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4.1. Koszul algebras. As a general reference for quadratic and Koszul algebras
we refer to [41].

Definition 4.1. A quadratic algebra is a non-negatively graded F-algebra A =
@;=0 Ai such that Ag = F and A is generated over F by A; with relations of degree
two. Explicitly, let
T(A)=FoA ®(A41Q®RA)® = @A?Z
i=0

be the free tensor algebra of the F-vector space A;. Then A is quadratic if the
canonical map 7: T(A;) — A is surjective and ker(7) is generated by its component
R = ker(7) n (A; ® Ay) of degree two, so that A = T'(A1)/(R), where (R) denotes
the ideal generated by R. A quadratic algebra A is called locally finite if each A;
is a finite-dimensional vector space over F.

To every quadratic algebra one can associate the following chain complex:

Definition 4.2. Let A = T(V)/(R) be a quadratic algebra over F. We denote by
K}(A) the F-linear subspace defined by KJ(A) =F, K{(A) =V, K3 = R and
Ki(A)= [] V¥QREV®I2cV® foriz=3.
0<j<i—2
We set K;(A) = A® K!(A) ® A. For each i > 0, we define a homomorphism
di(a®1®  ®2;®d’) = (ar1)®12® - ®z;®d +(~1)'a®21 ®22® - ® ().
Since R = V®? generates the relations in A, it is clear that d?> = 0. We refer to the

chain complex (K(A),d) as the Koszul complex of A. A morphism ¢: A — B of
quadratic algebras induces a morphism of cochain complexes gk : K(A) — K(B).

Let (B(A),dp) denote the bar complex of A (see e.g.[50, (1.1.4)]). Since R
describes the relations in A, it follows that the natural inclusion K(A) — B(A)
defines a morphism of complexes.

Definition 4.3. A quadratic algebra A is called a Koszul algebra if the inclusion
(K(A),d) — (B(A),dp) is a quasi-isomorphism.

Remark 4.4. We note that there are many different ways to characterise the notion
of a Koszul algebra. We refer to [4I, Chapter 2, Sections 1 and 3] and for example
[IL Section 2] and [49, Section 3| for proofs that the alternative definitions are
equivalent to Definition 4.3

Example 4.5. Important examples of Koszul algebras include symmetric and ex-
terior algebras over F (see [41, Example on page 20]).

4.2. Hochschild cohomology of Koszul algebras. We now show that for a
Koszul algebra, we can use the following simple complex to compute its Hochschild
cohomology. Let A be a quadratic algebra and M be a graded A-bimodule. For
every n > 0 and s € Z, let 0,, denote the F-linear map

Op+ Homp (K (A), My 4s) — HomF(Kg-tll (A), Mpy1+s)

defined by setting

an(f)(xla e »xn+1) = (_1)\$1|Sx1f(x2’ e 7xn+1) + (_1)n+1f(x17 cee 7xn)xn+1'
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It is easily verified that 0o ¢ = 0. It follows immediately from the definitions that
the inclusion +: K{(A) — A®® induces a morphism of complexes via restriction
along ¢:

(15) (C**(A, M), 0) — (Homg (KJ(A), M[s]), ).
We then get the following result (see also [49] Proposition 3.3]):

Proposition 4.6. Let A be a Koszul algebra and M be a graded A-bimodule. For
every pair (n, s), the map of complexes induces an isomorphism

(16) oo HH™ (A, M) = H" (Homg (K2 (A), M[s]), 0).

Proof. Let A¢ = A® A°P denote the enveloping algebra of A where A°P denotes the
opposite algebra of A (see e.g., [50, Section 1.1]). The ring A€ inherits a structure
of a graded F-algebra from A. We can consider the graded A-bimodule M as a
graded A°-module. For every n, there is a natural isomorphism

(17) Hom 4« (B"(A), M) = Hom (A ® A®" ® A, M) = Homg(A®", M)

defined by sending f to the F-linear map which sends a1 ® - - ® a,, to f(1 ® a1 ®
-+ ®ap ®1). This isomorphism descends to the category of graded A¢-modules
and F-vector spaces respectively, i.e., for every integer s, we have an isomorphism

(18) Hom . (B"(A), M[s]) = Homg(A®", M[s]).
It is straight-forward to check that the isomorphism yields an isomorphism of
cochain complexes

(I—IoiInAE (B(A)a M[S])7 dE) i (C.’S(A7 M)v a)
The restriction of to Koszul complexes induces an isomorphism of cochain
complexes

(Hom s (Ko (A), M[s]),d*) = (Homp(K:(A), M[s]),0).

We then get the following commutative diagram of cochain complexes

~

(Hom 4. (B(A), M[s]),ds) ————— (C**(A, M), 0)

| |

~

(Hom 4 (Ko(A), M[s]), d*) —— (Homg (K (A), M[s]),0)

in which the horizontal maps are isomorphisms and the left-hand morphism is a
quasi-isomorphism since A is a Koszul algebra. This implies that the right-hand
morphism is a quasi-isomorphism as well. [

The Koszul complex simplifies the computation of Hochschild cohomology. Here
is a first example which will also play a role later.

Example 4.7. Let A be the exterior algebra on two generators x and y in degree
one. Note that A = T(V)/(R) with V = Al = F(z,y) and

R=Fz®z,yQy,2Qy +y Q).



18 AMBRUS PAL AND GEREON QUICK

It is well-known that A is a Koszul algebra (see e.g. [41l, Example on page 20]). We
have K3(A) = R, and

K3(A)=(V®R)n(R®V)
=IF‘<91:®95®;C,y@y@y7 YRXKrTRr+zRYRT+rRrQ Y,
IRQYURY+YRrRY+yYRYR ).

We note that every cochain ¢: K3(A) — A? is a cocycle since A% = 0, i.e., there is
only the trivial map K3 (A) — A3. Hence the vector space of cocycles for 93 equals
the space Homp (K3, H?) which has dimension four over F. Now we can check that
the differential dy: Homp(K3(A), A') — Homp (K3 (A), A?) is trivial. Hence we get
that HH*>!(A) is a four-dimensional vector space. In particular, it is non-trivial.

Remark 4.8. Let A again be the exterior algebra on two generators x and y in
degree one. By [23| Proposition 3.2], in order to define an Ay -algebra structure
on the graded algebra A, it suffices to specify F-linear maps m,,: (A1)®" — A2
for all n # 2. We set m; = 0, my,, = 0 for n > 4 and can choose ms3 to be
any F-linear map (A!)® — A2, This defines a minimal Ay-algebra structure
on A. Now we recall that, for every Ay -algebra A, the canonical morphism of
Ay-algebras A — QBA, where  denotes the cobar and B the bar construction,
is a quasi-isomorphism (see for example [23, Proposition 4.5]). Since Q2BA is a
differential graded algebra, every A, -algebra is quasi-isomorphic as an Ay -algebra
to a differential graded algebra. Since quasi-isomorphisms between A -algebras
are homotopy equivalences by [I9, Theorem 3.7 on page 13], we conclude that A
is the minimal model of some differential graded algebra A with canonical class
[m3] € HH*'(A). By Theorem and Example this shows that there are
many differential graded algebras whose cohomology algebra is isomorphic to A but
which are not quasi-isomorphic as As-algebras. In particular, A is not intrinsically

As-formal (see Remark [3.12]).

4.3. Canonical class for Koszul cohomology algebras. Let (A, d4) be a con-
nected differential graded F-algebra. We assume that its cohomology algebra H® is a
Koszul algebra. Let R < H'® H' denote the relations such that H* = T(H')/(R).
Let 21 = kerdsq < A' denote the cocycles in degree one. Let fi: Ki(H®) =
H' — Z' be an F-linear map which induces the identity on cohomology. Let
fo: K2(H®*) = R — A' be an F-linear map such that —mz'(fi ® f1) = d4fa. We
define the F-linear map U3 by
(19) Vs =m3 (1@ f2— @) (H®R)n (RO H') — A%,
We check that W5 has image in the cocycles of A2:
5aVs = 64m3 (fL® f2— [2® f1)
=ms (fi®dafs —mif2® f1) by () and 64f1 =0
=mi (—fL1@m3 (f1 ® f1) + M3 (1 ® f1) ® f1) using (@), m{’ = 0,mf =0
= 0 by associativity of m{‘.
Hence V3 induces an F-linear map
(200 Kz3=m(fi®fo—f2®f1): K3(H*) = (H' ®R) n (RQ H') — H.
The map x3 is compatible with maps of differential graded algebras in the following
way:
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Proposition 4.9. Let p: A — B be a morphism of connected differential graded
F-algebras. Assume that both H*(A) and H*(B) are Kozul algebras. Consider
H*(B) as an H*(A)-bimodule via the induced morphism pe: H*(A) — H*(B).
Let (fi, f5Y) and (fB, fB) be choices of graded F-linear maps as above for A and
B, respectively. Let x5 and k5 denote the induced maps for H*(A) and H*(B),
respectively, defined using formula . Then the cocycles pq o k5 and K5 o (pe)®3
represent the same class in HH>*(H*(A), H*(B)).

Proof. The graded F-linear maps f£ o ¢, and @|iers, © fi* are maps H(A) —
ker 85 — B! of cochain complexes which induce the same map in cohomology. This
implies that there is a graded F-linear map g: H'(A) — B® = F such that

(21) 5Bg:f180900*90|ker5¢40ff4~
We define the F-linear map t: K2(H*(A)) — B! by

t(2,y) == o(f5 (2, y)) — [ (0a(@), 00 (y)) — o(f{1(2)) - 9(y) + g(x) - fF(u(y))

for (z,y) € K2(H*(A)). We can then compute that ¢(z,y) lies in ker §5 for all pairs
(z,y). Hence we may define the F-linear map 7: K2(H*(A)) — H'(B) by sending
(z,y) to the cohomology class of t(x,y). Using , we can then compute

(pors =" 7)(x,y,2) = K5 o (0a)®*(x,y,2)
in H?(B). This implies the assertion. O

Remark 4.10. We note that the maps ¢ and 7 in the proof of Proposition [£.9]are the
restriction of the corresponding cochains which are used in [2, Proof of Proposition
5.4] for the proof of Proposition

Corollary 4.11. Let A be a connected differential graded F-algebra such that its co-
homology algebra H*(A) is a Koszul algebra. Let k3 be as defined in . Then the
class [k3] € H?(Homp(K$(H®(A)), H*(A)[—1]),0) only depends on the differential
graded algebra A and not the choice of the pair (fi*, f5Y).

