A3-FORMALITY FOR PRO-2 DEMUSHKIN GROUPS

AMBRUS PAL AND GEREON QUICK

ABSTRACT. We study a weak form of formality for differential graded algebras,
called As-formality, and show that the differential graded F2-algebras of con-
tinuous cochains of all pro-2 Demushkin groups are Asz-formal. We prove this
result by an explicit computation of the Benson—Krause-Schwede canonical
class using the classification of pro-2 Demushkin groups by Demushkin, Serre,
and Labute. Compared to the case of odd primes, the new idea is to interpret
the data of the canonical class as defining systems of higher Massey products.

1. INTRODUCTION

Let F be a field and let Gg denote its absolute Galois group. Let C*(Gpg,Fs)
denote the differential graded algebra of inhomogeneous continuous cochains of
GF with coefficients in the constant discrete Gp-module Fo. In [I1], Hopkins and
Wickelgren showed that, for F' a local or global field, all triple Massey products
of elements in H'(Gf,Fy) vanish whenever they are defined. Since triple Massey
products are the first obstruction to formality, Hopkins—Wickelgren therefore asked
in [T1, Question 1.4] whether C* (G, F3) is Ag-formal, i.e., the higher multiplication
maps m,, on its minimal model are trivial for all n > 3. However, Positselski showed
in [37, Section 9.11] and [38] §6] that C*(GF,Fs) is not A,-formal in general for
local fields. Then Harpaz—Wittenberg in [0, Example A.15] and more recently
Merkurjev—Scavia in [23, Theorem 1.6] and [25, Theorem 1.3] provided examples
which show that the second obstruction to formality is not trivial in general, i.e.,
not all fourfold Massey products are defined when the neighbouring cup-products
vanish. For local fields, or more generally, for Demushkin groups, we may then ask
the weaker question whether the differential graded algebra C*(G,Fs) is Az-formal,
i.e., whether the first higher multiplication map mg on its minimal model is trivial.
As-formality is much stronger than the vanishing of triple Massey products.

1.1. Demushkin groups and the main result. The purpose of this paper is to
study As-formality for C*(G,Fy) for pro-2 Demushkin groups.

Definition 1.1. Let p be a prime number and let G be a pro-p-group. Then G
is called a Demushkin group if dimg, HY(G,F,) < w, dimp, H?*(G,F,) = 1, and
the cup product H'(G,F,) x H(G,F,) — H*(G,F,) is a non-degenerate bilinear
form.

Demushkin groups are Poincaré groups of dimension two, and arise, for example,
as pro-p completions of fundamental groups of compact surfaces. They also play
a key role in number theory since the maximal pro-p quotients of absolute Galois
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groups of local fields that contain a primitive p-th root of unity are Demushkin
groups or trivial (see [3, 4], [41], [I7], and Section . Demushkin groups are
fundamental building blocks of the class of elementary type pro-p groups in the
sense of Efrat. The only finite Demushkin group is Z/2 and C*(Z/2,F5) is known
to be formal. We therefore consider from now on infinite Demushkin groups. Our
main result in this paper is the following theorem, see Theorems [£.1] and

Theorem 1.2. Let G be a pro-2 Demushkin group. Then C*(G,Fy) is As-formal.

Before we outline the proof of Theorem in Section [1.3] and comment on the
new ideas used compared to the case of odd primes in [34], we first summarise the
now complete characterisation of which Demushkin groups are Az-formal and will
then describe the relation of our work to the Massey vanishing conjecture.

Let p be a prime number, and let G be a pro-p Demushkin group with d :=
dimg, H'(G,F,). Let G* denote the abelianisation of G. Then, by for example
[32, Section 3.9 on page 232], either G** =~ Z¢ or G** = Z,,/p/ Z,, x Z¢~! with f > 1.
In the latter case, we set ¢ := p/ and in the former case ¢ := 0. The numbers d
and ¢ are invariants of G. Theorem and [34, Theorem 1.2], then combine to the
following result.

Theorem 1.3. Let p be a prime number, and let G be a pro-p Demushkin group
with invariants d = 2 and q. For g # 3, C*(G,F,) is As-formal. For ¢ = p =3,
C*(G,Fs3) is not As-formal.

1.2. Relation to the Massey vanishing conjecture of Mina¢—Téan. Min&c
and Tan conjectured in [29, Conjecture 1.6] that, for every field F' and prime p, G
satisfies n-Massey vanishing with respect to p, i.e., all n-fold Massey products of
elements in H'(Gp,F,) vanish whenever they are defined. By the work of Matzri
[20], Efrat—Matzri [8] and Mind¢—Tan [28], all fields satisfy triple Massey vanishing
with respect to all primes. For a more recent, independent proof, see [I8, Section
6.2]. In [I0], Harpaz—Wittenberg showed that number fields satisfy n-Massey van-
ishing with respect to all primes. More recently, Merkurjev—Scavia proved in [24]
that all fields satisfy fourfold Massey vanishing with respect to p = 2. Other cases
of the conjecture have been proven in [33], [35] and [39]. The vanishing of Massey
products has concrete consequences for the structure of the Zassenhaus filtration
of an absolute Galois group and thereby led to new examples of profinite groups
which are not absolute Galois groups of a field (see for example [28 29]).

In [27) Definition 4.5], Mina¢ and Tén also formulate the following related prop-
erty. Let G be a profinite group and p be a prime number. Then G is said to
have the cup-defining n-fold Massey product property (with respect to F) if for
every Xi,...,xn € H'(G,Fp) with 0 = x1 Ux2 = x2U X3 = -~ = Xn-1 VU Xn
the n-fold Massey product {xi,...,xny is defined. For n > 4, this is a non-trivial
condition, and, in [27, Remark 4.4], Min&d¢-Tan show that not all pro-p groups have
the cup-defining n-fold Massey product property. In [27, Question 4.2], Min4¢—Téan
ask whether every Galois group of a maximal p-extension of a field F' containing
a primitive p-th root of unity has the cup-defining n-fold Massey product prop-
erty with respect to F,, (see also [26, Section 8]). Moreover, in [27, Proposition
4.1], Mind¢-Tén prove that pro-p Demushkin groups have the cup-defining n-fold
Massey product property with respect to IF,,. Together with their work in [29], this
implies that pro-p Demushkin groups have the following stronger property.
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We say that a profinite group G satisfies strong n-Massey vanishing with respect
to p if for every x1,...,xn € HY(G,F,) with 0 = x1 U x2 = -++ = Xn_1 U Xn the
n-fold Massey product {xi,...,Xxn, is defined and vanishes. For n > 4, this is a
strictly stronger condition than n-Massey vanishing. By the work of Mind¢—Tan
in [27, Proposition 4.1] and [28, Theorem 4.3], pro-p Demushkin groups satisfy
strong n-Massey vanishing with respect to p and all n > 3. An independent proof
that pro-p Demushkin groups satisfy strong n-Massey vanishing for all n > 3 was
given by Pal-Szabé in [35, Theorem 3.5]. Moreover, by [19, Theorem 1], the ab-
solute Galois groups of number fields which do not contain a primitive p-th root
of unity satisfy strong n-Massey vanishing with respect to p for all n > 3. Strong
vanishing of triple Massey products is a necessary condition for the As-formality
of C*(G,F,). In fact, As-formality implies triple Massey vanishing and the cup-
defining fourfold Massey product property. We note, however, that As-formality
is a significant strengthening of the vanishing of the Massey product obstructions
since Az-formality requires that a specific element in the triple Massey product of
elements in H*(G,F,) vanishes and that defining systems of triple Massey products
can be chosen compatibly.

1.3. Outline of the proof. We now give a brief outline of the proof of Theorem
While n-Massey vanishing for Demushkin groups is a direct consequence of the
non-degeneracy of the cup product, showing As-formality is much more involved.
By the work of Kadeishvili, the differential graded algebra C*(G,F3) is As-formal
if and only if a certain canonical class vs in the Hochschild cohomology group
HH* ! (H*(G,Fy)) is zero. The canonical class of a differential graded algebra has
also been studied by Benson-Krause-Schwede in [I] in the context of the realiz-
ability of modules over Tate cohomology. The strategy for proving Theorem
is then to show that ¢ vanishes in HH* ' (H*(G,Fy)) for all pro-2 Demushkin
groups. The task to compute the class yg in HH> ' (H*(G,Fy)) is simplified by
the work of Mind¢—Pasini-Quadrelli-Tan in [30, Theorem 5.2] who showed that
the graded Fs-algebra H*(G,Fq) for a pro-2 Demushkin group is Koszul. A second
key tool is Dwyer’s Theorem on unipotent representations and Massey products in
group cohomology. A third key ingredient is the classification of pro-2 Demushkin
groups by Demushkin, Serre, and Labute. A Demushkin group has a finite number
of generators subject to a single relation. There are four different types of rela-
tions, each leading to a specific type of pro-2 Demushkin group. For each type,
we compute the canonical class in a separate section. In each case, we first deter-
mine a basis for the relevant spaces R and K3 in the Koszul complex of H*(G,F3).
Then we compute a sufficiently large part of the differential in the complex which
computes the Hochschild cohomology of H*(G,F3). Next, we construct the map
k3: K3(H*(G,Fq)) — H?(G,Fy) which represents the canonical class. Finally, we
compute the canonical class of G for each case.

The key new idea for p = 2 compared to the argument for odd primes in [34] is
that we interpret 3 as higher Massey products. In [34], we computed triple Massey
products in H 1(G,IE‘,D) via Dwyer’s Theorem. Since there are enough relations
in K3(H*(G,F,)) for an odd prime p, we could then determine all values of k3.
For p = 2, however, there are not enough relations. Hence we use a different
strategy and interpret the data in K3j(H®(G,F3)) as defining systems in certain
n-fold Massey products for n = 3,...,8, and then we compute the specific values of
the corresponding element in H?(G,Fy). After adding signs, the new method also
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works for p odd, and hence we can use the methods in Section [ to provide a new
computation of the canonical class of a pro-p Demushkin for odd primes.

1.4. Contents. All vector spaces and algebras in this paper are over Fy. In Section
we recall the definition of graded Hochschild cohomology groups of a graded
algebra. In Section we recall the definition of Koszul algebras. In Section [2.3
we define As-formality for differential graded algebras and recall Massey products.
Then we construct the canonical class, first for a general differential graded algebra
in Section[2:4] and then for a differential graded algebra whose cohomology algebra
is Koszul in Section[2.5] In Section [3:I] we recall continuous group cohomology, and
in Section[3.2] we recall Dwyer’s Theorem. In Section[3.3] we recall the classification
of pro-2 Demushkin groups of Demushkin, Serre, and Labute, and we determine the
algebra structure on H*(G,Fy) for pro-2 Demushkin groups. In Sections and
[] we compute the canonical class of pro-2 Demushkin groups for the three cases
we need to consider according to the classification.

1.5. Acknowledgements. We thank Jan Mina¢ for helpful comments.

2. HOCHSCHILD COHOMOLOGY, A3—FORMALITY7 AND MASSEY PRODUCTS

In this section, we recall the background for the computation of the canonical
class of a differential graded algebra.

2.1. Graded Hochschild cohomology. Let A be a graded unital Fy-algebra.
We recall that the bar resolution B(A) of A is the non-negative chain complex of
free graded A-bimodules given by B, (A) := A®"*2 for n > 0. The differential
dyp: Bp(A) = B, —1(4) is given by

(1) a0®"'®an+1’_’Za0®"'®aiai+1®"'®an+l-

=0

We write A¢ = A ® A°P, where A°P denotes the opposite algebra. Note that
A®+2 > Ae @ A9 as a graded A-bimodule, and hence B(A) indeed consists of
free modules.

Proposition 2.1. The bar resolution B(A) is a free resolution of A as a graded
A-bimodule.

Proof. Tt suffices to show that the extended complex B(A) is acyclic, where B(A) is
extended from B(A) by adjoining B_1(A) := A in degree —1 via the multiplication
map pu: A® A — A. The map h: B(A) — B(A) of degree 1 given by

Q- ®ant1—1®ag® - ®any1
is a contracting homotopy i.e., dh + hd = 1, since
dh(ag® - ® ant1) =@ Q@ ant1 — hd(ag @ - - @ ay). O

Definition 2.2. Let M and N be graded A-bimodules. We define Hom 4, (M, N)
as the graded Fa-vector space with degree s component given by A-linear graded
maps f: M — N[s|, where N|[s] is the graded A-module given by N[s]® = N*™.
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Definition 2.3. Let M be a graded A-bimodule. We define the Hochschild coho-
mology HH™* (A, M) as the nth cohomology of the cochain complex

Hom 4. (B(A), M)

of graded Fy-vector spaces with differential §”(f) = fod,, where d,, is the differential
of B(A) in (). When M = A we will write HH(A) := HH(A4, A).

We note that the groups HH®** (A, M) are equipped with a cohomological grad-
ing, and an internal grading induced by the grading of A and M. We can describe
HH™*(A, M) more concretely as follows. Using the natural contracting isomor-
phism

Hom 4. (A° ® A®™, M) =~ Homyg, (A®", M)
we see that HH™*(A, M) is isomorphic to the nth cohomology of the complex

(2) ---— Homg (A%"~' M) 5 Homy, (A®", M) & Homy (A®"H, M) — - -,

where the differentials are given by
AN @ @ani1) = ar1f(a2®- ®ant1) + Y fla1 @+ ®aip1 ® - ®@ant1)
i=1

+ f(al ® et ® a7z)a"rL+1-

Remark 2.4. By Proposition we see that HH(A, M) computes the graded Ext
modules Ext 4.(A, M). In particular, we can compute HH(A, M) using any free
resolution of A as a graded A-bimodule.