Proof. The assertion follows from Proposition with A = B and ¢ being the
identity. O

We are now ready to show that we can compute the canonical class of a differ-
ential graded algebra whose cohomology is Koszul as follows:

Proposition 4.12. Let (A,64) be a connected differential graded F-algebra such
that its cohomology algebra H*(A) is a Koszul algebra. Let (f{*, f5') be a choice
of maps fi*: HY(A) — kerdq c A' and f5': K2(H*(A)) — Al such that Saf5" =
—m3 (f{* @ f{'). Let k3 be defined as in (20). Then [r3] is the image of the
canonical class v € HH> "' (H*(A)) under the isomorphism * in (16)). In partic-
ular, the canonical class y 4 is determined by any pair (fi*, f5) satisfying the above
assumptions. Moreover, y4 = 0 if and only if [k3] = 0.

Proof. To simplify the notation we write H® for H*(A). By definition, v4 is de-
termined by the following data. We choose an F-linear graded map fi: H* —
ker 6 4 which induces the identity on H*®. We then choose an F-linear graded map
fo: H* @ H* — A[—1] satisfying d4fo = fimi — ms'(f1 ® f1). We define the
graded F-linear map ®3: (H*)®® — A[-1] by

D3 =mz (f1® fo— f2® f1) — fo(mE @1 —1@mE),
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and let mz: (H*)® — H*®[—1] be the induced map to cohomology. Then v4 =
[ms] € HH* ' (H*). The isomorphism ¢* of sends [m3] to the class represented
by the restriction ms|gs(ze): K3(H®) — H? of m3 to the subspace K3(H®) =
(H'®R) n (R® H') = (H*)®3. Since the restrictions of mi’ ® 1 and 1 @ mi to
(H'®R)n(R®H") vanish in H* = (H'® H")/R, the map ms|gz(yey: K3(H*) —
H? is given by class of the F-linear map

ms (f)lar @ (F)lwz(arey — (F2) | k2(me) @ (f1)lan): (H' @ R) n (R H') — A%

Hence, m3| g3 (g is the map r3 defined as in using the pair ((f1)|m1, (f2)lxz(me))-
We thus have

¥ (v4) = [maligeae)] = [Ks] in H* (Homg (K(H*), H*[-1]),9).

Moreover, by Corollary [4.11} any other choice of pair (f{*, f5') yields the same class
[k3]- This finishes the proof. O

Remark 4.13. Let (A, d4) be a connected differential graded F-algebra such that its
cohomology algebra H*(A) is a Koszul algebra. Let (f{1, f5') be a choice of maps
fit: HY(A) — kerd4 and f5': K2(H*(A)) — A! such that d4f5' = —ms'(fi' ®
f{Y). Tt is a consequence of Propositionthat, in order to prove that v 4 vanishes,
it suffices to show that the image of the map ms'(f1 ® fo — f> ® f1) is contained in
the coboundaries in A2.

As a direct application of Proposition [{.12] we observe the following:

Proposition 4.14. Let A be a connected differential graded algebra such that its
cohomology algebra H*(A) is Koszul. Assume that H*(A) = 0. Then A is As-
formal.

Proof. By Proposition we can compute the canonical class of y4 via the map
k3 K3(H*(A)) — H?(A) of since H*(A) is Koszul. Since H?(A) = 0 by
assumption, g is trivial and 74 = 0. Hence A is Az-formal by Theorem 3.9 O

5. A3-FORMALITY AND GROUP COHOMOLOGY

We now specialise to differential graded algebras which arise from continu-
ous group cohomology of profinite groups. In Section we show that the -
cohomology algebra of a pro-p Demushkin group is Koszul.

5.1. Continuous group cohomology and Asz-formality. Let G be a profinite
group, and let G™ denote the n-fold direct product of G with itself. Let p be a
prime number. Let C"(G,F,) denote the F,-vector space of continuous functions
G" — F, with respect to the discrete topology on I, and the profinite topology
on G. Following [48, §2.2] the differential 6: C*(G,F,) — C"*(G,F,), which is
defined by

(6()0)(917 v agn+1) = (p(gQa oo 7gn+1)

(=1)'@(g1, - - GiGis1, - - - > Gn+1)

_|_

1

7

+(=1)"(g1, .-, gn),

turns C*(G,F,) into a cochain complex whose cohomology H*(G,F,) is the contin-
uous cohomology of G with coeflicients in the trivial G-module F,. In particular,
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H'(G,F,) is the group of continuous group homomorphisms G — F,. The coho-
mology H*(G,F,) is equipped with a cup-product defined as follows. For every
¢ € CY(G,Fp) and ¢ € C/(G,F,), we define their product ¢ U ¢ € C**I(G,F,) by
the formula:

(e UU)g1s--29ivs) = (G151 95) - V(Gis1, -5 Gitj)-

This induces the cup-product on cohomology which turns H*(G,F,) into a graded
[F,-algebra.

Definition 5.1. Let G be a profinite group and p be a prime number. We say that
G is Az-formal with respect to p, or just Az-formal if the choice of p is clear, if the
differential graded Fp-algebra C* (G, F)) is As-formal with respect to p. We write y¢
for the canonical class yee (g r,) in HH* ' (H*(G,F,)) and call it the canonical class
of G. We say that G is Ay -formal if the differential graded Fp-algebra C*(G,F,)
is Ay -formal.

As a first example, we observe the following:

Example 5.2. Let G be a profinite group such that H*(G,F,) is Koszul, and
assume H?(G,F,) = 0. It then follows from Proposition that G is Az-formal
with respect to p.

Free pro-p groups satisfy the following much stronger property (see also Remark
3.12): A graded F,-algebra A is called intrinsically As-formal if every differential
graded algebra A with H*(A) = A is Ayx-formal.

Proposition 5.3. Let G be a free pro-p group. Then G is intrinsically Ao -formal.
In particular, G is Az-formal.

Proof. Since the inclusion map of the Koszul complex into the bar complex is the
identity, H*(G,F,) is Koszul. Hence we may compute the Hochschild cohomol-
ogy of H*(G,F,) using the Koszul complex. Since H'(G,F,) is trivial for i > 2,
the groups HH™*(H*(G,Fp)) for n + s > 2 are trivial. In particular, we have
HH™?""(H*(G,F,)) for all n > 3. By Kadeishvili’s theorem, proven also in [46,
Theorem 4.7, page 85|, this implies that C*(G,F,) is intrinsically A, -formal. O

For an example of a finite group we note the following:

Example 5.4. Recall that the only finite Demushkin group is G = Z/27Z. In this
case, H*(G,TF3) is isomorphic to the polynomial algebra Fs[z] in one generator.
The latter is a Koszul algebra with no relations and hence K (H*(G,F2)) is trivial
for all n > 2. As in the proof of Proposition this implies that H*(G,Fs) is
intrinsically formal. See also [39, Lemma 6.2].

5.2. Dwyer’s criterion. We now recall from [6] Theorem 2.4] that the vanishing
of triple Massey products in group cohomology can be characterised as follows. Let
Un(Fp) denote the group of all upper triangular unipotent (n x n)-matrices with
coefficients in F),. Let Z,(F,) denote the center of U, (F,), i.e., the subgroup of all
matrices in U, (F,) with all off-diagonal entries being 0 except at position (1,n).
Write U, (F,) = U (Fp)/Zn(F,).

Notation 5.5. We let ¢;;: U,(F,) — F, denote the projection to the (i,j)-
coordinate.
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The following result is a special case of [6, Theorem 2.4].

Theorem 5.6 (Dwyer). Let G be a profinite group. Let ai,a2,a3 € H'(G,F,).
There is a one-one correspondence M <« py, between defining systems M for
{a1,a2,a3) and continuous group homomorphisms py;: G — Us(F,) such that

€ii+10(Ppr) = —a; fori =1,2,3. The correspondence is given by sending a defining
system M = {a; j} to the continuous group homomorphism p: G — U4(F,) given by
e jop=—a;; for 1 <i<j<4. Moreover, the element {a1,az,asyn € H*(G,F,)

vanishes if and only if the dotted arrow in the diagram

G
M l
P
£ o
0 Z4(Fp) Us(Fp) —=Us(Fp) —0

exists and makes the diagram commutative.
For later references, we formulate a particular consequence of Dwyer’s theorem.

Corollary 5.7 (Dwyer). Let G be a profinite group. Let a1, az,a3 € H (G, F,) such
that a1 U as = as U az = 0. Let {a;;} be a defining system for the triple Massey
product {ay,as,azy, and let p: G — U (F,) be the corresponding continuous group
homomorphism. Then the cocycle a1 2 U az.4 + a1,3 U az 4 s a coboundary if and
only if p extends to a continuous group homomorphism p: G — Uy(F,).

Remark 5.8. A special case of Dwyer’s result is the vanishing of the cup-product
itself which we now explain for later reference. Let G be a profinite group. Let
X1, X2 € HY(G,F,). Since both Z! and H' are given by the vector space of group
homomorphisms G — F,, we identify x;1 and x» with its cocycle representatives and
will just write y; and xo for the corresponding cocycles. Then we have x; U x2 =0
if and only if there is a continuous group homomorphism ¢: G — Us(F,) such
that e; 20 09 = —x1 and ez 3 0 ¢ = —x2. In particular, the continuous map n =
e130¢: G — F, is a cochain in C'(G,F,) such that n = —x1 U xa.

Remark 5.9. Let G be a profinite group such that H*(G,F,) =: H*® is a Koszul alge-
bra. Let R < H! ® H! denote the relations in H® such that H* = T(H"')/(R). We
write C* = C*(G,Fp) and let Z* denotes the cocycles in C*. We now describe how
we can use Dwyer’s Theorem to analyse the canonical class of G. By Proposition
we need to find an Fp-linear map f1: H' — Z! which induces the identity on
cohomology. Again, since both Z' and H' are given by the vector space of group
homomorphisms G — F,, we consider f; as an identification of H! with Z! and
will omit it from the notation. Since H? = (H' ® H')/R, we can find an F,-linear
map fy: R — C! such that

dfa(x1 ®x2) = —Xx1 U X2

for x1®x2 € R. Let x1®x2®x3 € K3(H*) = (H'®R)n(R®H") be a decomposable
tensor. Since H? = (H'® H')/R, the triple Massey product {x1, X2, x3) is defined,
and

(22) {x1, X2, x3, —fo(x1 ® x2), —fa(x2 ® x3)}
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is a defining system. Moreover, k3(x1 ® X2 ® x3) € H? is given by the class of the
cocycle

Us(x1 ®Xx2®x3) = —x1 Y falx2 ® x3) — fa(x1 ® X2) U X3,

and we have k3(x1 ® x2®x3) € {x1, X2, X3). By Dwyer’s Theorem the defining
system corresponds to the continuous group homomorphism

(X1 ®@x2®x3): G —> Ua(Fp)

given by
I —x1 folxi ®x2) *
_ 1 —
(1 ® xa ® Xs) — i(z f2(X_2 ® x3)
X3
1

Thus, k3(x1 ® x2 ® x3) vanishes if and only if p(x1 ® x2 ® x3) can be extended to
a continuous group homomorphism

P(X1 @ X2 ®x3): G — Ua(Fy).

In particular, the continuous map ¥ := —ej 40 ¢: G — F, is a cochain in C!(G,F,)
such that 09 = ¥3(x1 ® x2 ® x3). We will make frequent use of this observation
in Sections |§| and [7| by expressing elements of K3(H®) as linear combinations of
suitable decomposable tensors to compute x3 on K3(H*).

5.3. Demushkin groups are Koszul. We now show that the cohomology algebra
of a Demushkin group is As-formal. We will deduce this fact from a more general
result on quadratic algebras which is well known and proven for example in [41]
Proposition 2.3 in Chapter 2 on page 24, and Proposition 4.2 of Chapter 6 on page
124]. We provide a proof for completeness and convenience of the reader.

Let A = T(V)/(R) be a quadratic algebra over a field F with dimp A! =
dimpV = d and dimp A% = 1. We will show that A is a Koszul algebra. To
do so, we recall that the Hilbert series of a graded vector space V is the formal
power series given by

hy(z) = Z (dimg V") - 2"
nez
In particular, the Hilbert series of A is ha(z) =1+ dz + 2°.

Lemma 5.10. Let A = T(V)/(R) be a quadratic algebra with dimg A* = d. The
dimension by, := dimp K'(A) is given by the recursive formula by = 1, by = d,
and by11 = d - b, — by_1 for n = 1. Therefore, the Hilbert series of KJ(A) equals
(L—dz+2*)7", de, ha(—2) - hge(ay(z) = 1.

Proof. Let Y. _, b, - 2" be the formal powers series such that

(2 bn-z"> (1—dz+2)"1=1.

neZ

Then we have b, = 0 for n <0, by = 1, by = d and, for all n > 1,
buy12™ T —(d2) - (by - 2") 4+ 22 (bp_y - 2" 1) = 0.

Thus, the coefficients are determined by the equation b,; = d - b, — b,—1 for all
n > 1. Since dim KJ(A) = 1, dim K] (A) = d, and dim K3(A) = dim R = d? — 1, it
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remains to prove the recursive formula for dimp, K (A) to prove the lemma. For
n > 2, we have K/'T1(A) = (K"(A)®@V) n (V"1 @ R). We then get

dim K]'1{ (A) = dim(K(A) @ V) + dim(VE" ' @ R)
—dim((K;(A) ®V)® (V"' ® R)).
Since dim(K?(A) ® V) = d - dim K?(A), it suffices to determine the difference
A= dim(V®" '@ R) — dim((K"(A) @ V)@ (V" ® R)).

The integer A is determined by how much the space (K (A4)®@V) @ (V"1 ® R)
exceeds the space V"1 ®R, i.e., it is given by the dimension of the quotient space
Q= (KMARV)® (Ve 1®R))/(V®~!® R). Now we use the assumption
that dim A2 = 1 which means that we can choose a single element w € V®V whose
image generates the one-dimensional quotient space A? = (V ® V))/R. The space
@ is then isomorphic to

K71 (A) ®@spang(w) = (RO V™) 0+ 1 (VO @ R)) ® spang (w).

In other words, we get dim@Q = dim K""{(A). This proves the recursive formula
and the assertion of the lemma. (]

Proposition 5.11. Let A = T(V)/(R) be a quadratic algebra with dimp A% = 1
Then A is a Koszul algebra.

Proof. By Lemma we have ha(—z) - hgsca)(z) = 1. This implies that the
sequence

> AQKI!MT(A) > AQKMNA) > AQK!"{(A) >+ > A—>F -0

is exact. Thus, A® K?(A) provides a free resolution of F. This implies that K (A)
is a minimal free resolution of A as an A-bimodule by [49, Proposition 3.1], where
we note that, by [I Section 2.8], the complex K’(A) in [49] is isomorphic to the
complex we denote by K(A). The two-out-of-three property of quasi-isomorphisms
then implies that A is Koszul as defined in Definition [4.3] (]

We already know that the only finite Demushkin group Z/27Z is Koszul by Ex-
ample [5.4 The infinite case now follows from Proposition and Definition 1.1

Corollary 5.12. Let G be a pro-p Demushkin group. Then the cohomology algebra
H*(G,F,) is a Koszul algebra. O

Remark 5.13. Corollary also follows from [3I, Theorem 5.2] where a stronger
result is proven. The proof of [3I, Theorem 5.2] uses the fact that the dual algebra
(H*)' = T((HY)*)/(R') of H* = H*(G,F,) is a quadratic algebra which satisfies
the assumption of [31, Lemma 2.15], i.e., x¥ ® x¥ ¢ Rt while x§ ® x5 € Rt, where
x¥ denotes basis vectors of (H')* which are dual to the x;. This implies that
(H*)' has a Poincaré-Birkhoff-Witt basis which is known to imply that an algebra
is Koszul. Then it remains to use the general fact that a locally finite quadratic
algebra is Koszul if and only if its quadratic dual is Koszul.

6. A3—FORMALITY FOR DEMUSHKIN GROUPS AT ODD PRIMES

In this section, we discuss As-formality for pro-p Demushkin groups.
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6.1. Demushkin groups with ¢-invariant ¢ # 2,3 are Az-formal. First we
prove As-formality for Demushkin groups with two generators. Even though we
generalise the following result to any even number of generators, we prove a special
case first since it demonstrates the main idea of the argument.

Theorem 6.1. Let p be an odd prime number and let ¢ = p/ with f > 1 and f > 2
if p=3, orq=0. Let G be the pro-p group generated by elements x1 and x2 and
the single relation x{[z1,22] = 1. Then G is As-formal.

Remark 6.2. A group with the presentation as in Theorem can be realised as
follows. Let 0: Z, — 1 + qZ, be a cyclotomic character on Z, with ¢ = p/. Then
G = Zy, xg Zy is a Demushkin group generated by x; and x3 subject to the single
relation x|z, z2] = 1.

Remark 6.3. Let G be as in Theorem [6.] and Remark 21 We note that the
cohomology algebra H*(G,F,) is an exterior Fp-algebra with two generators. It
therefore follows from Example and Remark that HH* ' (H*(G,F,)) is
non-trivial. In particular, pro-p Demushkin groups are not intrinsically As-formal
in general.

Notation 6.4. For matrices M and N in U, (F,), we write [M, N] := M—*N~'MN.

In the following proofs and constructions we will frequently use the following
observation, often without explicitly mentioning it:

Lemma 6.5. Let My,...,My € U,(F,) be a sequence of matrices and let I, €
Un(Fp) denote the identity matriz. If

MMy, My][Ms, My] - - [Mq_1, Mg] = I, in Up(F,),
then the assignment p: x; — M; for x1,...,x4 defines a continuous group homo-

morphism p: G — Uy, (F,).

Proof. This follows directly from the defining relations for G and the fact that
Un(Fp) is a finite p-group. O

Proof of Theorem[6.1. Let C* = C*(G,F,) denote the complex of continuous inho-
mogeneous cochains, let Z* denote the cocycles, and let H* = H*(G,F,) denote
the corresponding cohomology algebra. We consider C" and Z" as IF-vector spaces
with addition and scalar multiplication defined pointwise. We know that H*® is a
Koszul algebra by Corollary [5.12} Hence we can use Proposition [1.12] to construct
the canonical class of G.

Let x1,x2: G — F,, be a basis of H! such that x;(z;) = —d;;, where §;; denotes
the Kronecker symbol. The minus sign is chosen so that we minimise the number of
signs on the forthcoming formulas. We have H® = T(H"')/(R) where R < H' ® H*
is the IF,-vector subspace

R =TF,(x1 ® X1, X2 ® X2, X1 ® X2 + X2 @ X1)
and H? = F,{x1 U x2). The vector space K3(H*) = (H' ® R) n (R® H') is then
given by F,-linear span
K3(H®) = F,(0 ® x1 ® X1, X2 ® X2 ® X2,
X2 ®Xx1®x1+ X1 ®@x2®x1 + X1 ® X1 ® X2,
X1 ®X2®@ X2+ X2 ® X1 ® X2 + X2 ® X2 ® X1)-
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Now we choose Fp-linear maps fi: H' — Z! and fo: R — C' to construct the
canonical class of G. Since both Z! and H! are given by the vector space of group
homomorphisms G — F,, we consider f; as an identification of H' with Z' and
will omit it from the notation. We define the F,-linear map fa: R — C! as follows.
Let A denote the matrix

(2)

n | forn =0,

1 10 1
A=10 1 1| withA"=1{0
0 0 1 0 1

O~ 3

where (Z) denotes the binomial coefficient and we set (2) =0 whenn < k. In

particular, we have A9 = I3 € U3(F,) for ¢ = p/ as p is odd, and [A", A™] = I3
for all n,m. By Lemma we can define a continuous group homomorphism
¢: G — Us(FF,) by setting p(x;) = A for j = 1,2. Recall that, for a matrix M, we
let e;;(M) denote the entry in position (i) in M. By Remark [5.8] the continuous
map 1: G — F, defined by n(g) := e13(¢(g)) is then a cochain in C* such that
on=—(x1+x2) U Xt +x2)=—X1UXxi—Xx2Ux2—(X1Ux2+Xx2UX1)

For i = 1,2, by Lemma [6.5] we define a continuous group homomorphism ¢;: G —
Us(F,) by setting p(z;) = A% . Again by Remark the continuous map 7;: G —
F,, for i = 1,2, defined by g — e13(¢i(g)) is then a cochain in C' such that

oM = —Xi Y Xi-

We define the F,-linear map fo: R — C' on the basis element x; U x; to be the
continuous map G — F, given by

Ja(Xi ® xi) =i
for i = 1,2. Using the F,-vector space structure on C', we then set
L ®@x2 +Xx2®Xx1) =n—n1 — N2
The map then becomes the map W3: K3(H®) — Z2 given by
W3(Xas Xb, Xe) = —Xa Y f2(X6 @ Xc) — f2(Xa @ Xb) U Xe-

Taking the cohomology class induces the map x3: K3(H*®) — H? which represents
the canonical class of G.