2.2. Koszul algebras. Let V denote a finite-dimensional Fo-vector space, and let
T (V') denote its graded tensor algebra over Fy. For RS V®V, let (R) denote the
two-sided ideal in T'(V') generated by R. We recall from [36] that a graded algebra
of the form T(V)/(R) is called a quadratic algebra. For any quadratic algebra A,
we can define the following chain complex of free graded A-bimodules.

Definition 2.5. Let A = T(V)/(R) be a quadratic algebra. Let K = Fo, K{ =V,
and, for n > 2, let

n—1
K" — ﬂ V®i—1 ® R@ V®n—i—1 c V®”.
=1
The Koszul complex K (A€, A) of A is defined as the non-negative chain complex
of graded A-bimodules with

K,(A%A)=AQK, ® A,
and differential d,, induced by the one in the bar resolution B(A), i.e.,
dn: @1 @ QU= a1 V2@ - QU ®b+a®u1 ® - @ upb.

Note that for the differential d,, in the Koszul complex, the middle terms of the
bar construction differential in vanish. This is because each product v;v;41 in
a middle term has its factors v;, v;4+1 in the space of relations R, so the product
v;v;41 vanishes in A, which is where the product in the expression of the differential
is taking place.

Definition 2.6. A quadratic algebra A is called Koszul if its Koszul complex
K(A®, A) is a resolution of A as a graded A-bimodule, i.e., if H,(K(A% A)) =0
for n > 0 and Hy(A°%, A) = A.
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Let A be a Koszul algebra. Then the natural inclusion K (A€, A) — B(A) is
a quasi-isomorphism. Hence we can compute HH(A) as the cohomology of the
complex Hom 4. (K (A, A), A). We first observe that we have

K(A%A), =AQK)®A=~A°QR K,
as graded A-bimodules. Using the contracting isomorphism
Hom ,.(A° ® K, A) = Homy, (K,;, A)

of graded vector spaces we see that HH(A) can be computed as the cohomology of
the following complex of graded vector spaces:

An—1 an

: _’HOimFQ(ng,A) ~ mFQ(KﬁvA) - Hoimh(Kﬁill,A) e

where the differential 0" is given by
(1@ @upy1) =v1f(12@ @ Uny1) + f(U1 @ @ Vp)VUn1-

In particular, the group HH* *(A) is thus isomorphic to the cohomology of the
complex

2 3
(3) Homp, (K3, A") 7, Homp, (K3, A?) Z, Homp, (K3, A%).

2.3. As-formality and Massey products. We now recall the definition of an
Ag-algebra. For an introduction to the theory of Ay-algebras we refer to [16].

Definition 2.7. Let A = @;>0.A° be a non-negatively graded Fy-vector space with
A% = Fy. Then A is cal_led an Ay -algebra over Fy if, for all ¢ > 1, there are graded
Fy-linear maps m;: A®" — A[2 — i] such that, for all n > 1,

Z mn75+1(1®r®ms ®1®t) =0
r+s+t=n

as maps A®" — A, where 1 denotes the identity map of A.

Remark 2.8. For n = 1,2,3, the maps m,, satisfy the following identities: first,
mymy = 0, i.e., (A, m1) is a cochain complex; second, mima = ma(m1®1+1®m;)
i.e., my is a graded derivation with respect to the multiplication ms; and

m2(1®m2+m2®1) :m1m3—|—m3(m1®1®1+1®m1®1+1®1®m1),
i.e., my is associative up to homotopy.

Example 2.9. Every graded Fs-algebra is an Ay -algebra with trivial m, and m,,
for n > 3. Every differential graded algebra (C*,d, u) over Fy is an As-algebra with
my =9, mg = v, and m,, =0 for all n > 3.

Let (C*, 4, ) be a differential graded algebra (DGA) over Fy with cohomology
algebra H®. By the work of Kadeishvili [I3| [I4] (see also [I5], [16], and [22]),
one can equip H*® with the structure of an Ay -algebra (H*®,{m,},>1) such that
my = 0 together with a quasi-isomorphism of A-algebras (H*®, {m,}) — (C*,d, V).
The Ag-algebra (H®, {m,}) is called a minimal model of (C*,d, U). Since any two
minimal models of C* are isomorphic as Ay-algebras, we speak of the minimal
model from now on. A DGA is called Ay -formal, or formal as an Ay -algebra, if
its minimal model can be chosen such that m,, = 0 for all n > 3. We now consider

the following weaker notion. We refer to [34] for a more detailed discussion.
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Definition 2.10. Let C* be a DGA. We say that C*® is Az-formal if its minimal
model can be chosen such that mgz = 0.

For a simple but non-trivial example of an Az-formal DGA we refer to [5]. The
notion of an Ay-algebra is closely related to Massey products. We recall the defi-
nition of Massey products for degree one classes next.

Definition 2.11. Let (C*,4,uU) be a DGA over Fy with cohomology algebra H®.
For an integer n > 2, let aq,as,...,a, be cohomology classes in H'!. A defining
system for the n-fold Massey product of a1, as,...,a, is a set {a;;} of elements of
Clfor1<i<j<mn+1and (i,5) # (1,n + 1) such that

j—1
6(ai ;) = Z Qi Y Ak j
k=it+1
and, for each ¢, the class a; is represented by a;;41. We say that the n-fold Massey
product of ay,as,...,a, is defined if there exists a defining system. The n-fold
Massey product {aj,as,... ,an>{a,-,,-} of ay,as,...,a, with respect to the defining
system {a; ;} is the cohomology class of

n

Z ai ke Y 0k n+1

k=2
in H2. Let {ay,as,...,a,) denote the subset of H? consisting of the n-fold Massey
products of a1, as, . . ., a, with respect to all defining systems. The set (a1, az,...,an,)
is called the n-fold Massey product of a1, as, ..., a,. We say that the n-fold Massey
product of ay, as, ..., a, vanishes if the set (a1, as,...,a,» S H? contains zero.

Example 2.12. For n = 2, the Massey product {a1,as) is just the cup product
a1 U ay. Let ar, a0, a3 € H such that a; Uas = 0 and as U as = 0. Then the triple
Massey product {a1, a2, as) is defined.

We recall the following special case from [2, Theorem C]. Let a,b,c € H* be
cohomology classes such that aubd = 0 and bu ¢ = 0. Then m3(a®b®c) € {a, b, c).
This implies the following well-known fact.

Proposition 2.13. Let C* be a DGA with cohomology algebra H®. Let a,b,ce H®
be cohomology classes such that a Wb = 0 and b u c = 0. Assume that C* is
As-formal. Then the triple Massey product {a,b,c) contains zero. ([l

2.4. The canonical class. Let (C*,d, ) be a DGA with cohomology algebra H*.
Let (H*, {my}) be the minimal model of C* as an A,-algebra. We note that we can
construct the map ma: (H*)®3 — H*®[—1] as follows (see for example [I, Section
5], [22], [34]). We choose an Fa-linear graded map fi: H* — Kerd which induces
the identity when taking cohomology. Since f; is multiplicative on cohomology, we
can find a graded Fs-linear map fo: H®* ® H®* — C® of degree —1 satisfying

6(f2(a®Db)) = fi(a v b) + fi(a) v f1 (D).
Now we define a graded Fa-linear map ®3: (H*)® — C*[-1] by
P3(a®@b®c) = fi(a)fa(b®c) + fa(a®Db)fi(c) + f2((ab) ® ¢ + a ® (be))

for all homogeneous elements a,b,c € H® where we write xy for the product x U y
to shorten the notation. We check that ®3 has image in the cocycles of C®, and
hence ®3 induces a graded map [®3]: (H*)®3 — H*[-1]. We set m3 := [®3]. By



8 AMBRUS PAL AND GEREON QUICK

[1, Proposition 5.4], mg is a cocycle in the complex (2)). By [I, Corollary 5.7], the
corresponding Hochschild cohomology class [ms] € HH* ' (H*) is independent of
the choice of f; and fo, and it is called the canonical class of C* following Benson—
Krause-Schwede who studied this class as an obstruction to the realizability of
modules over Tate cohomology in [I]. We note that the canonical class is also
sometimes called the universal triple Massey product, see for example [31]. The
following result is a modified version of Kadeishvili’s theorem [14] (see also [34]
Theorem 3.9], [5, Theorem 2.7], and [40, Theorem 4.7]).

Theorem 2.14. Let C* be a DGA with canonical class [ms] € HH*>~*(H®). Then
C* is As-formal if and only if [m3] = 0.

2.5. Canonical class for Koszul cohomology algebras. Let (C*,d, ) be a dif-
ferential graded algebra over Fy with cohomology algebra H®. We now assume that
H* is a Koszul algebra. In this case, the canonical class of C* can be constructed
in a simpler way as follows. Let R < H' @ H' denote the relations such that
H* = T(HY)/(R). Let Z' = kerd = C! denote the cocycles in degree one. Let
fi: Ki(H®) = H' — Z! be an Fy-linear map which induces the identity when
taking cohomology. Let fo: K2(H®) = R — C! be an Fa-linear map such that
df2(a,b) = fi(a) v f1(b). We define the Fa-linear map

(4) Us(a,b,c) == fi(a) U fa(b,c) + fola,b) U fi(c): K3(H®) — 2?

where, by slight abuse of notation, we allow (a,b), (b,¢), and (a,b,c) to denote a
sum of tensors in R and K3(H®) respectively. By a direct computation, we check
that W3 has image in the cocycles of C2. Hence W3 induces an Fo-linear map

ra(a,b,¢) = fi(a) U fa(b,¢) + fala,b) U fi(c): K3(H*) — H?.
In fact, the map k3 represents the canonical class of C*:

Proposition 2.15. The class of k3 in the cohomology of the complex is the
image of the canonical class of C* under the automorphism of HH3’_1(H°) induced
by the inclusion K3(H®) — (HY)®3. In particular, the differential graded algebra
C* is Az-formal if and only if [k3] = 0.

Proof. This follows from [34] Proposition 4.12] and Theorem m |

3. DWYER’S CRITERION AND DEMUSHKIN GROUPS

We now specialise to differential graded algebras which arise from continuous
group cohomology of profinite groups.

3.1. Continuous group cohomology and the canonical class. Let G be a
profinite group, and let G™ denote the n-fold direct product of G with itself. Let
C™(G,F3) denote the Fa-vector space of continuous functions G® — Fy with respect
to the discrete topology on Fs and the profinite topology on G. Following [42] §2.2]
the differential 6: C"(G,Fy) — C"*1(G,Fy), which is defined by

n
(60) (915 gnt1) = @(g2, -+, gns1) + Z ©(G1s -, GiGit1s s Gnt1)
i=1
+ 80(917 e agn)a
turns C*(G,F3) into a cochain complex whose cohomology H* (G, F2) is the contin-
uous cohomology of G with coefficients in the trivial G-module Fy. In particular,
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H'(G,F,) is the group of continuous group homomorphisms G — Fs. For every
€ CY(G,F3) and ) € C7(G,Fy), we define ¢ U ¥ € C*TI (G, Fa) by the formula:

(QO Uw)(glw-')gi-hj) = ‘P(leagz) ' ¢(9i+1a--~79i+j)-

This induces the cup product on cohomology which turns H*(G,Fs) into a graded
Fy-algebra.

Definition 3.1. Let G be a pro-2 group. We say that G is Az-formal if the
differential graded Fy-algebra C*(G,Fs) given by continuous cochains is Az-formal.
We write y¢ for the canonical class y¢e (g r,) in HH* ' (H*(G,Fy)) and call it the
canonical class of G.

3.2. Dwyer’s theorem on Massey products. We now recall from [6, Theorem
2.4] that the definition and vanishing of Massey products can be characterised as
follows. Let U, (F2) denote the group of all upper triangular unipotent (n x n)-
matrices with coefficients in Fy. Let Z,,(F2) denote the center of U, (Fy), i.e., the
subgroup of all matrices in U, (F3) with all off-diagonal entries being 0 except at
position (1,n). We write U, (F2) = U, (F2)/Z,(F2).

Notation 3.2. We let e;;: U,(F2) — Fy denote the projection to the (i,j)-
coordinate.

The following result was proven by Dwyer in [0, Theorem 2.4].

Theorem 3.3 (Dwyer). Let G be a profinite group. Let ai,...,a, € H' (G,Fs).
There is a one-to-one correspondence M <« p,; between defining systems M for
{ai,...,any and continuous group homomorphisms py;: G — Upy1(F2) such that
eiiv1 © (Ppy) = a; for i = 1,...,n, where we identify a;, with the correspond-
ing continuous group homomorphism G — 5. The correspondence is given by
sending a defining system M = {a;;} to the continuous group homomorphism
Py G — Uni1(Fy) such that eijop =a;; forl <i<j<n+1. Moreowver,
the element a1, ...,anyr € H?(G,Fy) vanishes if and only if there is a continuous
group homomorphism py,: G — U,y1(Fo) making the following diagram commu-
tative

0 —— Zp+1(F3) —— Upy1 (F2) —— Uppr (F2) — 0.

Example 3.4. Let 1, x2 € H*(G,F5). Then we have y; U Y2 = 0 if and only if
there is a continuous group homomorphism p: G — Us(F3) such that e1 2 0p = x1
and ez 3 0 p = x2. In particular, the continuous map 7 := e;30p: G — Fy is a
cochain in C'(G,F2) such that 67 = x1 U xa.