Now we use Dwyer’s Theorem and Remark to show that the map k3
is trivial. To do so, it suffices to show that k3 vanishes on each basis element of
K3(H*). We note that

(1 +x2)2 =X+ AP+ @1 ®Xx1 + X1 ® X2 ® X1 + X1 ® X1 ® X2)
+ X1 ®@X2®@x2 + X2 @ X1 @ X2 + X2 ® X2 ® X1),
and
(X1 = x2)2 =X - - (@1 ® X1 + X1 ® X2 ® X1 + X1 ® X1 ® X2)
+ (X ®x2®@x2 + X2 @ X1 ® X2 + X2 ® X2 ® X1)-

Since p is odd, it therefore suffices to show that x3 vanishes on the elements X?g,
X5%, (a1 + x2)®%, and (x1 — x2)®°.
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Let B, denote the matrix

1100 1 n (3 G
01 10| oo |01 o (f

(23) By = 00 1 1 with BY = o0 1 » forn >0
000 1 00 0 1

where we set (Z) = 0 whenever n < k. In particular, we have B{ = I, € U4(F,) for
q=p/ sincepisoddand f > 2ifp=3,and [B,,B] = I;. By Lemma we can
therefore, for i = 1,2, define a continuous group homomorphism p;: G — U4 (F))
by setting p;(x;) = Bi” for j = 1,2. By Dwyer’s Theorem the homomorphism
pi corresponds to a defining system of the triple Massey product {x;, x:, x:». Thus,
by Remark and the construction of f,, the continuous map ¥;: G — F, defined
by 9;(g) := —e1s(pi(g)) is a cochain in C' which witnesses the vanishing of the
triple Massey product {x;, Xi, Xi), 1-e., such that

89; = 3 (x®%)

for i = 1,2. This shows that /@3()(?3) =0fori=1,2.

Now we define a continuous group homomorphism p,: G — Us(F,) by setting
p+(z;) = By for j = 1,2. By Dwyer’s Theorem the homomorphism p,
corresponds to a defining system of the triple Massey product

O+ x2 X1+ x2, X1+ x2)-

Moreover, by Remark the continuous map ¥4 : G — F, defined by ¥, (g) ==
—e14(p+(g)) is a cochain in C! such that

604 = Us((x1 + x2)®%).

This shows k3((x1 + x2)®% = 0.
Now let B_ denote the matrix

1 -1 0 0
0 1 -1 0
B-=1o o0 1 -1
0 0 0 1

We have [B,, B_] = I4, and hence the relation B[B,,B_] = I, holds in U4(F,).
We can therefore define a continuous group homomorphism p_: G — Uy(F,) by
setting p_(z1) = B; and p_(x2) = B_. By Dwyer’s Theorem the ho-
momorphism p_ corresponds to a defining system of the triple Massey product
{X1—X2, X1 — X2, X1 — X2y Moreover, by Remark the continuous map J_: G —
F, defined by ¥_(g) := —e14(p—(g)) is a cochain in C' such that

§0_ = Us3((x1 — x2)®%).

This shows x3((x1 — x2)®3) = 0. This proves that the canonical class of G vanishes
and proves the theorem. O

In fact, we can generalise Theorem [6.1] and show that all other Demushkin pro-p
groups at odd primes are As-formal.
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Theorem 6.6. Let p be an odd prime number, let d = 2 be an even number, and
let ¢ = pf with f > 1 and f =2 ifp =3, or ¢ =0. Let G be a pro-p group with
minimal set of generators {x1,...,xq} satisfying the single relation

L= z{[z1, za][x3, 24] - - [Ta—1, 24]-
Then the canonical class of G vanishes and G is Az-formal.

The case ¢ = 3 will be discussed in Section [6.3] Our proof of Theorem [6.6] is
based on a direct but rather long computation of the canonical class of G. We
construct the canonical class for all ¢ # 2 in Section below. We provide the
proof of Theorem [6.6]in Section

6.2. The canonical class of a Demushkin group. We will now construct the
canonical class of pro-p Demushkin groups with an arbitrary even number of gen-
erators. Let d > 2 be an even number. We assume that p is an odd prime number
and ¢ = pf with f > 1, or ¢ = 0. Let G be a pro-p group with minimal set of
generators {x1,..., x4} satisfying the single relation

1 = a{[z1, xo][xs, xa] - - - [2d—1, Ta)-

Such a group G is a Demushkin group which is completely characterised by the
invariants d and ¢, see [4], [21] and [47].

Let C* = C*(G,Fp) denote the complex of continuous inhomogeneous cochains,
let Z* = Z°(G,F)) denote the cocycles, and let H* = H*(G,F,) denote the cor-
responding cohomology algebra. Let {x1,...,xa} be an Fp-basis of H' such that
Xi(zj) = —&;j, where &;; denotes the Kronecker symbol. The F,-vector space H>
is then generated by the single element y; U x2. We have H®* = T(H"')/(R) where,
by [38, Proposition 3.9.13] (see also [31, page 27]), R « H' ® H' is the F,-vector
subspace R = span(B) where B is the set
i#j+1 ifjisodd

B={x;®x; forall 1 <i,j <dwith { ~ ~ T
1#7—1 1if jiseven
X2i—1 ® X2i + X2i ® X2i—1, for 1 <i<d/2,

X1 ® x2 + X2k ® xok—1 for 2 < k < d/2}.

Example 6.7. For d = 4, for example, this gives

R = FP<X1 ® X1, X2 ® X25 X3 ® X35 X4 ® X4
X1 ® X35 X1 ® X4, X2 ® X35 X2 @ X4, X3 ® X1, X3 ® X2, X4 ® X1, X4 ® X2
X1 ® X2+ X2® X1, X3 @ X4+ X4 ® X3, X1 ® X2 + X4 @ X3)-
Remark 6.8. The set B is clearly linearly independent and generates R since it
consists of d2 — 1 = dim(H! ® H') — 1 elements as required. Note that we could

have chosen other basis elements to present the relations in H?. For example, we
have the relation

X2 ® X1+ X2i—1 @ X2i =(X2 ® X1 + X1 ® X2) + (x2i-1 ® X2i + X2i ® X2i—1)
— (X1 ®x2 + X2 ® X2i-1) € R

which we will use later.
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We will now construct the canonical class of G. We choose f1 to be the identity
H' - Z! = Hom(G, F,) and omit it in the notation, where Hom(G,F,) denotes the
[Fp-vector space of continuous group homomorphisms. We construct the Fp-linear
map fo: R — C! by defining it on each element of B and then extend it F,-linearly.

Let A1, Ao, and A; 1 denote the following matrices:

1 1 0 1 0 0 1 1 0
Al,O = 01 0 3 A(]’l = 0 1 1 and Al,l = 0 1 1
0 0 1 0 0 1 0 0 1
For n > 0, we have
1 nyp O 1L n (3)
Ag,oll . A7174,100 = 0 1 no1 ,A;L)l = 0 1 n 5
0 O 1 0 0 1
1 mi0 mionor
A;L)l(? 'Ag)oll = 0 1 no1 5
0 O 1

where (g) denotes the binomial coefficient with (Z) =0 for n = 0,1. In particular,
we have A} = Af, = I3 € U3(F,) since p is odd. For i # j + 1 if j is odd and
i # 7 — 1 if j is even, we can therefore define a continuous group homomorphism
Wij: G — Ug(IFp) by setting QOZJ(.’EZ) = Al,Oa szj(x]) = AOl; and szj(xk) = .[3 for
k #1,j. By Remark the continuous map 7;;: G — F,, defined by g — 7;,(g) =
e13(pij(g)) is then a cochain in C! such that

Onij = —Xi Y Xy-
We define the Fp-linear map fo: R — C! on the basis element x; U x; to be the
continuous map G — F, given by

f2(xi ® xj) = nij.

Remark 6.9. Note that the above formula does not work for the cup-product x; U x2
or any X2;_1 U X2;- Lhe difference is that the commutator relation is a non-trivial
condition. However, since A(II’O = I3 and A9 and Ap; do not commute, we have

Af o[A10, Ao1] # I3
Thus, we do not get a group homomorphism G — Us(F,) by setting ¢(z2;—1) =
Al,o, (p(]}gi) = 140717 @(33]) = Ig fOI‘j ;ﬁ 22 — 1727,

We have A} | = I3 € U3(FF,) since p is odd, and [A} ;, AT ] = I3 for all n,m. We
define a continuous group homomorphism ¢;;: G — Us(F,) by setting ¢;;(z;) =
Af”l The continuous map 7;;: G — F, defined by g — e13(p:i(g)) is then a cochain
in C! such that

Onii = —Xi Y Xi-

We define the F-linear map fo: R — C! on the basis element y; U x; to be the
continuous map G' — F, given by

J2(Xi ® Xi) = Nis-

Now we define a continuous group homomorphism ¢9°: G — Us(F,), where the
superscript oe stands for odd/even, by setting ¢9°(z2;—1) = ¢9°(x2;) = A1,1 and
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©2°(zj) = I3 for j # 2i — 1,2i. By Remark the continuous map 7?°: G — F,
defined by 1%¢(g) := e13(¢9°(g)) is then a cochain in C! such that

?

In7® = —(x2i—1 + Xx2i) U (X2i—1 + X2i) = — X2i—1 U X2i—1 — X2i U X2i
— (X2i—1 U X2i + X2i U X2i—1)-

We then define fa(x2i—1 ® X2i + x2i ® X2i—1) such that
f2((X2i-1 + X2i) ® (X2i-1 ® x21))
= fa(x2i—1 ® x2i-1) + fa(X2i ® x2:) + f2(X2i—1 ® X2i + X2i ® X2i-1)-
That is, using the F,-vector space structure on C', we set
J2(x2i—1 ® X2i + X2i ® X2i-1) = 0{° — M2i—1,2i-1 — M2i,2i
Finally, we define a homomorphism ¢, : G — U4(F,) by setting
OTk(@1) = A0, P1%(72) = Ao1, P15k (T2k-1) = Ao1, @75k (T2k) = A1,
and gp(l)fk(xj) = I3 for j # 1,2,2k — 1,2k. By Remark [5.8, the continuous map
n7%: G — Fy defined by 775, (9) = e13(¢(g)) is a cochain in C! such that
Mm% = —(xa1 + xax) U (X2 + X2k—1)-
We then define fo(x1 ® X2 + X2k ® X2r—1) such that

J2((x1 + xar) ® (x2 + x2x-1))
= folx1 ® x2k—1) + fa(X2k ® x2) + f2(x1 ® X2 + X2k @ X2k—1)-

That is, using the F,-vector space structure on C', we set
fa(x1 ® x2 + X2k ® Xok—1) = M = M,2k—1 — T2k,2-

We now define the map fo: R — C! on all of R by extending it F,-linearly from B
to R. From Proposition and Corollary we then deduce:

Proposition 6.10. With the above notation, we define the map V3: K3(H®) — Z?
by

(24) U3(Xa, Xbs Xe) = —Xa YU f2(Xb ® Xe) — f2(Xa ® Xb) U Xe-

Taking the cohomology class of W5 defines an F,-linear map r3: K3(H®) — H2.
Then k3 is a cocycle in the complex (Homy (KJ(H*®), H*[—1]), 0) which computes the
Hochschild cohomology of H®, and the class of ks in HH*> 1 (H®*) is the canonical
class of G. O

6.3. Demushkin groups with invariant ¢ = 3 are not As-formal. Our goal
now is to compute the canonical class for all pro-p Demushkin groups for odd primes
p. We begin by showing that pro-3 Demushkin groups with invariant ¢ = 3 are not
As-formal. Let x1,...,xqs € H! be as above. We note that X?S is an element in
K3(H*) and refer to Lemma for a complete basis of K3(H®*).

Lemma 6.11. Leto: R — H' be an Fy-linear map which we consider as a cochain
in the complex (Homgy(K$(H*®), H*[~1]),0). Then do(x$*) = 0.
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Proof. Let ¢; € F,, be coefficients such that o(x1 ® x1) = Z?:l cjx; in H'. Since
X1 U x; and x; U x1 are nonzero in H? if and only if j = 2, we get

0o(xP?) =-x1voc(xi®x1) —o(x1®x1) v xa
= —c2(x1 U x2) — calx2 v x1)

—co(X1 U X2 + X2 U X1)

=0

where we use the relations in H? for the final equality. This proves the assertion. [J

Theorem 6.12. Let d > 2 be an even number and let G be the pro-3 group generated
by elements x1,...,xq with the single relation x3[x1,x2] [x4—1,24] = 1. The
canonical class of G is non-trivial, and G is not Az-formal.

Proof. Let k3: K3(H®) — H? denote the map defined in Proposition By
Lemma if k3(x®%) # 0 in H2, then the class of x3 in HH* 1 (H*®) is non-
trivial. Thus, to prove the theorem it suffices to show k3(x®?) # 0. To show the
latter we show that the cocycle U3(x®?) is not a coboundary in C*. Let B, denote
the matrix defined in . Since (g) =0 and (g) = 1in F3, we get

B} = in Uy (F3).

SO O
oo~ O
o= OO
_ o0 O

Thus, B} = I, in the quotient Uy(F3) = Us(F3)/Z4(F3). Since [Bi,I4] = Iy in
U4(F3) and thereby also [By, I4] = I, in U4(F3), the assignment p, (z1) = By and
pr(x;) = Iy for j = 2,...,d defines a continuous group homomorphism 5,: G —
U4(F3). However, since B3 # I, in Uy(F3), p; does not extend to a continuous
group homomorphism G — Uy (F3). By Corollary this implies that the cocycle
\113()((183) is not a coboundary. This proves the assertion. O

Remark 6.13. We note that in the proof of Theorem [6.12| we cannot replace x; by
any other y;. That is, if ¢ # 1, we can define a continuous group homomorphism
p: G — Us(F3) by setting p(x;) = By and p(x;) = I4 for j # i, which yields
the vanishing of k3 (X%)S) for i = 2,...,d. The difference is that the non-triviality
of Bi only matters for x; which occurs outside the commutators in the relation

r3[x1, 0] - [wg_1,14] = 1.

Remark 6.14. We now provide an alternative proof of Theorem Let G be
the pro-3 group as in Theorem It is well-known that triple Massey products
vanish for Demushkin groups (see for example [36, Theorem 4.3] and [40, Theorem
3.5]). We therefore point out that the argument in the proof of Theorem does
not imply that the triple Massey product {x1,x1,x1) does not vanish. In fact,
the argument shows that for the particular defining system (x1, x1, X1, —f2(x1 ®

X1); —f2(x1 ® x1)), the cocycle

a:=-x1V f2(x1®x1) — 2(x1®x1) v xa
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is not a coboundary and therefore provides a non-trivial element in the set (x1, x1, X1)-
However, we can modify our choice of defining system as follows. Let C' be the ma-
trix given by

1 010
01 0 0].
C= 00 1 0 in Uy(F3).
0 0 01
1 0 0 1 1 0 0 -1
01 00 01 0 O
. 3 _ —
Since B3 = 001 0 and [B.,C] = 00 1 o | weeet
00 01 0 0 0 1

B - [B4,C] = Iy in Uy(F3).
Thus, we can define a continuous homomorphism p: G — Uy (F3) by setting
p(z1) = B4, plae) = C, and p(x;) = Iy for j =3,...,d.
Then p corresponds to the defining system

(X1, X1, X1, = f2(x1 ® x1) + x2, —f2(X1 ® Xx1))

and yields that the corresponding cocycle is a coboundary. In fact, the continuous
map ¥: G — F3 given by ¥(g) := —e14(p(g)) provides a cochain such that

5§:oz+)(2uxl.

In particular, we get that the class of a in H? equals x; U2, i.e., ng(xcl@g) = X1UX2.
Remark 6.15. By [20, page 254], the group G of Theorem [6.12]for d = 4 is realisable
as the maximal pro-3 Galois group G(3) of the field F' = Q3((3) where (3 is a root
of unity of order 3. According to [7] and [20] (see also [45, Remark 3.3]), this is the
only Demushkin group of rank 4 which is known to be realisable as the maximal
pro-p Galois group Gr(p) of a field.

Remark 6.16. As pointed out in Remark[6.2} the pro-3-group with generators 1 and
To and relation xi’ [z1,22] = 1 is isomorphic to the semi-direct product Zsz x¢ Z3
where 0: Z3 — 1 + 3Zs3 is the cyclotomic character. Theorem shows that

Zs x¢ Z3 is not Az-formal even though Zs is intrinsically Ao -formal.

7. PROOF OF THEOREM

In this section we prove Theorem [6.6] For d = 2, the assertion is proven in
Theorem We therefore assume from now on d > 4. We will first determine
a basis of K3(H*®). We then compute the values of the map x3 induced by the
map U3 of Proposition In fact, we will show that x3 vanishes on most basis
elements, while k3 is non-trivial on a certain subset of the basis. However, we then
show that k3 is a Hochschild-coboundary. Using our previous results, we can then
deduce Theorem [6.6
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7.1. A basis for Kj(H*). We continue to use the notation of Section@ in particu-
lar, the notation introduced in Section [6.2]leading to Proposition In addition,
we will use the following abbreviated notation.

Notation 7.1. We will often write x; ., for x; @ x; ® xx € H' @ H' ® H' when
it makes formulas easier to read or easier to fit into the text.

We can now determine a basis of Kj(H®).
Lemma 7.2. The vector space K3(H®*) = (H* ® R) n (R® H") is given by
K3(H®) = spang (SuD uU DuUT)

where SUDUD UT is a basis, and the sets S (single terms), D, D (double sums),
and T (triple sums) are

o fik#jr1 ifjis odd
S = ; ; with ,
{XZ@XJ@Xk {Lk‘;ﬁj—l if j is even;
D = {xr ® (x2i-1 ® x2: + X2i ® X2i-1),
(X2i—1 ® X2i + X2i ® X2i—1) @ X for 1 <i<d/2, k+#2i—1,2i,
Xe ® (X1 ® X2 + X2i ® X2i-1),
(X1 ®x2 + X2i ® X2i—1) @ Xk for2<i<d/2, k#1,2,2i—1,2i}

D= {x1® (X1 ®x2 + Xx2i ® X2i-1), X2i ® (X1 ® X2 + X2i ® X2i-1),
X2 ® (X2 @ x1 + X2i—1 ® X2i), X2i-1 ® (X2 ® X1 + X2i-1 ® X2i),
(X2 ® X1 + X2i-1 @ X2:) ® X1, (X2 ® X1 + X2i—1 ® X2i) ® X2i;
(X1 ® X2 + X2i ® X2i-1) ® X2, (X1 ® X2 + X2i ® X2i-1) ® X2i-1, for 2 < i< d/2}.

T = {X2: ® X2i-1 ® X2i—1 + X2i—1 ® X2 ® X2i—1 + X2i—1 ® X2i—1 ® X24;
X2i—1 ® X2i @ X2i + X2i @ X2i—1 ® Xai + X2i ® X2: ® X2i—1 for 1 <i < d/2},
Proof. By Lemma we know that dimp, K3(H®) = d* — 2d. We have
#S = (d—1)d(d—1) =d(d—1)?,
#D = 2(d/2)(d —2) +2(d/2 — 1)(d — 4) = 2(d — 2)?,
#D =8(d/2 — 1) = 4d — 8, and #T = 2d/2 = d.
Thus,
#S+#D + #D + #T =d(d— 1> +2(d—2)> +4d— 8+ d
=d* - 2d.
Hence, to prove the assertion, it suffices to check that the union of sets SUD uDUT
is linearly independent. To show the latter claim, we note that the vectors y; ®
Xj®xk for i, j, k € {1,...,d} form a basis of H'@ H' @ H!. Since elements in S are
single vectors of the formy; ® x; ® x& and since span(S) nspan(DuD u T) = {0},
it suffices show that the set D U D U T is linearly independent.
Now we assume that the zero vector in H!' @ H' ® H' is written as a linear

combination of elements of D UD UT. Vectors of the form X2i—1 @ X2 ® X2i—1 only
occur in sums in T. Thus, the coefficient of the term containing x2;_1 ® x2; ® X2i_1
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is zero. For ¢ = 1, this implies that the coefficients of x1®(x1® X2+ X2,;®x2j—1) and
(X2®x1+X2j—1®x2;)®x1 must be zero. For ¢ > 2, this implies that the coefficients
of X2i-1 ® (X2 ® X1+ X2i—1®x2i) and (X1 ®x2 + X2i ®Xx2i—1) @ X2i—1 for 2 < j < d/2
in D must be zero as well. Similarly, vectors of the form x2; ® x2,—1 ® Xx2; only
occur in sums in T. Thus, the coefficient of the term containing xo; ® x2i—1 & X2; is
zero. For i = 1, this implies that the coefficients of x2 ® (x2®x1 + x2j—1 ® x2;) and
(X1®X2+X2;®X2j—1)@x2 for 2 < j < d/2in D must be zero. For i > 2, this implies
that the coefficients of x2i ® (x1®@X2 +X2i ®X2i-1) and (X2 ® X1+ X2i-1 @ X2i) ®Xai
in D must be zero as well. This shows that the coefficients of all vectors in D and
T are zero. It remains to consider the coefficients of vectors in D. For k = 1,2 and
i = 2, the vectors xz ®(X2i—1®X2i + X2 ®X2i—1) aHdN(Xziq ®X2i +X2i®X2i—1) DXk
share a summand each with exactly one vector in D. Similarly, for k = 25 — 1,25
and j # 1,1, the vectors X, ® (X1 ®X2 +X2i ®@X2i—1) and (X1 @x2 + x2i @ x2i—1) O Xk
share a summand each with exactly one vector in D. However, since the coefficients
of vectors in D are zero, the coefficients of the above vectors in D must be zero
as well. The remaining vectors in D consist of sums for which the summands only
occur in D, and each summand occurs in exactly one vector in D. This implies that
the coefficients of all vectors in D vanish. This proves that all coefficients must be
zero and hence the claim. O