3.3. The classification of pro-2 Demushkin groups following Demushkin,
Serre, and Labute. By the work of Demushkin [3, [4], Serre [41], and Labute
[T7], Demushkin groups are completely classified and pro-2 Demushkin groups can
be characterised as follows. Let G be a pro-2 Demushkin group. For elements
z,y € G, let [z,y] = 2 'y oy denote the commutator. In the following, we
use the convention 2% := 0. Let d := dimp, H'(G,F3), which is a finite number
by definition of a Demushkin group. Then G is generated by elements z1,...,zq4
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subject to a single relation r = r(x1,...,24). The number d and the relation r
satisfy one of the following characterisations:

(I) Demushkinfd]: d > 2 is even, f € {2,3,...} u {oo}, and r is of the form

(5) Jﬂ%f [x1,z2][x3, 4] - - - [Ta—1,2a] = 1

(IT) Serre [1]: d = 3is odd, f € {2,3,...} U {0}, and r is of the form
(6) wtad [, 5] [ran, wa] = 1

(III) Labute [17): d = 2 is even, f € {2,3,...} U {oo}, and r is of the form
(7) 27 a1, 25+ [ea-1, wa] =

(IV) Labute [I7]: d > 4 is even, f € {2,3,...}, and r is of the form
(8) o1y, xg]ng [z3,24] - [Xd—1,7a] = 1.

Example 3.5. Let ¢ be an odd prime number. Let Gg,(2) be the maximal pro-2
quotient of the absolute Galois group of Q, and let ¢ = 2 be the maximum power
of 2 such that Q, contains a ¢-th root of unity. By [32 Proposition 7.5.9], Gg,(2)
is pro-2 group with generators z1, x subject to the relation 1 = z%[x1,x5]. This
group is of type I if ¢ = 4, and it is of type III if ¢ = 2.

Example 3.6. Following [41] Section 4], let Q2 denote the field of 2-adic numbers,
and let K be a finite extension of Qg of degree n. Let G be the maximal pro-2
quotient of the absolute Galois group of K. Let ¢ = 2/ denote the highest power
of 2 such that K contains a primitive ¢g-th root of unity. Assume ¢ # 1. Then, by
[41], Théoreme 4.2], G is a pro-2 Demushkin group with d = n + 2. By [4] and [41]
Corollaire 4.3], if ¢ # 2, then G is defined by relation . By [41l Corollaire 4.4],
if ¢ = 2 and n is odd, then G is defined by relation @ In particular, for K = Qo,
we obtain the pro-2 Demushkin group G with generators x1,zs2,z3 subject to the
single relation 1 = x2z4[z2, 73]

Example 3.7. We recall the following example provided by Labute in [I7, §5].
Let Qo denote the field of 2-adic numbers, and let K = Qz(y/—2). Let G be the
maximal pro-2 quotient of the absolute Galois group of K. By [I7, Example below
Theorem 9 on page 132], G is defined by relation with d = 4, i.e., G is generated
by 1,2, T3, 24 subject to the relation 23 "*[xy, z2][x3, z4] = 1. For other examples
of this type, we refer to [32, Chapter 7.5, page 417].

Example 3.8. Let G be the pro-2 group with generators x1,z9,x3 subject to
the single relation 1 = 23[x9,x3]. According to [12, Remark 5.5], it is not known
whether this group arises as the maximal pro-2 quotient of an absolute Galois group.

In the following proofs and constructions we will frequently use the following
observation, often without explicitly mentioning it.

Notation 3.9. For matrices M and N in U, (Fz), we write [M, N] :== M~!N"'MN.

Lemma 3.10. Let G be a pro-2 group with generators x1,...,xq subject to the
single relation r(x1,...,2q) = 1. Let My,..., My € U,(F3) and let I,, denote the
(n x n)-identity matriz. If

(9) r(My,...,My) =1,
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in U, (Fy), then the assignment p: x; — M; for x1,...,xq defines a continuous
group homomorphism p: G — U, (Fs). Moreover, p can be lifted to a continuous
group homomorphism p: G — U, (F2) if and only if (9) holds in U, (Fs).

Proof. This follows directly from the defining relation for G' and the fact that
U, (F2) and U, (F2) are finite 2-groups. O

Lemma 3.11. Let G be a pro-2 Demushkin group with generators x1,...,xq. We
let xi: G — Fy denote the group homomorphism determined by x;(x;) = 0;5, where
0;; denotes the Kronecker symbol. For each i, we consider x; as an element in
HY(G,Fy). In H*(G,Fs), we have the following relations:

e If G is defined by relation , then x1 U x2 #0, X1 U X2 = X2i-1 U X2; =
X2i U X2i—1 for 1 <i<d/2, and x; v x; = 0 for all other cases. We have
H? = Fa{x1 U X2)-

o If G is defined by relation @, then x1 U x1 # 0, X1 U X1 = X2 U X2i41 =
X2i+1 U X2i for 1 < i< (d—1)/2, and x; U xi = 0 for all other cases. We
have H2 = F2<X1 U X1>

o If G is defined either by relation @ or by relation , then x1 U x1 # 0,
X1 U X1 = X2i—1 Y X2i = X2i U X2i—1 for 1 <i<d/2, and x; U xx =0 for
all other cases. We have H? = Folx1 U X1)-

Proof. First, we assume that G is defined by relation . We write g == 27. Let
A = (é é §> and Ag; = (é ?) ?) be matrices in Us(Fy). We have A2) = A2] = I3

in Us(Fq) for all n > 1. Since [A1g, Ao1] = (é g (1)), we have A [A10, Ao1] = I3

in Us(Fs2) but A%)[A10, A01] # I3 in Us(Fs). By Lemma the assignment
x1 — Ay, 2 — Ap1, and x; — I3 for j # 1,2 defines a continuous homomorphism
G — U3(F3) such that e; 5 0p = x1, and ez 3 0 p = Y2 which does not lift to a
continuous homomorphism G — Us(F3). By Dwyer’s Theorem and Example
this implies that x1 U x2 # 0 in H?(G,F3). Now assume that i # j and
(4,7) # (2k—1,2k), (2k,2k—1). Since [M, I3] = [I3, M| = I3 for every M € Us(F2),
the assignment x; — Aig, z; — Ao1, and x, — I3 for s # ¢, j defines, by Lemma
a continuous homomorphism p; ;: G — Usz(F2) such that e; 2 0 p; ; = x;, and
e2,30pi; = Xj- By Dwyer’s Theorem [3.3]and Example [3.4} this implies x; U x; = 0

in H%(G,Fy). Now let Aj; denote the matrix A;; = <é é ?) in Us3(F3). We have
Ary = ((1)? (i)> with (3) = 0 for n = 0,1, and hence Af, = (ég?) in Us(F2)
00 1

since either ¢ = 0 or ¢ = 2/ with f > 2. Hence, by Lemma the assignment
x; — Ajq1, and x; — I3 for j # ¢ defines a continuous homomorphism p;;: G —
Us(F3) such that e; 20p;; = x; = €2,30p;,;. By Dwyer’s Theorem and Example
this implies Xi Y Xi = 0 in H2(G,F2). Since A?O[Al();AOl][AOl’AlO] = 13 in
Ug(]FQ), the assignment Iy — Alo, Io —> A()l, To;—1 > A()l, To; —> 14107 and Ty — Ig
else defines a continuous homomorphism p: G — Us(F3) such that e1 20p = x1+x2,
and ez 30 p = X2 + X2i—1. By Dwyer’s Theorem [3.3] and Example this implies
(x1 + x2i) U (X2 + x2i-1) = 0 in H%(G,Fy). Since we already know x1 U x2;_1 = 0
X2i U X2 = 0, this implies x1 U X2 = X2i U X2i—1 in H?(G,Fy). By switching the
assignments for x1, xo, T2;—1, and xy; accordingly we get the remaining relation.
This finishes the proof of the first case.
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Now we assume that G is defined by relation (). Since A%, = ((1) (1)>, we have

A2 = I3 in Us(Fy) but A2, # I3 in Us(F,). By Lemma the assignment
x1 — A1 and x; — I3 for j # 1 defines a continuous homomorphism G — Us(Fs2)
which does not lift to a continuous homomorphism G — Usz(F2). By Dwyer’s
Theorem and Example this implies that 1 U x1 # 0 in H?(G,Fs). We
have A3) = A2} = I for all n > 1. Assume (j, k) # (1,1),(24,2i + 1), (2i + 1,2i).
By Lemma [3.10} the assignment x; — Ay, xx = Ao1, and z, — I3 for r # j,k
defines a continuous homomorphism p: G — Us(F3) such that e; 20 p = X;j, and
€2,30p = X. By Dwyer’s Theorem and Example this implies x; U xx = 0
in HQ(G, ]FQ) Since [A107A01] = (é g (1)), we have A%l [Alo,A()l] = 13 iIl Ug(FQ)
By Lemma the assignment xry —> AH, To; —> Alo, T2i4+1 > A01, and X4 — I3
for j # 1,24,2i + 1 defines a continuous homomorphism p: G — Us(F3) such that
€120p = X1+ X2i, and ez 30p = X1 + X2i+1. By Dwyer’s Theorem and Example
this implies (x1 + x2i) U (x1 + X2i+1) = 0 in H?(G,Fy). Since we already know
that x1 U x2i41 = X2i U X1 = 0 in H?(G, Fy), this implies x1 U X1 + X2i U Xx2i+1 = 0
in H%(G,Fy). By switching the assignments for zo; and x9;,1, we get the assertion
X1 U X1+ X2i41 U X2i = 0 in H2(G,Fy), too. This finishes the second case.

The assertion for relations and , follows as for relation @ by replacing xo;
and xo;41 With x9; 1 and xo; respectively. See also Section [6.3] Here we note that
every matrix M € Us(Fy) we used satisfies M* = I3 in U3(F3). Hence an additional
factor M2’ in a matrix relation of the form @, corresponding to the additional

factor x%f or :v%f in the defining relation for G, does not impose an obstruction for
defining a continuous group homomorphism G — Us(F3). |

4. PrRO-2 DEMUSHKIN GROUPS OF TYPE I

The goal of this section is to prove the following theorem.

Theorem 4.1. Let d > 2 be an even number, and let ¢ = 27 with f =2, or ¢ = 0.
Let G be the pro-2 group with minimal set of generators {x1,...,xq} satisfying the
single relation

1= 2f[x1, w2][w3, 24] - - - [Ta—1, 2a].
Then the canonical class of G is trivial, and G is Az-formal.

For the rest of this section, we let G be the pro-2 group as in Theorem Let
C* = C*(G,F3) denote the complex of continuous inhomogeneous cochains, let Z*
denote the cocycles, and let H* = H*(G,F3) denote the corresponding cohomology
algebra. We consider C" and Z™ as Fy-vector spaces with addition and multi-
plication defined pointwise. We let x;: G — F5 denote the group homomorphism
determined by x;(x;) = d;;, where d;; denotes the Kronecker symbol. The collection
{X1,---,xa} forms a basis of H!. We write J := {1,...,d}, J/2 = {1,...,d/2}, and
we set J/2 == (J/2)\{1} = {2,...,d/2}. In Section we determine the complex
which computes the Hochschild cohomology of H*. In Section we determine
the effect of the corresponding differential. In Section [I.3] we give a concrete con-
struction of a map which represents the canonical class of G. In Section [1.5] we
finish the proof of Theorem
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4.1. The Koszul-Hochschild complex. By [30, Theorem 5.2], the graded Fs-
cohomology algebra of G is a Koszul algebra. In this section, we determine a basis
for the Fa-vector spaces R such that H®* = T(H')/R and of K3(H?*).

Proposition 4.2. The Fy-vector subspace R « H'@H* such that H* = T(H")/(R)
admits the set Bo as a basis where
By = {x; ® x; for all (i,7) ¢ {(2k — 1,2k), (2k,2k — 1) : k€ J/2};
X1 ® X2 + X2i ® X2i—1, X2i—1 @ X2i + X2i ® X2i—1 fori € J/2}.
Proof. This follows from the description of the cup product on H*(G,F2) in Lemma

Note that we have #Bo = d(d — 1) + 2(d/2) — 1 = d? — 1 as required for a
basis by definition of a Demushkin group. a

Proposition 4.3. The set B3 :=SuDu D uUT is a basis for the Fa-vector space
K3(H®) where the sets S (single terms), D, D (double sums), and T (triple sums)
are

. iwk#7+1 ifjisodd
S = {Xi@Xj@Xk with { J /i },

i,k#j—1 1ifjis even;

D = {xx ® (x2i-1 ® x2i + X2i ® X2i-1),
(X2i—1 ® X2i + X2 Q@ X2i—1) ® Xk forie J/2, k #2i — 1,21,
Xk ® (X1 ® X2 + X2i ® X2i-1),
(X1 ® X2 + X2i ® X2i-1) @ X fori € J/2, k #1,2,2i —1,2i}

D= {x1® (x1 ®x2 + x2i ® X2i—1), X2 ® (X1 ® X2 + X2i ® X2i—1)5
X2 ® (X2 ® X1 + X2i—1 ® X2i), X2i—1 ® (X2 ® X1 + X2i—1 ® X2i)5
(X2 ® X1 + X2i-1 ® x2i) ® X1, (X2 ® X1 + X2i—1 ® X2i) ® X2,

(X1 ®x2 + X2i ® X2i-1) ® X2, (X1 ® X2 + X2i ® X2i—1) ® X2i—1 forie j/2}

T = {x2i ® X2i—1 ® X2i—1 + X2i—1 ® X2i ® X2i—1 + X2i—1 ® X2i—1 ® X2,
X2i—1 ® X2i ® X2i + X2i ® X2i—1 ® X2i + X2i ® X2i ® X2i—1 forie J/2}.

Proof. Proposition [I.2] shows that R has the same form as for pro-p Demushkin
groups for an odd prime p. Since K3(H*) only depends on the relations in H?, the
same arguments as in [34] Lemma 7.2] then prove the assertion that Bs is a basis
of K3(H*). (Note that we explain the argument in the other cases below.) ]

4.2. The differential in the Koszul-Hochschild complex. Now, we analyse
the differential 0: Homp, (K35 (H*®), H*) — Homy, (K3(H*), H?) in the complex (3]
which computes the Hochschild cohomology of H®. For any o € Homp, (K3(H*®), H'),
0o vanishes on elements in T and on elements in the set Ag = {x; ® xi ® x; : i €
J} € S. In particular, for d = 2, the differential is trivial. For d > 4, however, 0
is non-trivial as we now show. First, we note that it is easy to see that for every
element (xa, Xb, Xc) in S\Ag U D, there is a 0 € B3 such that do(xa, Xs, Xc) # 0.
The same do may be non-trivial on several elements of B3 simultaneously. Since
we will show in Section [{.5 that the map which represents the canonical class of G
vanishes on the sets S and D, we only compute the effect on the set D.
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Notation 4.4. We will often write x;; for x; ® x; € H' ® H' and x; jx for
Xi®X;®xr € H' @ H' @ H' when it makes formulas easier to fit into the text.

Notation 4.5. Let x;; € Bo, ie., (i,7) # (2k — 1,2k), (2k,2k — 1). For s € J,
we write o7 ; for the unique Fo-linear map R — H ! which sends x;; to xs and
every other element of By to 0. For x1 ® x2 + x2i ® x2i—1 € Ba, i € J/2, and
s € J, we write 0] o/ 119, ;1 for the unique Fy-linear map R — H' which sends
X1 ® X2 + X2 ® x2i—1 to Xxs and every other element of By to 0. Similarly, for
X2i—1 ® X2i + X2i ® Xx2i—1 € Ba, we write 03, 1 51110, 9; 1 for the unique Fs-linear
map R — H' which sends x2i—1 ® X2 + X2i ® X2i—1 to xs and every other element
of By to 0.

Notation 4.6. For an element (xa, X5, Xc) € B3, we write (Xa, Xb, Xc)* for the
unique Fo-linear map in Homp, (K3 (H*®), H?) such that (Xa, X5, X¢)* (Xa, Xbs Xe) # 0
and (Xa, Xb, Xc)* sends all other elements in B3 to 0. By slight abuse of terminology,
using the isomorphism Homp, (K3(H*®), H?) =~ Homp, (K3(H*),F2) induced by the
isomorphism H? = Fy, we refer to (Xa, Xb, X¢)* as the dual of (Xa, Xb, Xc). We write
B# for the set of (x4, xb, Xc)* for all elements in Bg.

Lemma 4.7. Assume d >4 and let i € J/2. Then

ES 2i—1
(X2,1,2i + X2i-1,2i,2)" = 0051 o1 1195 91>

* %

(X2i71,2,1 + X2i7172i71,2i) = 5021‘—1,22"#21',21'71»

'  \% _ A 21 2i—1

(X2i1,2 + X2i,2i,2i-1)" = 0051 9ir4r9i2i—1 T 007 ‘91 119i i1
)*

A2 2i
and (X1,2,2i-1 + X2i,2i-1,2i-1)" = aa2i—1,2i’+/2i,2i—1 + a‘71,2'+'2¢,2¢—1-

Moreover, we have

* 1 * 2
Z (X2,2,1 + X2,2j—1,2j) = 901,2/+/2,1, Z (X2,1,1 + X2j—1,2j,1) = 501724/2717

jeJ/2 jeJ/2
2()( + X2j2j-12)% = doi +2601 oy
1,2,2 27,25—1,2 1,2/+4/2,1 1,2/4+725,25—1>
jed/2 jej/2
and

¥ _ A 2 2
Z (X1,1,2 + X1,2j,2j—1) = (70172/1;/2,1 + Z aC71,2/+/2j,2j—1'
jeJ/2 jed/2

Proof. First, we consider 0o3!_| 5,/ 9; 5;_1 and compute
2
6022‘71,21"#21‘,21‘71(X2i—1,2,1 + X2¢71,2i71,2i)

21
= X2i—1 Y 01 2ir4r2i,2i—1(X2,1 T X2i-1,2i)

2% 2%
+ 051 1.9042i2i-1(X2i-1,2) U X1 + 021 0574724 2i—1(X2i—-1,2i-1) U Xa2i-

" 2 2i -
By definition of 04 1 9;19;2;—1, We know that o5} ; 5,15, 9, 1(X2i-1,2) = 0 and
2i o) =
0'21-_172“_21-721»_1(ngflyngl) = 0. Moreover, we have

(10)  x2,1 + x2i—1,2i = (X1,2 + x2,1) + (X2i—1,2i + X2i,2i-1) + (X1,2 + X24,2i—1)-
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C 2 2i _

By definition of 03} ; 9; 9,0, 1, we have 021;1’21-,#21-}21;1()(1,2 + x2,1) = 0 and
e

031 21421 2i—1(X1,2 T X2i,2i-1) = 0, and hence

2i
005 1 2ir472i,2i—1(X2i-1,2,1 + X2i—1,2i—1,2i)
2i
= X2i-1 Y 091 i r2i2i—1(X2i-1,2i + X20,2i-1) = X2i—1 U X2i # 0.
It remains to show that do2! | . 4795251 vanishes on all other elements of B3. For

Xabe € S, we have 0%5—1,2i’+’2i,2i—1(xa,b) =0= Ugf-1,2i'+'2i,zi—1(Xb,c) and hence
003t 1 i y12i9i-1(Xap,e) = 0. Now let be J/2 and a € J with a # 2b —1,2b. Then

2i
005 1,94 4/9i,2i—1(Xa,2b-1,2b + Xa,2b,2b—1)
2i
= Xa VY 02i—1,21”+’21‘,2i—1(X2b—l,2b + X2b,2b—1)

2% 2
+ 051 2ir4+2i,2i-1(Xa,20—1) U X2b + 0271 2574125, 2i—1(Xa,20) U X2b—1-

. 21 .
By definition of 602i_1,2i,+,2i72i_1, the second and third summands are zero, and we

have 03! 94195 2i1 (X2b—1,.2 + X2b,20-1) # 0 if and only if b = i by Lemma
However, the cup-product x, U x2; is non-zero if and only if a = 2¢—1. But we have
a # 2b—1 by assumption. This shows ao—gg_l,%,+,%%_1(Xa,gb,l,gb+Xa,2b,2b,1) =0.
Similarly, we get 60%71521-%,2@2%1(ng_lgb@ + X2b,2b—1,0) = 0. We can check that
6052_1,21-, \r9i.0;_1 Vvanishes on the remaining elements of D. For another example

of an element in ]5, we compute, for b e j/2,

60%;71,21"#2@’,21‘71(X?,l,l + X2b-1,26,1)
= X2V 03271,21"#21}21‘71(){1,1) + X2p—1 Y 052—1,22”#22’,22’71(X2b,1)
+ 05271,22”#22’,21’71()(2,1 + X2b—1,26) U X1
= 0%371,21‘%’2@21‘71(X2b71,2b + X2b,26—1) U X1
where we use again . The last cup product is non-zero if and only if b = ¢ and i =
1 by Lemma However, we have b > 2 by assumption. Similar computations

2i . .. - .
show that 802i_1)2i,+,2i)2i_1 vanishes on the remaining elements in D as well. Since
. . . 2i
do vanishes on T for all o, this proves the assertion for 003 1 9,19, 9; ;-

. 1 . T oy 1
Second, we consider 0o 51 ;. Let j € J/2. By definition of 0oy 5 /s ;, We have
1 _ 1 -
01 9rr2.1(X2,2) = 0 and o7 o415 1 (X2,2j—1) = 0. Hence we get

1
001 991 (X2,21 + X2,2j-1,25)
_ 1 , , 1 1 , ,
= X2V 072 21(X21 + X2j-1,25) + 01 001 (X2.2) U X1+ 07 2402 1(X2,25-1) U X2j
1
= X2 VU 01 2 491(X2,1 + X2j-1,25)-
: 1 1
Now we use again (10). We have oy o/ ,5 1 (X2j-1,2jFX25,2j-1) = 0and o7 5119 3 (x1,2+
X2j,2j—1) = 0 since j > 2 by assumption. Thus, for every j € J/2,
1 1
aU1,2f+'2,1(X2,2,1 + X2,2j71,2j) = X2\ ‘71,2'+'2,1(X1,2 + X2,1) =x2ux1 #0.

It remains to show that 60% 94191 vanishes on all other elements of B3. For Xa,b,c €
1 1 1
S, we have 0y 5119 1(Xap) = 0 = 07 911191 (Xb,c) and hence 007 5115 1 (Xab,e) = 0.
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Now let b€ J/2 and a € J with a # 2b — 1,2b. Then

1
0071 91421 (Xa,26-1,2 + Xa,26,26-1)
1
= Xa Y 0172/+/2,1(X2b71,2b + X2b,26—1)
1 1
+ 01,2'+'2,1(Xa,2b—1) U X2b + 0-1,2’+’271(Xa,2b) Y X2b—1-

By definition of 60%72, 49,1, the second and third summands are zero, and we have
01 991 (X2b-1,26 + X2v2o—1) # 0 if and only if b = 1. However, the cup-product
Xa U X1 is non-zero if and only if a = 2 by Lemma [3.11}] But we have a # 2b = 2 by
assumption. This shows 007 o151 (Xa.20-1,26 + Xa,26,20-1) = 0. Similarly, we get
80%72/+'2)1(X2b—1,2b,a + X2b,20—-1,0) = 0. Now we assume b € j/? Then 80%’2%,2’1
sends both xg,1,2 + Xa,26,20—1 and X1,2.a + X2b,20—1,a tO zero, since 0%}24/271(){1,2 +

Xab,2b—1) = 0 for b > 2. It remains to show that 60%_’2, 15,1 vanishes on the other

"
elements in D. Then, by relation , we get U%’2,+/2’1(X2y1 + X2b-1,26) = X1-
However, since x1 U X1 = X1 U X2b = X2v—1 U X1 = 0, we conclude that 60}’2/+,271
vanishes on the elewments (X2,1,1 +X26—1,26,1)5 (X2,1,26 + X26—1,26,26), and (x2p—1,2,1 +
X2b—1,26—1,26) in D. Since 0%72,4_/271()(1,2 + Xap2p—1) = 0 for b > 2, we get that
50%,24/2,1 also sends the elements X112 + X1,26,20—1, X1,2,2 + X2b,26—1,25 X2b,1,2 +
Xab.2b25—1, and X1.2.95_1 + X2b.26-1,26—1 0 D to zero. This proves that 001 g1 1i91
is non-zero exactly on all elements of the form (x2,2,1 + X2,2j—1,2;)* for all j € j/2
This proves the claim for 60%72, 49,1~ The remaining assertions of the lemma follow
from similar computations. 0

Proposition 4.8. Let DY = ]3’{‘6—)]5;‘ denote the subspace of Homy, (K3(H*), H?)
given by the sum of

f);" = Spaan{(XQ,l,Qi + X2i-1,24,2i) %, (X2i-1,21 + X2i-1,2i-1,2:) %,
(x2i,1,2 + X26,2i,2i-1) " (X1,2,2i-1 + X2i,2i-1,2i-1)" : @ € j/Q}
and

D = Spang, { 2 (x2.2,1 + X2,25-1,25) ", 2 (X2,1,1 + X2j-1,2,1)",

jeJ/2 jeJ/2
Z (X122 + X2j,25-1,2)", Z (X1,1,2 + X1,25,2j-1) %}
jeJ/2 jeJ/2

Then f)”z< c Im (). In particular, if k € Homp,(K3(H®), H?) sends S, D, and
T to zero, and has the same values on (X221 + X2,2i—1,2i), (X2,1,1 + X2i-1,2i,1),
(X1,2.2 + X2i2i-1,2), and (x1,1,2 + X1,2i,2i—1), respectively, for all i € J/2, then Kk is
a coboundary and [k] = 0 in HH> ™ (H*).

Proof. This follows directly from Lemma @ O

Corollary 4.9. Let k € Homy, (K3(H®), H?), and assume that  sends S, D, and
T to zero, and has the same values on (X221 + X2,2i—1,2i), (X211 + X2i-1,2i1),
(X1,2,2 + X2i,2i-1,2), and (x1,1,2 + X1,2i,2i—1), respectively. Then k is a coboundary
and [k] = 0 in HH*> 1 (H*).

Proof. This follows directly from Proposition [4.§ g
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4.3. Construction of the canonical class. We will now construct the canonical
class of G. Let Hom(G,Fy) denote the Fao-vector space of continuous group homo-
morphisms. We choose f; to be the identity Hom(G,Fs) = H! — Z! = Hom(G, F»)
and omit it from the notation. We construct an Fo-linear map fo: R — C! by defin-
ing it on each element of Bs and then extend it Fo-linearly.

Let Ayg = (é 2[) %), Ag = (é 2 ?), and A, = (é (%) (%)) denote the matrices used
in the proof of Lemma[3.11] Let ¢ # j and (4, j) # (2k—1,2k), (2k,2k—1). Asin the
proof of Lemma we define the continuous homomorphism p; ;: G — Us(F2)
by the assignment z; — Aig, x; — A1, and x5 — I3 for s # i,j. We define the
continuous map fa(x; ®x;): G — Fa by setting fo(x; ®x;) = e1,30p;,;. We define
the continuous homomorphism p; ;: G — Us(F2) by the assignment x; — A;q, and
xj — I3 for j # i. We define the continuous map fa(x; ® xi): G — Fa by setting
fo(xi ® xi) =e1,30 p;;. Now let i € J/2. We would like to define continuous map
T12i—1,24"4+24,2i—1 * G — 3 such that 5772i—1,2i'+'2i,2i—1 = X2i—1 Y X2i T X2i Y X2i—1-
To do so, we use Dwyer’s Theorem [3.3] and the following notation.

Notation 4.10. By slight abuse of notation, we will often write a continuous
homomorphism p: G — U, (F2) as an (nxn)-matrix with (¢, j)-entry the map e; jop.
lai2aizai

For example, for n = 4, we write p = < 1 azs ““) where each a; ;: G — Fa is

1 as 4
1
a continuous map, and ai 2, az 3, and az 4 are group homomorphisms.