Example 7.3. For d = 2, the sets D and D are empty, and we recover the basis
used in the proof of Theorem [6.1] For d = 4, we have
D = {x123+ X2,1,3, X1,2.4 + X2,1,4, X3,1,2 + X3,2,1, X4,1,2 + X4,2.1,
X3,4,1 + X4,3,1,X3,42 T X4,3,2, X1,3,4 T X1,4,3, X2,3,4 + X2,4,3},

D= {x1,12+X1,43 X4,1,2 + X4,4,3, X1,2,2 + X4,3.2, X1,2,3 + X4,3,3,
X2,2,1 +X2,3,4, X3,2,1 T X3,3,4> X2,1,1 + X3,4,1, X2,1,4 + X3,4,4}7

T = {x1,1,2 + X1,21 + X2,1,1, X2.2,1 + X2,1,2 + X1,2,2,
X3,3.4 F X3,4,3 + X4,3,3, X4,4,3 T X4,34 + X3,4,4}-

7.2. Computation of k3. We will now compute the values of k3. To do so, we
will make frequent use of the following simple observation:

Lemma 7.4. For all choices of ¢; € {—1,0, 1}, the qth power of the matriz Be, ¢, e,
given by

1 &1 0 O
0 0 0 1

is the identity matriz in Us(F,), i.e.,
B, eyen = Ia in Us(Fy)

Proof. This follows from a direct computation for each case where we use that
g = p/ with p odd and f > 2 when p = 3. 0
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Lemma 7.5. Let r3: Ki(H®) — H? be the map defined in Proposition|6.10, The
map k3 vanishes on all elements in the sets S, D and T. Moreover, k3 vanishes
on the elements in the subset D* < D (r for right-multiplication) defined by

D" = {2 ®x1 + x2i-1 ® x2i) ® X1, (X2 ® X1 + X2i—1 ® X2i) ® X2is
(X1 ® X2 + X2i ® Xx2i-1) ® X2, (X1 ® X2 + X2i ® X2i-1) ® X2i—1 for 2 <i < d/2}.

Proof. Let W3: K3(H®) — Z? be the cocycle

U3 (Xa, Xb, Xe) = —Xa Y f2(Xo @ Xc) — f2(Xa ® Xb) U Xe

defined in where, by slight abuse of notation, we allow (xa, X», Xc) to denote
a sum of tensors in K3(H®). We prove the assertion by constructing cochains
¥ € C! such that 69 = W3 for the elements in each of the given sets. To do so, we
consider each set separately and, in addition, group elements within the sets into
different classes. We construct ¢ for each class by constructing a suitable contin-
uous group homomorphism p: G — Us(F,) which extends the continuous group
homomorphism 7: G — Uy (Fp) which corresponds to ¥3 by Dwyer’s Theorem
By Corollary and Remark this implies that W3 on the given basis element
vanishes. To construct p, we use Lemma often without explicitly stating that
the corresponding matrices satisfy the required relation whenever it is trivial to
check it.
We begin with elements in S.
e Elements of the form y; ® x; ® x;: We define a continuous group homomor-
phism p§: G — Uy(F,) by setting pf(z;) = By1,1,1 and p$(z;) = I, for j # i.
We define the continuous map 95$: G — F, by g — 95(g) == —e14(p5(9)).
By construction of U3 and the map fo, we have

509 = T3(xi @ Xi ® Xi)-

e Elements of the form x; ® x; ® x; with ¢ # j and 7 # j — 1 if j is even: We
define a continuous group homomorphism pisij: G — U4(F)p) by setting

PZS”(%) = B1,1,0, pisij(‘rj) = Bo,0,1,
and pf;(zx) = Iy for k # i,j. We define the continuous map v5;: G — F,
by g — 19;»51-]. (g9) = —614(p;5ij (g9)). We then have
5955 = Us(xi ® Xi ® X;)-

e Elements of the form x; ® x; ® x; with ¢ # j and 7 # j — 1 if j is even: We
define a continuous group homomorphism pZ-Sjj: G — Uy(F)p) by setting

stgj(l’z) = B1,0,0, pz'sjj(xj) = Bo,1,1,

and pisjj(ack) = I, for k # i,j. We define a continuous map ﬁzsjj: G-F,
by g — ﬂ?jj(g) = 7614(pl-sjj(g)). We then have

595 = Us(xi @ x; @ X;)-

e Elements of the form x; ® x; ® x& with i,k # j, i # j —1if j is even
and k # j + 1if j is odd: We define a continuous group homomorphism
pf’jk: G — Uy (Fp) by setting

plsjk(wl) = B1,0,0, pisjk(xj) = Bo,1,0, Pisjk(ffk) = Bo,0,1,
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and pPy, (21) = Iy for I # i, j, k. We define the continuous map 93, : G — F,
by g — ﬁfjk(g) = —614(pisjk(g)), and we have

595 = W3 (xi ® X;j ® Xk)-

This finishes the proof for the set S. Next we consider elements in D. First, we
consider 1 < i < d/2 and k # 2i — 1, 2i.
e Elements of the form xx ® (x2i—1 ® X2i + X2: ® x2i—1): We have
Xk ® (X2i-1 + X2i)®?
= Xk ® (X2i—1 ® X2i + X2i ® X2i—1) + Xk,2i—1,2i—1 + Xk,2i,2i-

Since we already know that k3 vanishes on Xy 2i—1,2i—1 and X 22, and
k3 is a linear map, it suffices to determine a cochain whose boundary is
U3 (xr® (X2i-1 + x21)%?). By Lemma we can define a continuous group
homomorphism p?k,l: G — Uy (F,) by setting
PEkJ(ﬂﬁk) = 31,0,07P5k,1(332z‘—1) = p?k,l(x%) = Bo1,1,
and ppy \(x;) = I for j # 2i —1,2i,k. We define the continuous map
?9?k,11 G —TF, by g— —614(/)%,1(9)) and we get
S0 = Ua(xr ® (x2i—1 + x20)%?).
e Elements of the form (x2i—1 ® X2: + X2i ® X2i-1) ® xx: We have
(x2i—1 + Xx20)%% ® X
= (X2i—1 ® X2i + X2i ® X2i—1) ® Xk + X2i—1,2i—1,k + X2i,2i k-

We already know that x3 vanishes on X2;—1,2i—1,5 and x2;,2;,k, it suffices to
determine a cochain whose boundary is W3 ((x2i_1 + x2:)%? ® xx). Since

[B1,1,0,B1,1,0] = 14 and [Bo 1, 4] = 14 in Uy(F,),

we can define a continuous group homomorphism p?k,r: G — Uy(F)p) by
setting

P (k) = Boo.1, Py (T2i-1) = Py (2:) = Bi1o,
and PEk,r(mj) = Iy for j # 2t — 1,2i,k. We define the continuous map
0D, .+ G — T, defined by g — —e14(pPy . (9)) and we set
519?1“ = U3 ((x2i-1 + x20)®* ® x)-
Second, we consider 2 < i < d/2 and k # 1,2,2i — 1, 2i.
e Elements of the form xx ® (x1 ® X2 + x2: ® Xx2i—1): We have
Xe ® (X1 ® Xx2i) ® (X2 ® X2i—1)
= Xk ® (X2i—1 ® X2i + X2i ® X2i—1) + Xk.1,2i—1 + Xk.2i,2-

We know that w3 vanishes on xj,1.2,—1 and Xx2i2. Hence, it suffices to
determine a cochain whose boundary is W3 (xx ® (x1 ® x2i) ® (X2 ® Xx2i-1))-
Since

[Bo,1,0, Bo,o,1] - [Bo,0,1, Bo,1,0] - [B1,0,0, 1a] = 14 in Uy(F,),
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we can define a continuous group homomorphism pP; , : G — Us(F,) by
setting

P i ka(Tk) = B1o.o, prixa(®1) = pLip1(22i) = Bo1,
pllj,i,k,l(x2) = P]1),i,k,1($2i71) = Bo,0,1
and pEi,k7l(xj) = Iy for j # 29 —1,2i, k. We let 19]1371-7,671: G — F, be the
continuous map defined by g — —614(p]13,i7k71(g)) and we get
S0 k1 = W3 (xe ® (X2i—1 + x2:)%%).
e Elements of the form (x1 ® x2 + X2i ® X2i-1) ® xx: We have
(X1 ® x2i) ® (X2 ® x2i—1) ® Xk
= (X2i—1 ® X2i + X2i ® X2i—1) ® Xk + X1,2i—1,k + X2i,2,k-

We have defined cochains whose boundaries are ¥3(x1,2i—1,%) and ¥s(x2i,2.%),
respectively. Hence, it suffices to determine a cochain whose boundary is
U3 ((x1 ® x2i) ® (x2 ® Xx2i—1) ® X&). Since

[B1,0,0, Bo,1,0] - [Bo,1,0, B1,0,0] - [Bo,0,1, [a] = 14 in Us(F)),
we can define a continuous group homomorphism pllj,i,k,r: G — Uy (F,) by
setting
Pllj,i,k,r(fk) = 30017P]13,i,k,r(171) = PEi,km(Izi) = Bi,1,0,
pllj,i,k,r(mQ) = plla,i,k,r(infl) = Bo,1,0

and pﬂ.’k’r(xj) =1y for j # 1,2,2i — 1,21, k. We let ﬁ?i’k,r: G — I, be
the continuous map defined by g — —614(,0]137i7k7r(g)) and we get