Notation 4.11. Let n > 3. For 1 < s <t < n, we let E,,; denote the matrix in
U, (F3) with only non-zero entry above the diagonal in row s and column t. We
have (Es4)? = I, in U, (F2) for each pair (s,t). We note that it will be clear from
the context which n we consider and we therefore omit it from notation for the
matrices E ;.

To construct the cochain 72;_1 2i4/2i2i—1 we use Dwyer’s Theorem We
would like to define a continuous homomorphism pg;—1 2i472:2i—1: G — Us(F2)
which lifts the continuous homomorphism py; 1 o1 r950;1: G — Ua(F2) given by

1 X2i—1 X210 %

DP2i—1,2i/+/2i 2i—1 = ( 1 (1) X’;fil > To construct the desired lift, consider the

=

100 _ (o010}

011>a and B := <0010>~

001 0001
We have A? = I, and [A,B] = I in Uy(F3). Thus, by Lemma we can
define po;_1.2i7472i2i—1 by the assignment x9;,_1 — A, x9; — B, and z; — I, for
s # 2i — 1,2i. We define the desired continuous map G — Fs by setting

matrices

— ococo~

fa(x2i—1 ® X2i + X2i ® X2i—1) = €1,4 0 P2i—1,2i/ /2 2i—1-

Similarly, for i € J /2, we construct a continuous homomorphism p1 9/479;2i-1: G —
Uy(F3) which lifts the continuous homomorphism 7 o (19 9; 1 : G — U4(F2) given

1 x1 x2e %
_ 1 0
by p1,2’+’2i72i71 = 1 X;z—l . We have I:El,Q,EQ,zl] = [E374,E1_’3] = E174 and

1
hence [ELQ, E274] [E374,E173] = 14 in U4(]F2) T‘hllS7 by Lemma we can define
P1,2/+2¢,2i—1 - G g U4(IF2) by the assignment T — ELQ, XTo > E274, To;—1 > E374,
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T — Fi3, and z, — Iy for s # 1,2,2i — 1,2i. We then define the desired
continuous map G — Fy by

Ja(x1 ® X2 + X2i ® X2i—1) = €1,4 0 P1,2/4/2i,2i—1-
We now define the map fy: R — C! on all of R by extending it Fp-linearly from B,
to R. We then deduce from Proposition [2.15
Proposition 4.12. We define the map V3: K3(H®) — Z?% by
(11) W3 (Xa» Xbs Xe) = Xa Y f2(Xbs Xe) + f2(Xas Xb) U Xe-

Taking the cohomology class of V3 defines an Fo-linear map k3: K3(H®) — H>.
The map k3 is a cocycle in the complex (Homg, (K3 (H*®), H*[—1]),0), and the class
of kg in HH*> 1 (H*) is the canonical class of G. O
4.4, Two compatibility results. For the proof of Theorem [4.1]in Section 4.5 we

need the compatibility statements of Propositions and we prove below. To
formulate and prove these results, we need the following lemmas in linear algebra.

Lemma 4.13. Let Ti(Fy) be the subset of Uy(Fy) consisting of matrices of the form

lxz vz 10wv0
(8 oY g) and let WL(F3) denote the subset of matrices of the form ( >

0001

<, coco

Then TL(F3) is a subgroup of Uy(Fa), and WL(F3) is a normal subgroup of T(
z 2 1z
Moreover, the map 7t : U3(Fa) — TL(F2)/WL(F2) defined by r': (é ! qu) — <8 5
00

is an isomorphism of groups.

Proof. The following computation shows that T.(F;) is closed under the group
operation:

1z v1 21 1 zo v2 22 1 z1+x2 vitvetTiwe 21+22+T1Y2
(12) 01 wiyr |.[01ways | — (0 1 w1 +w2 y1t+y2

00 1 O 00 1 O 0 0 1 0 :

00 0 1 00 0 1 0 0 0 1

Since Uy (Fy) is a finite group, this implies that T)(F,) is a subgroup. We note
1z v+zw z+zy

cg
lx vz
that the inverse of <§ é '(1:’ é{) in T%(F,) is given by (8(1) vy ) We also see
00 0 1

from that W}(Fy) is a subgroup of T}(Fz). To show that W/(Fz) is a normal

subgroup of T} (F;), we observe
z v+v' fzw’ z 1z vtzw z4+zy
1 wtw y|.[(01 w Y
0 1 0 00 1 0
0 i 00 0
0
1

lx vz 102" 0 1z v+axw z+zy
0Olwy ) (01w o0)].[01 w y =
0010 0010 00 1 0
0001 0001 00 O 1

Since #U3(F2) = #(TL(F2)/WL(F2)), to show that 7! is an isomorphism, it suffices
to show that it is a homomorphism which follows from and

1z 21 1 x3 22 1 z14+z2 21+22+T1Y2
(13) (0 1 yl) . (0 1 yz) = (0 1 y1+y2 )

00 1 00 1 0 0 1
in Ug(Fg) O
Lemma 4.14. Let T; (F2) be the subset of Uy(F2) consisting of matrices of the form

10z 2 100
(8 5y Z) and let Wi (F2) denote the subset of matrices of the form <8 5w >
0001 000

—oc o
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Then Ty (Fs) is a subgroup of Uy(F3), and W} (Fs) is a normal subgroup of Ty (Fa).

F
12 10x 2
Moreover, the map 7" : U3(F2) — Ty (F2)/ Wi (F2) defined by 7" : (8 ! 11;) — (8 5F Z)
0001

is an isomorphism of groups.

Proof. This follows from an analogous but symmetric computation as in the proof
of Lemma [£.13] (Il

Proposition 4.15. Assume x; ®x; € R. Let fo(x;i®x;): G — Fy be defined as in
Section . Let p: G — TL(Fq) be a continuous group homomorphism satisfying
pi(xi) = 12 and p'(x;) = Ea4, and pl(zy) = Iy for k #4,5. Let p}: G — Tj (Fa)
be a continuous group homomorphism satisfying pj(x;) = E13 and py(z;) = Es 4,
and py(xy) = Iy for k #1i,j. Then

era0phy = f2(Xi ®X;) = €140}
as continuous maps G — Fs.

Proof. The assertion for p) follows from Lemma and the assertion for pj
follows from Lemma [4.14] O

We also need to consider the case of matrices in Us(Fa).

Lemma 4.16. Let TL(F2) be the subset of Us(Fy) consisting of matrices of t

(

T

OO O
oo —o8
coroo >
8y
ISR
T
3

u z 1
0

1112 g) and let WE(Fy) denote the subset of matrices of the form <§

01 0

!

S oo oo
cooR¥TNSo~

en TL(Fy) is a subgroup of Us(Fa), and WE(F2) is a normal subgroup of T(

3

Moreover, the map 74 : Us(Fa) — TE(Fa)/WE(Fo) defined by 7: (é le zi}) —

co o8 H ~oooo

TN R OO0
o x %% N~

[elefelelg

—oe on
v

is an isomorphism of groups.

Proof. This follows from a direct computation as in the proof of Lemma [I.13] O

Lem

(

T

4.17. Let TF (Fy) be the subset of Us(F3) consisting of matrices of the form

00
v U
00
1t
01

).

ma
z 0
w v
[1) (1J and let WE (Fq) denote the subset of matrices of the form
00

co oo~
cooro
e g N
SN——
o
coocor
oow@o

0
1
0
0
0
of

>

en TF (Fa) is a subgroup of Us(F2), and WE(F2) is a normal subgroup of TE (
01
00
00
00

o o% o
=% Q¥ N

x
Moreover, the map 7% : Us(Fg) — T (F2)/WE (F2) defined by 7: (é 21: ?) — Z
0

)

is an isomorphism of groups.

Proof. This follows from a direct computation as in the proof of Lemma O

Proposition 4.18. Assume x; ® x; € R. Let fo(xi®x;): G — Fy be defined as in
Section . Let pL: G — TL(Fq) be a continuous group homomorphism satisfying
pt(xi) = E13 and p§(x;) = Es 5, and pk(zy) = Is for k #4,5. Let pt: G — T¢ (Fa)
be a continuous group homomorphism satisfying pi(x;) = E1 3 and pg(z;) = Es 5,
and pt(xy) = Is for k #1i,5. Then

€15 Opé = falxi ® x;) = e15 © 5
as continuous maps G — Fs.

Proof. The assertion for p. follows from Lemma and the assertion for pf
follows from Lemma [£.17 O
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4.5. Computation of the canonical class. We will now compute the values of
k3. To do so, we will make frequent use of the following notation.

Notation 4.19. For ¢ = 1,2,3 and ¢; € Fy, we define the matrix

1le; 0 O

_ 01e2 0
351,52,53 - (o 0 1 53) € U4(IF2)'

00 0 1

Note that a direct computation shows B2 = I in Uy(Fy).

€1,€2,€3

Convention 4.20. We embed U, (F2) as a subgroup in U, ;1 (F3) either by sending
a matrix A € Up,(F2) to (§ §) € Un41(F2), or to (49) € Upy1(F2), where the Os
denote rows and columns with entry 0 respectively.

Proposition 4.21. Let k3: K3(H®) — H? be the map defined in Proposition .
The map k3 vanishes on all elements in the sets S, D and T.

Proof. Let W3 denote the cocycle defined in . We prove the assertion by con-
structing cochains ¥ € C! such that § = W3 for the elements in each of the sets
using Dwyer’s Theorem We consider each set separately. We begin with el-
ements in S. By definition of K3(H®), if xo ® xo ® Xc € H' ® H* ® H! is an
element in S, then the triple Massey product (Xa, X5, Xcy is defined. Moreover,
{Xa> X0, Xer f2(Xa ®X0), f2(Xp ® Xc)} is a defining system, and r3(Xa, Xb, Xc) is the
class of this defining system. Thus, by Dwyer’s Theorem K3(Xas Xbs Xe) = 0

if and only if the continuous group homomorphism p: G — U4(F2) given by

1 Xa f2(Xa®xb) *
D= 1 Xb f2(X;®Xc) lifts to a continuous group homomorphism p: G —

1
Us(F2). If a lift p exists, then the continuous map ¢ := e; 40p: G — Fy is a cochain
such that §9 = U3(xa ® x» ® xc)- Thus, to prove k3(Xa, Xp, Xc) = 0 for an element
in S, it suffices to construct the corresponding continuous homomorphism p.

For elements of the form x; ® x; ® x;, we define the continuous group homomor-
phism pf, ;: G — Uy(F2) by setting pf; ;(x;) == Bi11 and pf, ;(x;) = I, for j # i.
For elements of the form x; ® x; ® x; with ¢ # j and 7 # j — 1 if j is even, we define
the continuous group homomorphism pis71-7j: G — Uy(F3) by setting

pzs,z,_/(ml> = Bl,l,()y pls,l,_](x]) = BO7071, and pis,i,j(mk) = 14 for k #* Z,j

For elements of the form x; ® x; ® x; with ¢ # j and ¢ # j — 1 if j is even, we define
the continuous group homomorphism pg it G— Uy (F3) by setting

Pis,j,j(ﬂﬁi) = B1,0, Pis,j,j(@"j) = Bo,1,1, and Pis,j,j(l’k) =1y for k # 1, 7.

For elements of the form x;®@x,;®xx with i,k # j, 1 # j—1if jisevenand k # j+1if
7 is odd, we define a continuous group homomorphism pE ik G — Uy(Fs) by setting

pis,j7k(xi) = B1,0,0, pis,j7k(xj) = Bo,1,0, Pis,j,k(l“k) = Bo,1,

and p2j7k(xl) =1, for | # i, j, k. This finishes the proof for the set S.

Next we consider elements in D. First, let i € J/2 and k # 2i — 1,2i, and we
consider an element of the form yr ® (x2i—1 ® X2i + X2 ® X2i—1)- While xx ®
(x2i—1 ® X2i + X2i ® x2i—1) does not correspond to a triple Massey product, the
fourfold Massey product {xx, Xx2i—1,0, x2i—1, is defined, and by Dwyer’s Theorem
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the continuous homomorphism ﬁ£2i7172i: G — Us(Fy) given by

1 xk fo(xe®x2i—1) f2(Xr®x2:) *
_D 1 X2i—1 X2i fa(x2i—1®x2i +x2:®x2i—1)
Pk,2i—1,2i = 1 0 X2i
1 X2i—1
1

corresponds to a defining system. Moreover, we have x3(xr ® (X2i-1 ® Xx2i +
X2i ® x2i—1)) = 0 if and only if 511321'71’22' lifts to a continuous homomorphism
pEQi—l,Qi: G — Us(F3). To construct p1k372i_172i, we consider the matrices

PRY00 L9010

A= 100 |, B:= 101
11 10

1 i

in Us(Fs). We have [A, B] = I5. Thus, by Lemma we can define a continuous
group homomorphism ka,2¢—1,21‘¢ G — Us(F3) by the assignment

zp = Ei2, 131 — A, x9;— B,
and ka,Qifl,Zi(‘rj) = I5 for j # k,2i — 1,2i. We use Proposition to identify
1.4 Oka)%_ly% with fo(xx®x2:). We define the continuous map ﬁch,2i—172i: G — Ty
by e 50 p]k),2i—1,2i and get

519]13,21'71,21' = Us(xr ® (X2i—1 ® X2i + X2 ® X2i—1))-

We prove the other cases by specifying the corresponding homomorphisms p and
constructing the required lifts p. For elements of the form (y2;,-1 ® Xx2; + X2 ®
X2i—1) ® X&, we need to show that the continuous homomorphism 51232»_1721»7,6: G —
Us(F3) given by

1 x2i-1 x2i f2(Xx2i—1®Xx2i+X2i®X2i—1) *
_D 10 X2i f2(x2:®xk)
P2i—12ik = 1 X2i—1 fa2(x2i-1®xx)
1 Xlk

lifts to a continuous homomorphism pg; | 5; ;.1 G — Us(Fz2). Consider the matrices