9D ke = V3((x1 ® X21) ® (X2 ® X2i-1) @ Xk)-
This proves the assertion for the set D. Next, we consider elements in T: We
have
(x2im1 + x20)® = X572 + x5
+ (X2i ® X2i—1 ® X2i—1 + X2i-1 ® X2i ® X2i—1 + X2i—1 ® X2i—1 @ X24)
+ (X2i-1 ® X2i ® X2i + X2i ® X2i—1 ® X2i + X2i ® X2i ® X2i—1),
and
)& = X8, X
— (X2i ® X2i-1 @ X2i—1 + X2i—1 ® X2i ® X2i—1 + X2i—1 ® X2i—1 ® X2i)
+ (X2i-1 ® X2i ® X2 + X2i ® X2i—1 @ X2i + X2i ® X2i ® X2i-1)-

(X2i71 — X2i

Since we know that k3 vanishes on X?f_l and X?f’ and since p is odd, it thus suffices
to determine cochains whose boundaries are W3((x2i—1 + x2i)®%) and W3((x2i—1 —
x2:)%2), respectively.
e First, we define a continuous group homomorphism p}: G — Uy(Fy) by
setting

Pg‘+(x2i—l) = p;ﬂ (1'21) = B1,1,1,
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and pf, (z;) = Iy for j # 2i —1,2i. We define the continuous map
9T, : G —TF, by g — —ens(pl, (9)) and we get
519;r,+ = U3((x2i-1 + x2:)®?).
e Second, since B, = Iy and [By11,B-1,-1,-1] = Ii, we can define a
continuous group homomorphism pEﬁ: G — Uy(F)p) by setting
PE_(SUm*l) =B, p?,_(xm-) =B_1-1-1,
and p;»]’l(zj) = Iy for j # 2i — 1,2i. We define the continuous map
19;1"_: G—-F,byg— —614(/);1:_ (9)) and we get
SO = Wa((x2i—1 — x20)®°).

This proves the assertion for the set T. It remains to consider the elements in Dr.
We let 2 < i < d/2. First we consider elements of the form (x2®x1+Xx2i—1®X2:)®X1
and (x2 ® x1 + X2i—1 ® X2i) ® Xx2i. Note that we have

(X2 + Xx2i-1) ® (X1 + Xx2i) ® (X1 + Xx2i)
= (x2,1,1 + X2i-1,2i,1) + (X2,1,2i + X2i—1,2i,23)
+ X2,2i,1 + X2,2i,2i + X2i—1,1,2i T X2i—1,1,1
and
(X2 = X2i—1) ® (—X1 + X2:) ® (x1 — X2i)
= — (x2,1,1 + X2i-1,2i,1) + (X2,1,2i + X2i—1,2i,2i)
+ X2,2i,1 — X2,24,20 — X2i—1,1,2i T X2i—1,1,1-

We have defined cochains whose boundaries are W3 evaluated on each summand not
in parentheses in the above sums. Thus, in order to find cochains whose boundaries
are W3(x2,1,1 + X2i—1,2i,1) and V3(x2,1,2i + X2i—1,2i,2i), respectively, it suffices to
determine cochains whose boundaries are, respectively,

Us((x2 + x2i—1) ® (x1 + x2i) ® (X1 + X2i))

and

U3 ((x2 — Xx2i—1) ® (=x1 + X2i) ® (X1 — X2i))-

e Since we have
[Bo,1,1, B1,0,0) - [B1,0,0, Bo,1,1] = 14 in Uy(Fp),

we can define a continuous group homomorphism p?;L +: G — Uy(F,) by
setting

P4 (1) = pPoi 1 (22i) = Bo1, pra; 4 (¥2) = pPai 4 (x2i-1) = Bio,0,
and pPy; | (x;) = Iy for j # 1,2,2i — 1,2i. We let 0P5, . : G — F,, be the

continuous map defined by g — —614(p]15,;1-7+(g)) and we get

5905 1+ = Ws((x2 + x2i-1) ® (X1 + X21) ® (X1 + X21))-
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e Next we observe that
[Bo,—1,1: B1,0,0] - [B-1,0,0, Bo,1,-1] = L4 in Uy(Fp).
Thus, we can define a continuous group homomorphism p?;i7_ : G — Uy(F,)
by setting
PPy (1) = BO,*l,lvp]P,;i,—(xQ) = Bi,0,0,
and p]ff;i,_(mzi_l) = B—1,0,07P]§;i7_($2i) = Bo,1,-1,
and p?ry_(xj) = I, for j # 1,2,2i — 1,2i. We let 19]157;1-7_: G — F, be the

continuous map defined by g — —614(p]15,;i7_(g)) and get

51911),;@7 = Ws3((x2 — x2i-1) ® (—x1 + x2i) ® (x1 — Xx2i))-

Next, we consider elements of the form (x1 ® x2 + x2i ® X2i—1) ® xi for k = 2
and k = 27 — 1. We have

(X1 + x2i) @ (x2 + x2i—1) ® (X2 + X2i-1)
= (X1,2,2 + X2i,2i—1,2) + (X1,2,2i—1 + X2z’,2i—1,2i—1)
+ X1,2,2i-1 + X1,2i-1,2i—1 T X2i,2,2 + X2i,2,2i—1
and
(X1 — x2i) ® (x2 — Xx2i-1) ® (—x2 + X2i-1)
= — (X122 + X2i,2i-1,2) + (X1,2,2i—1 + X2i,2i—1,2i—1)
+ X1,2,2i—1 = X1,2i—1,2i—1 T X24,2,2 — X24,2,2i—1-

Since we have already shown that x3 vanishes on all terms in the above sums except
from (X1,272 + X2i,2i71,2) and (X1,2,2i71 + Xziyzifl’gifl), it remains to show that k3
vanishes on the two tensor products

(x1 + x2i) ® (X2 + x2i—1) ® (X2 + X2i-1)
and (x1 — X2i) ® (X2 — X2i—1) ® (—x2 + X2i-1)-
e Since
[B1,0,0, Bo,1,1) - [Bo,1,1, B1,0,0] = 14 in Us(F,),
we can define a continuous group homomorphism p]?,;FL 11 G = Uy(Fy)
by setting
ﬁr

T
Pz,zi—1,+($1) = P£2i71,+($2i) = B1,0,0,

Plzs,;i71,+($2) = P§;i71,+($2i71) = Bo11,
and pR,_  (z;) = I for j #1,2,2i —1,2i. We let 995, 1. .+ G —F, be
the continuous map defined by g — —614(,0]23’;1-71’+(g)) and we get
095 14 = Ua((x1 + x20) ® (x2 + X2i-1) ® (X2 + x2i-1)).
e We observe that
[B1,0,0, Bo,1,~1] - [Bo,~1,1, B-1,0,0] = 14 in Us(Fy).
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Thus, we can define a continuous group homomorphism p§;i7177: G —
U4(Fp) by setting

0125,;#177(371) = 31,0707P]25,;i7177($2) = Bo,1,-1,
and P?;Z;Lf(l’%fl) = B0,71,17P]25’;i71’7($2i) = B_1,0,0
and pPy, 1 _(;) = Iy for j # 1,2,2i —1,2i. We let 995, _: G —F, be
the continuous map defined by g — —614(p£;i7177(g)) and get
519]25751‘71,7 = Ws((x1 — x2i) ® (X2 — x2i-1) @ (—x2 + X2i-1))-
This proves the assertion for the set D* and finishes the proof. O

Next we show that k3 is not trivial for d > 4. However, we also show how all
the nonzero values of k3 are related.

Lemma 7.6. The map k3 does not vanish on the basis elements in the subset
D! < D (I for left-multiplication) defined by

D' = {1 ® (x1 ® x2 + X2i ® X2i-1), X2i ® (X1 ® X2 + X2i ® X2i—1)»

X2 ® (X2 ® X1 + X2i—1 ® X2i), X2i—1 ® (X2 ® X1 + X2i—1 ® X2i) for 2 < i < d/2}.
We have the relations

k3(x1 ® (X1 ® X2 + X2 ® X2i—1)) + k3(x2i ® (X1 ® X2 + X2i ® x2i-1)) = 0,

0
K3(x2 ® (X2 ® X1 + X2i—1 ® X2:)) + k3(X2i—1 ® (X2 ® X1 + X2i-1 ® X2i)) = 0,
and r3(X1 ® (X1 ® X2 + X2 ® X2i-1)) + K3(x2 ® (X2 ® X1 + X2i-1 ® X2i)) =0

for all2 < i< d/2, and
(25) r3(X1 ® (X1 ® x2 + x2i ® x2i—1)) = K3(X1 ® (X1 ® X2 + X2 ® X2j-1))
for2 <i,j <dj2.

Proof. First we show that k3 is non-trivial. We compute that

1 0 0 2
[B1,-1,0, Bo,o,1] - [Bo,o,—1,B-1,1,0] = 100 in Uy(Fp).
o Bl =16 g 1 9 r
0 0 0 1

Thus, the assignment
p(x1) = B1,_1,0,p(x2) = Bo,0,1, p(22i-1) = Bo,o,—1,p(w2:) = B_1,1,0,
and p(x;) = I for j # 1,2,2i — 1,2i defines a continuous group homomorphism
p:G— U4(Fp) = Us(Fp)/2

which does not lift to a continuous group homomorphism p: G — Uy(F,) since p
is odd. This shows that W3((x1 — x2i) ® (—x1 + x2¢) ® (x2 — X2i—1)) is not the
boundary of a cochain in C! by Corollary This shows

r3((x1 — Xx2i) ® (—x1 + x2i) ® (x2 — x2i-1)) # 0,
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i.e., k3 is a non-trivial map. We note that

(X1 — x2i) ® (=x1 + Xx2i) ® (X2 — X2i-1)
=—(x1,1,2 + X1,20,2i-1) + (X2i,1,2 + X24,2i,2i—1)
+ X1,1,2i—1 + X1,24,2 — X2i,1,2i—1 — X24,2i,2-
Since we have shown that k3 vanishes on xi.1,2i—1, X1,2i,2, X2i,1,2i—1, and Xx2; 2i,2,
we get that 3 is non-trivial on (X1,1,2 + X1,2i,2i—1) — <X2i71,2 + X2i72i72i—1)- To prove
the first claim, it now suffices to show the asserted relations.
First we show relation . If d < 4 or i = j, the assertion is trivial. So we
assume d > 6 and 2 < i < j < d/2. Since k3 is multilinear, it suffices to show
r3(xX1 ® x2i ® X2i-1 — X1 ® X2j ® x25-1)) = 0.