11998 1908

C = 110 |, D= 100
10 10

1 1

in Us(F2). We have [C, D] = I5. By Lemma we can define a continuous group
homomorphism p]23i_172i7k: G — Us(F2) by the assignment

T — E4,57 T2—1 — C; o — D,
and p]23i—1,2i,k(xj) = I5 for j # k,2i — 1,2i. We use Proposition to identify
€2,5 0 Pai_1 255 With fa(x2i ® X)-
Second, let i € J/2 and k # 1,2,2i — 1,2i. For elements of the form x; ®

(x1 ® x2 + x2¢ ® X2i—1), we need to show that the continuous homomorphism
ka,1,2+2i,2i—1: G — Us(F2) given by

1 xx f2(xx®x1) f2(Xr®x2i) *
_D . X1 X2i f2(x1®x2+x2:®x2i—1)
Pr,1,2+42i,2i—1 = 1 0 X2
1 X2i—1
1

lifts to a continuous homomorphism pp; 5, 0;1: G — Us(F2). We have the rela-
tiOH [Egyg, E3’5] [E475, E214] = 15. (Note, hOWGVGI‘, that [Eg’g, E3’5] = [E475, E2’4] =
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E;5 # I5.) By Lemma [3.10, we can define a continuous group homomorphism
Pt242i2i1° G — Us(F2) by the assignment

T > B9, v1 > Ea3, X9+ B35, Toj_1 > Eu5, T — Fo 4,
and pP 5, 9; 951 (2;) = Is for j # k,1,2,2i —1,2i. We use Proposition to
identify e 4 o ,0],31,2+2i72i_1 with fo(xx ® x2:i). For elements of the form (x; ®

X2 + X2i ® X2i-1) ® Xk, we need to show that the continuous homomorphism
5113,2+2i,2i—1,k: G — Us(Fq) given by

1 x1 x2i f2(Xx1®@x2+Xx2i®x2i—1) *
D 1 0 X2 f2(x2®xx)
P1,2+42i2i—1,k = 1 X2i—1 fa(x2i-1®xk)
1 Xlk

lifts to a continuous homomorphism P]1?2+2i72i71,k: G — Us(F2). We have the rela-
tion [E1727E2’4][E3’4,E1’3] = _[5. (Note7 however, that [ELQ,EQA] = [E3’47E1’3] =
E,4 # I5.) By Lemma we can define a continuous group homomorphism
P21 01901k G — Us(F2) by the assignment

Tp > By, 1 B2, T3 Eo 4, Toi—1 — E34, 19 — 13,

and p?2+2i72i_17k(xj) =I5 for j # k,1,2,2i — 1,2i. We use Proposition to
identify eg 5 o p]1:?2+2z‘,2i71,k with fo(x2 ® xk). This proves the assertion for D.

Finally, we compute x3 on elements in T. For i € J/2, we consider x2;_1,2/—1,2; +
X2i—1,2i,2i—1 + X2i,2i—1,2i—1- By Dwyer’s Theorem the continuous group homo-
morphism py,_;: G — Ug(F2) given by

1 x2i—1 x2i f2(Xx2i-1®@x2i+Xx2i®@X2i—1) f2(X2i-1®x2i—1) *

1 0 X2i X2i—1 fa(x2i—1®@x2i+X2:@x2i—1)
5L = 1 X2i—1 0 fa(x2i—1®x2i—1)
P2i—1 1 0 X2i—1

1 X2i
1

corresponds to a defining system for the fivefold Massey product {x2;—1, 0, 0,0, x2;—1)-
Consider the matrices

00 10100
1 a8
o1 | T':= 10
1o 1

HHEOOOO

in Ug(F2). We have S? = I, T? = I, and [S,T] = Is in Ug(F2). Thus, by Lemma
we can define continuous group homomorphisms pZ_,: G — Ug(F3) by the
assignment x9;,_1 — S, x9; — T, and pzTifl(xj) = Ig for j # 2i — 1,2i. Then
px_y lifts p3;_;. This implies k3(X2i—1,2i—1,2i + X2i—1,2i,2i—1 + X2i2i—1,2i—1) = 0.
Here, we use Convention and Proposition to identify e3¢ o pL | and
Proposition to identify ey 5 0 p3;_; with fo(x2i—1 ® X2i—1). By switching the
roles of x2;—1 and Y2, we define pl: G — Us(Fa) by the assignment xg; 1 —
T, z9; — S, and pl(z;) = I for j # 2i — 1,2i. The existence of pJ; implies
k3 (X2i,2i,2i—1 + X2i,2i-1,2i + X2i—1,2i,2;) = 0. This proves the assertion for the set T
and finishes the proof. O

For d > 4, however, k3 is a non-trivial map as the proof of the following propo-
sition shows.
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Proposition 4.22. For alli,je j/2, we have

k3(X1,1,2 + X1,2i,2i-1) = K3(X1,1,2 + X1,25,2j—1),

k3(X1,2,2 + X2i,2i-1,2) = K3(X1,2,2 + X25,25-1,2),

k3(X2,1,1 + X2i-1,2i,1) = K3(X2,1,1 + X2j-1,25,1), and

53(X2,2,1 + X2,2i71,2i) = 53()(2,2,1 + X2,2j71,2j)~
Proof. The claimed relations follow from the symmetry of the roles of the x;. How-
ever, we also give a more concrete proof by computing the respective values of
k3 using Dwyer’s Theorem similar to the arguments in the proof of Propo-

sition [4.21] For the first relation, we show that the continuous homomorphism
p1: G — Us(F3) given by

1 x1 f2(x1®x1) f2(x1®x2i) *
_ 1 X1 X2i f2(x1®@x2+x2:®@x2i—1)
P1= 1 0 X2
1 X2i—1

1

11000
. . . 1100

does not lift to a continuous homomorphism G — Us(Fsy). Let A = ( 10 8)
1

in U5(F2) Then we have A9 = [5 and I:A,E375][E475,E2,4] = I5 in U5(]F2), but
[A, B3 5][Eas, Eou]l = E15 # I5 in Us(F2). Thus, we can define a continuous group
homomorphism p; : G — Us(F3) by the assignment

x1— A, 9 E35, To;_1— Ey5, x2; — Eay,

and p,(z;) =I5 for j # 1,2,2i — 1,24, but p; does not lift to a continuous group
homomorphism G — Us(F3). Note that we use Propositionto identify e; 40p;
with fQ(Xl ® X2i)- This proves H3(X1,1,2 + X1,2i,2z’—1) # 0 for all 7 € j/? This
implies the first relation since there is a unique non-zero element in H? ~ F.

For the second relation, we show that the continuous group homomorphism
Py G — Us(Fy) given by

1 x1 x2i f2(x1@®x2+X2i®X2i—1) *
_ 10 X2 f2(x2®x2)
P2 = 1 X2i—1 f2(x2i-1®x2)
1 X2
1
g0
lifts to a continuous homomorphism py: G — Us(F3). Let B := 100 in
1

Us(F2). Then we have [Eh o, B|[E34,E1 3] = Is in Us(F2). Note, however, that
[E12,B] = [Es4,E13] = E14 # Is. Thus, we can define a continuous group
homomorphism ps: G — Us(F2) by the assignment

Xy +— E1,2, T > B, Toi_1 — E3,4, Toq E1,37
and pa(x;) = I5 for j # 1,2,2i—1, 24, which lifts p,. Here we use Proposition to
identify egéo@ and eg 50p9 with fo(x2®x2). This proves k3(x1,2,2+X2i,2i-1,2) = 0
for all i € J/2.
For the third relation, we note that in H'® H' ® H! we have
(X2,1 + X2i—1,2i) ® X1
= [(x1,2 + x2,1) + (x2i-1,2i + X2i,2i-1) + (X1,2 + X2i,2i-1)] ® X1-
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Since X1,2,1 + X2,1,1 and X1,2,1 + X2i,2i—1,1 are not in Kg(H.), we add X1,1,2 twice
to the sum and get

(x2,1 + X2i-1,20) ®x1 = (X1,1,2 + X1,21 + X2,1,1)
+ ((X2i-1,2i + X2i,2i-1) @ X1) + (X1,1,2 + X1,21 + X2i,2i—-1,1)-

Here we note that the latter is not a linear combination of elements in B3, and that
k3 is defined independently of our choice of basis for K3(H*®). We know x3(x1,1.2 +
X1,21 + X2,1,1) = 0 by the computation for elements in T, and r3((x2i—1,2i +
X2i2i—1) ® x1) = 0 by the computation for elements in D. Thus, k3(x211 +
X2i—1.2i1) = K3(X1,1,2 + X1,2,1 + X2i,2i—1,1), and it suffices to compute the latter. To
compute k3(x1,1,2+X1,2,1+X2i,2i—1,1), we show that the continuous homomorphism
p3: G — Ug(F3) given by

1 x2: X1 fa(x1®@x2+x2:®x2i—1) f2(x1®x1) *
10 X2i—1 0 fa(x2i-1®x1)
Pz = 1 X2 X1 F2(x1®x2+x2®x1)
1 0 X1
1 X2
1
101000
10000
lifts to a continuous homomorphism p3: G — Us(Fy). Let M := 11t
10
1
100000
10000
N = 1%8? n UG(]FQ) Then Mq = I6 and I:M,N][EQA,ELQ] = 16 in
10

1
Us(F2). (Note that [M, N| = [Ez.4, E12] = E14 in Ug(F2).) Thus, we can define a
continuous group homomorphism p3: G — Ug(IF3) by the assignment

x1—> M, xo—> N, Toi_1 — E2,47 T2 — E1,2,

and ps(z;) == Is for j # 1,2,2¢ — 1, 2¢, which lifts p;. Here we use Propositionm
to identify eq 4 0 55 and e1 4 0 p3 with fao(x1 ® x1), and eg 5 0 p5 and eq 5 © p3 with
f2(x2i—1 ® x1)- This proves
k3(x2,11 + X2i—1,2i1) = K3(X1,1,2 + X1,2,1 + X2i,2i—1,1) = 0 for all i € J)2,

and thus the third relation.

For the fourth relation, we note that in H' ® H' ® H' we have

X2 ® (X2,1 + X2i—1,2:)
= X2®[(x1,2 + X2,1) + (X2i-1,2i + X2i,2i-1) + (X1,2 + X2i,2i-1)]-

Since x2,1,2 + X2,2,1 and X212 + X2.2i,2i—1 are not in K3(H*), we add X122 twice
to the sum and get

X2 ® (x2,1 + X2i-1,2i)
=(x1,2,2 + X212 F x2,2,1) + (X2 ® (X2i-1,2i + X2i,2i-1)) + (X1,2.2 + X2,1,2 + X2,2i,2i—1)-
We know k3(x1,2,2 + X2,1,2 + X2,2,1) = 0 by the computation for elements in T, and
k3(x2 ® (X2i-1,2i + X2i,2i—1)) = 0 by the computation for elements in D. Thus,

k3(x2,21 + X2,2i-1,2i) = K3(X1,2,2 + X2,1,2 + X2,2i,2i—1), and it suffices to compute
the latter. To compute k3(x1,2,2 + X2,1,2 + X2,2i,2i—1), We show that the continuous
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homomorphism 7,: G — Ug(F3) given by

1 x1 x2 f2000®x2+x2®x1) f2(x2®x2i) *
10 X2 0 f2(x2®x2)
Py = 1 X1 X2i fa(x1®x2+Xx2i®X2i—1)
1 0 X2
1 X2i—1
1
110000
10000
does not lift to a continuous homomorphism G — Ug(F3). Let P := 11990
10
1
101000
10100 _
Q = 1 (1) 8(1) in U@(Fz) Then Pq = I6 and [P, Q][E5’6,E3)5] = ]6 n U6(F2),
10
1

but [P, Q][Es6, E35] = E16 # Is in Ug(F2). Thus, we can define a continuous
group homomorphism p,: G — Ug(F) by the assignment

1= P, 20— Q, T2i—1+— Fsg, T2 — L35,

and py(z;) == I for j # 1,2,2i — 1,24, but p, does not lift to a continuous group
homomorphism G — Ug(F3). Here we use Proposition to identify e; 4 0p, and
1,4 0 pg with fo(x2 ® x2i), and ez 5 0p, and ez 5 0 pg with fa(x2 ® x2). This proves

r3(X2,2,1 + X2,2i-1,2i) = K3(X1,2,2 + X2,1,2 + X2,2i,2i—1) # 0 for all i € J /2,
and thus the fourth relation, since there is a unique non-zero element in H?2. O

Proof of Theorem[{.1 The theorem now follows from Corollary and Proposi-
tions and [l

5. DEMUSHKIN GROUPS OF TYPE II
The goal of this section is to prove the following theorem.

Theorem 5.1. Let d = 3 be an odd number, and let G be the pro-2 group generated
by elements x1,...,x, with the single relation m%x%f [z, 23]+ [Ta—1,2q] = 1 with
f =2 or f =00 with the convention 2% := 0. Then the canonical class of G is

trivial, and G is Az-formal.

In this section, we let G be a pro-2 group as in Theorem We use the same
notation for C*, Z°*, H®, and x; as in Section We write again J = {1,...,d} and
now set J/2 = {1,...,(d —1)/2}.

5.1. The Koszul-Hochschild complex - Demushkin groups of type II.
Again, by [30, Theorem 5.2], the graded Fy-cohomology algebra of G is a Koszul
algebra. We now provide a basis for R and K3 (H*).

Proposition 5.2. The Fy-vector subspace R « H*®H* such that H* = T(H')/(R)
admits the set BY as a basis where

BY = {x; ® x; for all (i,5) ¢ {(1,1),(2r,2r + 1), (2r + 1,2r) : r € J/2};
X1 ® X1 + X2i+1 @ X2i» X2i @ X2i+1 + X2i+1 ® x2i for all i € J/2}.