Moreover, since x1 ® (x2j—1 ® Xx2; + X2; ® X2;—1) € D, it suffices by Lemma to
show

r3(X1 ® x2i ® X2i—1 + X1 ® X2j—1 ® Xx2j) = 0.
Note that
X1 ® (X2i + X2j—1) ® (X2i—1 + X2;)
=X1 ® X2 ® x2i—1 + X1 ® X2j-1 ® X2; + X1 ® X2: ® X2; + X1 ® X2j—1 & X2i—1-

Since 2 < ¢ < j, both x1 ® x2i ® x2; and x1 ® x2j—1 ® x2i—1 are in S. It therefore
suffices to show that Us(x1 ® (x2i + x2j—1) ® (X2i—1 + X2;)) is a coboundary. Since

[B1,0,0,14] - [Bo,0,1, Bo,1,0] - [Bo,1,0, Bo,o,1] = 14,

we can define a continuous group homomorphism ,0?; : G — Uy(F,) by setting

N1 NI
p;(x1) = B, pr; (z2) = Iy,
1 1
P?j (2i-1) = BO,O,hp?j (x2:) = Bo1,0,
1 1
and P?j (x2j71) = BO,I,Ovp?j (5U2j) = Bo,o,h

and pP(zy) = Iy for all k # 1,2,2i —1,2i,2j — 1,2j. We define the continuous
map 19?;: G—TF,byg— —614(/)?; (g9)), and we get

519?; = W3(x1 ® (x2i + Xx25-1) ® (X2i-1 + X25))-
This proves relation .
Now we prove the other relations.
e We begin with elements of the form x; ® (x1 ® x2 + X2i ® Xx2i—1) and
X2i ® (X1 ® X2 + Xx2i ® X2i—1). We have
(X1 + x2i) ® (x1 + x21) ® (X2 + X2i-1)

=(X1,1,2 + X1,20.2i-1) + (X20,1,2 + X2i,2i,2i-1)

+ X1,1,2i—1 + X1,26,2 + X2i,1,2i—1 T X24,2i,2-

We have already shown that W3 applied to the last four summands is a
coboundary. Thus, it suffices to show that W3 (x1 + x2i)%* ® (x2 + X2i—1)
is a coboundary. Since

[B11,0, Bo,o,1] - [Bo,0,1: B1,1,0] = s in Us(F)p),
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we can define a continuous group homomorphism p?;i: G — Uy(F,) by
setting

- .
/’11),%(371) = Bl,l,O,PE%(xz) = Bo1,1,
! &
and pyo;(22i-1) = Bo,1.1, pr)2i(22i) = B,
and p?;i(zj) = Iy for j # 1,2,2i — 1,2i. We define the continuous map
=1 1
19]1:?21': G —Fp by g— _614(P]13,2¢(9))7 and we get
!
5970 = Ws((x1 + x2i) ® (X1 + x2i) ® (X2 + X2i-1))-

Next, we consider elements of the form ys ® (x2 ® X1 + X2i—1 ® X2i) and of
the form x2,—1 ® (X2 ® x1 + X2i—1 ® X2:). We have

(x2 + x2i-1) ® (X2 + x2i-1) ® (x1 + X21)
=(x2,2.1 + X2,2i-1,2i) + (X2i-1,2,1 + X2i—1,2i—1,2i)
+ X2,2,2i + X2,2i-1,1 + X2i—1,2,2i + X2i—1,2i—1,1-

We have already shown that W3 applied to the last four summands is a
coboundary. Thus, it suffices to show that W3(x2 + x2i-1)%2 ® (x1 + X2i)
is a coboundary as well. Since

[Bo,0,1, B1,1,0] - [B1,1,0, Bo,o,1] = Iy in Us(F,),

we can define a continuous group homomorphism P?éwﬂ G — Uy(Fp) by
setting

. |

P5ai1(z1) = Boo,1, phai_1(2) = Bi10,

o |
and p5y; 1 (T2i-1) = B1.1,0, phai—1(%2i) = Booya,
and P]25,;i71($j) = Iy for j # 1,2,2i — 1,2i. We define the continuous map
1 |
B9 _1: G — Fy by g — —e1a(pFo;_1(g)), and we get
1
519]2:?21'—1 = W3((x2 + x2i-1) ® (x2 + x2i-1) ® (x1 + X24))-

Finally, we consider x1®(x1®xX2+X2:®X2i—1) + X2 ®(x2® X1+ X2i—1®X2:)-
We note that we have already shown that k3 vanishes on

(X1,1,2 + X1,4,3) + (X2,1,1 + X1,2,1 + X1,2i—1,2i)
= (X112 + X121+ Xx21.1) + (X1,2i-1,2i + X1,2i,2i-1),

as the latter is a sum of an element in T and an element in D. Thus, if we
can show that

H3((X2,2,1 + X2,2i71,2i) - (X2,1,1 + X1,2,1 + X1,2i7172i)> =0,
then

k3((X1,1,2 + X1,20,2i-1) + (X2,2,1 + X2,2i-1,2)) = 0.
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We have

(X1 = X2) ® (x1 — X2 + X2i-1) ® (X1 — X2:)
= (X2,2.1 + X2,2i-1,2¢) — (X2,1,1 + X1,2,1 + X1,2i-1,2¢)
+ (X1,2,Qi + X2,1,2¢) + X1,1,1 — X1,1,2i
+ X1,3,1 — X2,2,2i — X2,2i—1,2-

We have already shown that W3 on x12,2; + X2,1,2s Which is an element
in D is a coboundary, and that ¥3 on the last four summands, which are
elements in S, is a coboundary. Thus, it suffices to show that ¥3(x1 —x2)®
(x1 — X2 + X2i-1) ® (x1 — x2:) is coboundary. Since

[Bi,1,1,B-1,-1,0] - [Bo,1,0, Bo,0o,—1] = I1 in Us(Fp),
we can define a continuous group homomorphism p?;’i: G — Uy(Fp) by
setting
p?;,i(m) = B1,1,17P]1i?;7i($2) =DB_1_1,0,
and pl?,;,i(x%fl) = Bo,1,0,/)115,;,i($2i) = Boo,—1-
and p]1~3,57i(xj) = Iy for j # 1,2,2i — 1,2i. We define the continuous map
19?;,1»: G—-F,byg— —614(/)]13);&-(9)), and we get

519]15,;,2- = Ws((x1 — x2) ® (X1 — x2 + x2i-1) ® (X1 — X2i))-

This proves the final relation and finishes the proof of the lemma. O

7.3. The canonical class is trivial. While k3 is non-trivial as a map for d > 4
its class in HH* ' (H*) vanishes as the following lemma shows:

Lemma 7.7. The map k3 is a coboundary in (Homy (KJ(H*®), H*[-1]),0).

Proof. We need to show that we can find an F,-linear map o: R — H' such
that do = k3. By Lemma @ and since k3 is IF -linear, we may assume that
k3(X1,1,2 + X1,2,2i-1) = X1 U XQ in H? for all 2 < i < d/2. To keep the notation
simple, we first consider i = 2 and d = 4, and will then explain how to get the
remaining coefficients when d > 6. Let c?’n € IF, denote the coefficients of x; such
that

~

in H'. Let c}’2+4’3 € IF,, denote the coefficients of x; such that

4
(X1 ®x2 + X4 ® x3) = Z B

2,1+3,4  1,2+42,1 3,4+4,3
in H', and we use similar notation for (o +34 ¢’ 21 and (o 42 The value of

0o on, for example, x1 ® x1 ® x2 + X1 ® x4 ® x3 € D is then given by
do(x1®x1®@x2 + X1 @ xa ®x3) = —¢” T (1 U x2) — e (1 U x2) — e5 (xa U xa)
— (- 1,2+44,3

Cy _01’ +C4’ )(Xl U X2),
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where we use the relations in H2. By computing the effect of do on all basis elements
of K3(H*), we then get that do = k3 is satisfied if and only if the coefficients of &
satisfy the following system of linear equations:

—c}’2+4’3 _ 03,2 n 03,2 —0 C%,1-%3,4 22 cg,?, -1 —Czl),72+2’1 n 03,4 _ 0174 _
—c%’2+4’3 _t g c}f —1 c§’1+3’4 n Ci,l _ Ci,l -0 _Ci,2+2,1 L8 C%,:s _
—c§’2+4’3 n 6411,1 _ 03,4 1 _C§,1+3,4 n 01’4 _ 03’4 -0 _C:i’4+43 A2 Cg,z _
czl,,’2+4’3 — 03’3 + cg’s =0 ci’1+3’4 — 03’2 + cg’?’ =1 —c§4+43 + ci’l - cg’l =0

ciz + cgz =0 ngl’) + c%’j =0

c%’4 + 03’2 =0 C%’g + 03’2 =0

c}l’1 + c%’4 =0 c§’2 + 63’4 =0

¢ty =0 "+, =0

and the equation c;’2+4’3 + c§’1+3’4 — (cjmﬂ’1 + c?’4+4’3) =0 for each j =1,2,3,4.
A solution of the above linear system is given by

1,2+4 2,1+3,4 1,2+2,1 444
Cly+,3:1 ey +3, =1 Cl,+7 =1 C?7+,3:1
1,2+4,3 2,143,4 1,242,1 3,4+4,3
02’+’=1 02’+’=1 02’+’=1 c2’+’=1
1,244 2,143,4 1,2+2,1 d+4
R B B e |
1,2+4,3 2,143,4 1,242,1 3,4+4,3
04’+’:—1 c4’+’:—1 04’+’:—1 04’+’:—1
1,3 2,3 1,3 1,4
VR s S P
c%’1=0 c%’4=71 cg’ngl c%’4=0
;=0 =1 cg” = —1 ¢y =0
i1 4,2 3.2 _ 12
x 23 K 4
¢ =-—1 ¢y =-1 cy” =1 ¢y =

and we set the other coefficients to be zero. When d > 6, for each ¢ > 2, we
get a similar system of equations with coefficients for terms only involving indices
1,2,2¢ — 1,2i. The linear systems for two different values of i are independent of
each other except for coefficients which are independent of 4, i.e., whose indices
only involve 1 and 2. However, by relation together with the other identities
of Lemma [7.6] after replacing 3 by 2i — 1 and 4 by 2¢ in each occurrence, the same
values of the coefficients solve the corresponding systems of equations. In particular,
the values of coefficients only involving indices 1 and 2 remain the same for each

. .. . . 1,1
system corresponding to i, i..e., for each system, our solution satisfies ¢;"" = —1,
2,2 1,242,1 1,242,1 . . . .

cy® = =1, ¢;”"?" =1, and ¢y***' = 1. This provides the desired linear map

o: R — H' such that do = k3. O

By Proposition [6.10] and Lemma |[7.7) this shows that the canonical class of G in
HH?~'(H*) vanishes. By Theorem and Proposition this proves that G is
As-formal. This concludes the proof of Theorem O
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