Proof. This follows from the description of the cup product on H*(G,Fs) in Lemma
BI1 O
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Proposition 5.3. The Fy-vector space K3(H®) admits the set Bl = S u DI |

T U T U EY as a basis where

i,k #1 ifj=1
sl — Xi ®X; ® xp with { ik #2r+1 ifj=2r ’

M= {x; ® (x2i ® x2i+1 + X2i+1 ® X2:),
(X2i ® X2i+1 + X2i+1 ® X2:) ® xj forie J/2, j # 24,2 + 1,
X ® (X1 ® X1 + X2it1 ® X2i), forie J/2, j#1,2i
(X1 ®x1 + X2i+1 @ X2i) X, forie J/2, j #1,2i+ 1},

T = {x2i ® X2i+1 ® X2i+1 + X241 ® X2i ® X2i+1 + X2i+1 ® X2it1 ® X2i,
X2i+1 @ X2i @ X2i + X20 ® X2i41 @ X2i + X2i ® X2i @ X2i11 for i€ J/2},

TH = {x1 ® x1 ® X1 + X1 ® X2i+1 ® X2i + X2i+1 @ X2i ® X1,
X2i @ X1 &® X1 + X2i ® X2i+1 ® X2i + X2i+1 ® X2i ® X2,
X1 @ X1 ® X2i+1 + X2i+1 @ X2i @ X2i+1 + X2i+1 ® X2i+1 @ X2i, forie J/2},

T= 1 ®x1®x1 + X1 ® X2it1 ® X2i + X2i13 @ X2it2 ® X1 for 1 <i < (d—3)/2}.

Proof. By [34, Lemma 5.10], we know dimp, K3(H*) = d® —2d. Hence it suffices to
count the number of elements in B} and to show that the set is linearly independent.
We have #S! = (d — 1)d(d — 1) since we have d choices for the middle index j
and for each choice exactly one value for i and k excluded. We have #D'l =
4(d — 2)(d — 1)/2 = 2(d — 2)(d — 1) since we have four times (d — 1)/2 choices
for the index 7 and for each choice exactly two values for j excluded. We have
#E! = (d—3)/2 since we have (d—3)/2 choices for the index i each furnishing one
element. We have #T! = d — 1 as there are (d — 1)/2 choices for the index i each

furnishing two triple sums, and #TH = 3(d — 1)/2 since each choice of ¢ furnishes
three elements. Thus, in total we have

#BL = #S™ + 4D 4 T + #TT 4 4E"
=dd—1)?+2(d—-2)(d—1)+(d—1)+3(d—1)/2 + (d — 3)/2
=d* —2d.
It remains to show that BL is linearly independent. Assume we write the zero

vector in K3(H®) as an Fa-linear combination of elements in BY. Since the terms
in S only occur in S, their coefficients must be zero. Similarly, for i € J/2, terms

of the form y2; ® x1 ® x1 and x1 ® x1 ® x2:i+1 each only occur once in sums in TII,
Hence the coefficients of X2; ® x1 ® X1 + X2i ® X2i+1 ® X2i + X2i+1 ® X2i ® x2i and
X1 ® X1 ®X2i+1 + X2i+1 @ X2i @ X2i+1 + X2i+1 ® X2i+1 ® X2i in T must be zero.
Terms of the form x2; ® x2:11 ® Xx2; and x2;41 ® X2; ® X2:41 only occur in sums in
T and TU. We have shown that the coefficients of the corresponding sums in 1
are zero. Hence the coefficients of all the terms in T must be zero. For i € J/2
and j # 21,2¢ + 1, terms of the form x2; ® x2i4+1 ® x; only occur once in sums in
D!. Hence the coefficient of (x2; ® X2it1 + X2i+1 ® X2i) ® X; must be zero. For
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i€ J/2 and j # 2i,2i + 1, the only sum which contains the term x; ® X2 ® x2i+1
is Xj ® (X2i ® X2i+1 + X2i+1 ® X2:) in D This implies that the coefficient of the
latter must be zero. Similarly, for ¢ € J/2 and j # 1,2i+ 1, the only remaining sum
which contains the term x2i41 ® x2:@X; is (x1 ® X1+ X2i+1 ®@x2:) ®x; in D, This
implies that coefficient of the latter must be zero as well. For ¢ € J/2 and j # 1, 24,
terms of the form x,; ® x2i+1®x2; only occur in the sum x,; ® (x1 ® X1 + X2i+1 ®X2:)
in D', This implies that coefficient of the latter must be zero, too. This shows
that the coefficients of all terms in D' must be zero. In particular, the coefficient
of (x2i ® x2i+1 + X2i+1 @\2/(21) ® x1 is zero. Thus, the term y2;41 ® X2; ® x1 now
only occurs in sums in T and in E. Now we use induction to show that the
remaining coefficients are zero as well. For i = 1, tl/ngterm x3® x2 ®x1 only occurs
inx1®x1®x1+ x1®x3®x2+ x3®x2®x1 in T, Thus, the coefficient of this
term is zero. Now the only remaining sum where the term x1 ® xs ® x2 occurs is
the sum y1 @ x1 ® X1 + X1 ® X3 ® X2 + X5 ® x4 ® x1 in E. Hence the coefficient
of the latter is zero. Then the only remaining sum where the term x5 ® x4 ® X1
occurs is the sum x1 ® X1 @ x1 + X1 ® X5 @ X4 + X5 @ x4 ® x1 in T and hence the
coefficient of the latter must be zero. Now we proceed by induc/‘gicln to show that
the coefficients of all terms in ET and of the remaining terms in T are zero. This
proves that all coefficients must be zero and BY! is linearly independent. O

5.2. The differential in the Koszul-Hochschild complex - Demushkin groups
of type II. Let 0: Homy,(K3(H®), H') — Homp, (K3(H*), H?) denote the differ-
ential in the complex (3)) which computes the Hochschild cohomology of H®. We
will now compute the effect of . In the following, we use notation analogous to
the one introduced in Notation 5] and [£.6] in Section .2

Lemma 5.4. Let i € J/2. Then we have the identities
(X2 ® X1 ® X1 + X210 ® X2i+1 ® X2i + X2it1 ® X2i ® x2i)* = 503;23“4/2“1721-,

and
(X1 ® X1 ® X2i+1 + X2i+1 ® X2 ® X2i11 + X2i+1 ® X2i41 ® X2i)* = 005 014111195119
in Homp, (K3(H*®), H?).
Proof. The proof is similar to the proof of Lemma [£.7] To prove the first identity,
let i € J/2. To simplify the notation, we write o = USZE}H,JF,%HQZ.. First, we
compute, using the definition of ¢ in the final step,
00 (X2i,1,1 + X2,2i+1,2i + X2i+1,2i,2i)
= X2i Y 0(X1,1 + X2i+1,2i) + X2i+1 VY U(XQi,Qi)
+ 0(X2i,2i41 + X2i+1,2) U X2 + 0(X2i,1) U X1 = X2i+1 Y X2i # 0.
The value of ¢ on other elements in B! can only be non-zero if they contain the
Eaigtor X2i,2i+1 + X2i+1,2;- This may be the case for elements in DY TU and

THI. As we have seen before, 0o is trivial on elements in T by symmetry. A
similar computation as above yields 00 (x1,1,2i+1 + X2i+1,2i,2i41 + X2i+1,2i+1,2i) =
X2i+1YX2i+1 = 0. This proves the claim for TIL, The only terms we need to consider
in D are those of the form x; ® (X2i®X2i+1+ X2i+1®X2:) and (x2;@X2i+1+X2i+1®

X2i) ® x;. However, since j # 2i, we get do(x; ® (X2i ® X2i+1 + X2i+1 @ X2i)) =
Xj Y x2i+1 = 0. Similarly, we get that do vanishes on the other term as well. This
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completes the proof for the first identity. The second identity follows in a similar
way. ([

Proposition 5.5. Let x € Homy, (K3(H®), H?). Assume that r vanishes on all
elements in BY except possibly for elements of the form x2;®Xx1®x1+X2i @X2i+1®
X2i + X2i+1®@X2i ®X2i and X1 ®X1 @ X2i+1+X2i+1®X2i @ X2i+1 + X2i+1 @ X2i+1 @ X2
in T, Then k] = 0 in HH> ' (H*).

Proof. This follows from Lemma [5.4 (]

5.3. Construction of the canonical class - Demushkin groups of type II.
We will now construct the canonical class of G. Let Hom(G,Fs) denote the Fa-
vector space of continuous group homomorphisms. We choose f1 to be the identity
H' — 2! = Hom(G, F3) and omit it from the notation. We construct an Fa-linear
map fa: R — C! by defining it on each element of Bl and then extend it Fa-linearly.

Let Ay = (éé%), Ay = ég?), and A1 = (éé?) denote the matrices
used in the proof of Lemma Let i # j and (i,7) # (2k,2k + 1), (2k + 1,2k).
We define the continuous homomorphism pgj: G — Us(F2) by the assignment
ZT; — AlO = E172’ Zj — AOl = Ej‘g)g7 and Tg — Ig for s #* Z,] We define the
continuous map fa(x; ® x;): G — Fa by setting fo(x; ® x;) = e1,3 0 pgj. For
1 # 1, we define the continuous homomorphism p?l : G — Us(F3) by the assignment
x; — Aq1, and z; — I3 for j # i. We define the continuous map fo(x;®x;): G — Fa
by setting fao(x; ® xi) = e13© P%,Iz" Now let 1 < i < (d —1)/2. We would
viv1.2i0 G — Ua(F2) which lifts
the continuous homomorphism pi'y, 111 950 G — Us(F2) given by Bty 1g;1 .0 =

like to define a continuous homomorphism p!l,

1 x1 x2i+1 *
L0 X1 | To construct the desired lift, consider the matrices

1 x2i
10
00
10 /-
01

i

b g T

A= <0010)v B = (0011>’ and C' = <00

0001 0001 00
We have A% = [B, C] = Ej 4 and hence A%[B, C] = I, in Uy(F2). Thus, by Lemma
3.10, we can define pi'y, 9,1 9,1 G — Us(F2) by the assignment z1 — A, x9; — B,
To;+1 — C, and x4 — I for s # 1,2i,2¢ + 1. We define the desired continuous map
G — T by setting

fa(x1,1 + X2i+1,2i) == €140 p111,1’+/2i+1,2i'
Next, we would like to define a continuous homomorphism pi} 5, 1/ i9;11.9: G —
Us(F3) which lifts the continuous homomorphism ﬁ££,2i+1,+,2i+172i: G — Uy(Fy)

1 x2i X2i41 %

. _II _ 1 0 X2i41 . .

given by pg; ;410 49i41,2i = 1 |- To construct the desired lift, con-
1

0100 0107
D:=|03611 ,and E= {7575 )
0001 0001

We have [D, E] = Iy in Uy(F2). Thus, by Lemma/3.10, we can define p; o; 1/, 19,11 2
by the assignment xo; — D, x9;.1 — FE, and x5 — I4 for s # 2i,2¢ + 1. We define
the desired continuous map G — Fy by setting

sider the matrices

o 11
F2(x2i ® X2i+1 + X2i+1 ® X2i) = €14 0 P3; 9,41/ 1/2i41,2i-
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We now define the map fo: R — C! on all of R by extending it Fo-linearly from B!
to R. We define the map Wil: K3(H') Z? asin . Taking the cohomology class
of Wil defines an Fa-linear map x5': K3(H*®) — H? which represents the canonical
class of G in HH*>~(H*).

5.4. One more compatibility result. For the computation of the canonical class
we need another compatibility result.

Lemma 5.6. Let T (Fy) be the subset of Us(F2) consisting of matrices of th

93]

g <

10xy t 1
< 2 > and let W(IFy) denote the subset of matrices of the form <§
0 0

cooo
[elelelt
HO»—‘OO

T

—~ a8

0

1

0

0
Then T (Fy) is a subgroup of Us(Fa), and WY (F3) is a normal subgm of
T

Moreover, the map 7i': Uy(F2) — TY(F2)/W(Fy) defined by . ( §
0

10x
01 %
001
000
000

Proof. This follows from a direct computation as in the proof of Lemma|4.13] O

t
z | is an isomorphism of groups.
4
1

oroow

Notation 5.7. Let n > 3. For 1 <s; <t; <nfori=1,2, welet E?’? denote the
matrix in U, (F2) with only non-zero entries above the diagonal in positions (s, 1)
and (s2,t2). We note that it will be clear from the context which n we consider

and we therefore omit it from notation for the matrices EZ? ff

Proposition 5.8. Let pl': G — TY(Fy) be a continuous group homomorphism
satisfying pi(x1) = E32, pi(w2:) = Eva, p(@2i41) = Eas, and pil(ay) = I5 for
k#1,2i,2i+ 1. Then

€150 ,0}:,1 = fa(x1,1 + X2i+1,2i)
as continuous maps G — Fs.

Proof. This follows from the definition of f, and Lemma [5.6] O

5.5. Computation of the canonical class - Demushkin groups of type II.
Now we compute the values of the map representing the canonical class of G.

Proposition 5.9. The map ki': K3(H®) — H? vanishes on all elements in B
except, possibly, for the elements of the form x2; ® x1 ® X1 + X2¢ ® X2i+1 ® X2i +
X2i+1 ® X2i @ X2i and X1 ® X1 @ X2i+1 + X2i+1 ® X2 ® X2i+1 + X2i+1 ® X2i+1 ® Xai
in TIIL,
Proof. We use the same strategy and notation as in the proof of Proposition
In fact, for elements in S™ and TY we can use the same homomorphisms as in the
proof of Proposition |4.21| since the required matrix relations hold where we note
that x1,1,1 ¢ S" and 2i,2i + 1 > 2 for indices in T'. This shows that s} vanishes
on S™ and T,

Now we consider the set D', First, let i € J/2 and j # 2i,2i + 1. We consider
elements of the form x; ® (x2i ® X2i+1 + X2i+1 ® X2:). We need to show that the
continuous homomorphism p: G — Us(F3) given by

1 x5 fa(xj,2¢) fa(xs,2i+1) *
_ X2i X2i+1  f2(x2i,2i+1+X2i+1,24)
p= 1 0 X2i+1

1 X2i
1
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lifts to a homomorphism p: G — Us(F2). We have (E12)?[E}s, Eys] = Is. Thus,
by Lemma we can define a continuous group homomorphism p: G — Us(F2)
by the assignment

xj = Bia, 2o — Ei;é’, T2i41 E§;§,
and p(zy) = I5 for k # 4,2i,2i + 1. We use Propositionto identify ey 40 p with
f2(xj,2i+1). By Dwyer’s Theorem the existence of p implies &5 (x; ® (x2i ®
X2i+1 + X2i+1 ® X2i)) = 0.
Next, we consider elements of the form (x2; ® X2i+1 + X2i+1 ® X2i) ® x;. We
need to show that the continuous homomorphism p: G — Uj;(F5) given by

1 x2: X2i+1 fa(X2i,2i41+X2641,24) *
_ 1 0 X2i+1 fa(x2i+1,5)
p= 1 X2i fa(x2i.5)
1 Xj

1
lifts to a homomorphism p: G — Us(F2). We have (E4,5)2[E§”3,E21:Z’] = I5. Thus,
by Lemma we can define a continuous group homomorphism p: G — Us(FF3)
by the assignment

zj— Ey5, 29 — Eéﬁ, T2i41 — Ezl,’i’,
and p(zy) = I5 for k # j,2i,2i+ 1. We use Proposition to identify eq 4 0 p with
fa(x2i41,7)- By Dwyer’s Theorem the existence of p implies k3((x2; ® x2i41 +

X2i+1 ® X2i) ® x;) = 0.
Now, let i € J/2 and j # 1,2i. We consider elements of the form x,; ® (x1 ®x1 +

X2i+1 ®X2:). We want to show that the continuous homomorphism p: G — Us(F)
given by

1 x5 f2(x5,1) f2(xj,2i41) *

_ 1 X1 Xx2i+1  fa(X1,1+X2i+1,2i)
p= 1 0 X1
1 X2i

1

lifts to a homomorphism p: G — Us(F2). We have (Eg’:g)z[E4’5, Ey 3] = I5. Thus,
by Lemma we can define a continuous group homomorphism p: G — Us(FF3)
by the assignment

T > ES’?, To; = By 5, Tojp1 — Ea3, x5 — L2,
and p(xg) = I5 for k # 1,2i,2i + 1, 7. We use Proposition to identify e; 4 0 p
with fa(xj2i+1). By Dwyer’s Theorem [3.3] the existence of p implies £ (x; ® (x1®
X1 + X2i+1 ® Xx2:)) = 0.
Now, let ¢ € J/2 and j # 1,2i + 1. We consider elements of the form (x1 ®
X1 + X2i+1 ® x2i) ® x;. We want to show that the continuous homomorphism
p: G — Us(Fy) given by

1 x1 x2i+1 fa(x1,1+X2i41,2i) *

_ 1 0 X1 f2(x1.5)
p = 1 X2i fa(x2i,5)
1 Xj

i
lifts to a homomorphism p: G — Us(F2). We have (Ei’;l)Q[EgA, E4 3] = I5. Thus,
by Lemma we can define the continuous homomorphism p: G — Us(FF3) by
the assignment

24
@1 = By, ®oi — B34, T2i1 > Evs, 15— By,
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and p(xg) = I5 for k # 1,2i,2i + 1, 7. We use Proposition to identify es 5 0 p
with fa(x1,;). By Dwyer’s Theorem the existence of p implies £3((x1 ® x1 +
X2i+1 ® X2i) ® X;) = 0. This finishes the proof for the set DI

Next, we consider the set TI. Let 1 <7 < (d —1)/2. We only need to consider

elements of the form 1 ® x1 ® x1 + X1 ® X2i+1 ® X2i + X2i+1 ® X2i ® X1- We want
to show that the continuous homomorphism p: G — Ug(F3) given by

1 x1 x2i+1 fo(x1,1+X2i+1,2i) fa(x1,2i41) *
10 X1 x2i+1  fa(x1,1+Xx2i+1,24)
D= 1 X2i 0 fa(xz2i,1)
1 0 X1
1 X2i
1

lifts to a homomorphism p: G — Ug(F3). Consider the matrix T =

in Ug(Fz). We have T2[EJg, Ey3] = Is in Us(F2). (Note, however, that 7% =
[Eg’:g, Ezlg] = E;:g # I in Ug(F2).) Thus, by Lemma we can define a contin-
uous group homomorphism p: G — Ug(F2) by the assignment

3,4 1,3
1 — T, x> E5’g, w241 — By,

and p(zx) = Ig for k # 1,24, 2i+ 1. We use Convention and Proposition to

identify e 5 0 p with fa(x1,2i+1), Proposition to identify e g0 p with fo(x2i1),
and Proposition to identify eg gop with fa(x1,1+X2i+1,2:). By Dwyer’s Theorem

the existence of p implies x4 (x1,1,1 + X1,2i+1,2i + X2i+1,2i,1) = 0. This proves
the assertion for the set T,

Finally, we consider the set E'. Let 1 < < (d — 3)/2. We need to show that
the continuous homomorphism p: G — Ug(F2) given by

1 x1 Xx2i+3 f2(X1,1+Xx2i+3,2i+2) f2(X1,2i+1) *
1 0 X1 X2i+1 fa(x1,1+x2i41,2i)
ﬁ = 1 X2i+2 0 fa(x2it2,1)
1 0 X1
1 X2i
1
lifts to a homomorphism p: G — Ug(F3). We consider again the matrix T =
Trapeey 2 |
1 ? 8(1) m UG(]FQ) We have T’ [E5’6,E2’5][E3$4,E1’3] = I@ m Uﬁ(]Fg) (Note
10
1

that ’I‘2 = E;:g, [E576,E2,5] = E276, and [E374,E173] = El_’4 iH UG(IFQ)) Thus, by
Lemma we can define a continuous group homomorphism p: G — Us(F2) by
the assignment

21— T, X9 = E56, Toi41 > Eos, Toipo > E34, Toiqz — Ei3,

and p(xy) = Ig for k # 1,2i,2i + 1,2i + 2,2i + 3. We use Convention and

Proposition to identify e; 5 0 p with fa(x1,2i+1), Proposition to identify
e3¢ © p with fa(x2i+2,1), and Proposition to identify esg o p with fa(x11 +
X2i+1,2i)- By Dwyer’s Theorem the existence of p implies

K5 (X1 ® X1 ® X1 + X1 ® X2i+1 ® X2i + X2i+3 ® X2i42 @ x1) = 0

and proves the assertion for the set E!I. This proves the proposition. ([l
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Remark 5.10. In fact, the map i also vanishes on elements of the form y; ® x1 ®

X2i+1 T X2i+1 @ X2i @ X2i+1 + X2i+1 ® X2i+1 @ X2; in T However, £ is non-trivial

on elements of the form x2; ® x1 ® x1 + X2i ® X2i+1 ® X2i + X2i+1 ® X2 ® X2i in
T, This follows from the fact that the continuous homomorphism p: G — Ug(F2)
given by

1 x2i x2i+1 f2(Xx2i,2i+1+X2i+1,2i) f2(x2i,1) *
1 0 X2i+1 X1 fa(x1,1+X2i+1,2i)
D= 1 X2i 0 fa(xz2i,2:)
1 0 X2i
1 X1
1
110000
10000
does not lift to a continuous homomorphism G — Us(F3). For, let T” := 1199
10
1
1

w

in Ug(F2). We have (E§:2)2 = FEy¢and [T7, Ezl’i] = E;:g and hence (E;:gf[T’, Eyy ] =

Is in Ug(F2), but (E2¢)%[T", Ey] = Ei6 # Is in Us(F2). Thus, by Lemma

we can define a continuous group homomorphism p: G — Ug(F3) by the assignment
T, — Eg:g, To; —> T/7 Toi41 > E;:i,

and p(xg) = Ig for k # 1,24,2i + 1, but p does not lift to a continuous homomor-

phism G — Ug(F2). By Dwyer’s Theorem this implies that, for all i € J/2, we
have H;IgI(Xzz‘,l,l + X2i,2i+1,2i + X2i+1,2i,2i) # 0.

Proof of Theorem[5.1. The assertion now follows from Propositions[5.5land[5.9} O

6. DEMUSHKIN GROUPS OF TYPE III AND IV

In this section, we consider the remaining cases of pro-2 Demushkin groups.
In fact, the cases of defining relation or can be treated at the same time.
Our goal is to prove the following theorem which, by the classification of pro-2
Demushkin groups recalled in Section |3.3] concludes the proof of Theorem

Theorem 6.1. Let f > 2 and d = 2 be an even number. Assume that G is the
pro-2 group generated by x1,...,xq subject to either the single relation or the
single relation , where we allow f = oo for relation and assume d = 4 for
relation . Then the canonical class of G is trivial, and G is As-formal.

In this section, we let G be a pro-2 group as in Theorem We use the same
notation for C*, Z*, H®, and x; as in Section 4. We write again J := {1,...,d},
J/2:={1,...,d/2}, and J = (J/2)\{1} = {2,...,d/2}.

6.1. The Koszul-Hochschild complex - type III and IV. Again, by [30,

Theorem 5.2], the graded Fa-cohomology algebra of G is a Koszul algebra. We now
provide a basis for R and K3(H®).

Proposition 6.2. The Fy-vector subspace R « H*®H* such that H* = T(H')/(R)
admits the set BY as a basis where

Bgl = {Xi ®Xj fOT’ all (Zvj) ¢ {(13 1)7 (QT - 1,27"), (27‘, 2r — 1) tre J/Q}a
X1 ® X1+ X2i ® X2i—1, X2i—1 ® X2i + X210 ® X2i—1 for all i e J/2}.

Proof. This follows from the description of the cup product on H*(G,Fs) in Lemma
BI1 O



A3-FORMALITY FOR PRO-2 DEMUSHKIN GROUPS 33

Next, we need to find a basis for K3(H*).

Proposition 6.3. The Fay-vector space K3(H®) admits the set B! := STy DI |
DIy T, T G BN G XM g5 ¢ basis where

i,k#1,2 ifj=1
St — Xi @ X; ® xr with i,k # 2r ifj=2r—1,,
,k#2r—1 ifj=2r

D™ = {x; ® (x2i—1 ® X2i + X2i ® X2i-1),
(X2i—1 ® X2i + X2i ® X2i—1) ® x;j forie J/2, j # 2i —1,2i;
X; ® (x1 ®x1 + x2i ® X2i—1), forie J/2, j#1,2,2i—1
(X1 ®x1+ X2 ® X2i-1) ® x; forie J/2, j +#1,2,2i},

T = {x2: ® X2i—1 ® X2i—1 + X2i—1 ® X2 ® X2i—1 + X2i—1 ® X2i—1 ® X2; for i € j/Qv
X2i—1 ® X2i ® X2i + X2 ® X2i—1 ® X2i + X2i ® X21i @ X2i—1 forie J/2},

TH = {x1 ® x1 ® X1 + X1 ® X2i ® X2i—1 + X2i ® X2i-1 ® X1,
X2 ® X1 ® X2 + X2 ® X2 @ X2i—1 + X2i ® X2i—1 ® X2,
X2i—1 @ X1 ® X1 + X2i—1 ® X2: ® X2i-1 + X2i ® X2i-1 ® X2i—1,

X1 ® X1 ® X2i + X2i @ X2i—1 ® X2i + X2i ® X2i @ X2i—1, forie j/2},

E™ = {x1 ®x1 ® x1 + x1 ® x2i ® X2i-1 + X2i+2 ® X2i+1 ® X1,
X2 ® X1 ® X2 + X2 ® X2i @ X2i-1 + X2i+2 @ X2i41 ® X2 for 2<i < d/2 -1}

XM= {1 ®x1®x1+x1®x2® X1,
X1®x1®Xx2+ X1 ®x2® X1+ X2 ®x1® X1+ x2®x1® X2,
X1®OX1® X2+ X1 ®Xx2® X2+ X1 ® X1 ® X1+ X4 ® Xx3& X1,
X2®@ X1 ® X2 + X1 ®x2® X2 + X2 ® x4 ® X3}

Proof. By [34, Lemma 5.10], we know dimg, K3(H*®) = d® — 2d. Hence it suffices
to count the number of elements in B! and to show that the set is linearly inde-
pendent. To compute the number of elements in S, we observe that we have d
choices for the middle index j. For j > 2, we then have d — 1 choices for 7 and
k. This yields (d — 1)% elements. For j = 1, we have d — 2 choices for i and k,
which yields (d — 2)? elements. Hence we have #S" = (d — 1)® + (d — 2)2. We
have #D = 2[d/2(d — 2) + (d — 2) + (d/2 — 1)(d — 3)] = (2d — 1)(d — 2) since
we have first d/2 choices for the index ¢ with for each choice exactly two values for
j excluded, and then for ¢ = 1 there are two values for j excluded, and for i > 2
there are three values for j excluded; for each pair we then get two elements. We
have #T™! = d — 1 as there is one element for i = 1 and then there are d/2 — 1
choices for the index i > 2 each furnishing two triple sums. Similarly, we have

AT — 4(d/2 —1) = 2d — 4, and #E" = 2(d/2 — 2) = d — 4 since we have d/2 — 2
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choices for the index ¢ each furnishing two elements. Thus, in total we have

#B:I}H _ #SIH +#DIH +7%r]:wIH +#'I,—‘TI/I +#EHI +#xIH
=[(d—1)*+(d—2)?]+ (2d — 1)(d — 2)
+(d—1)+@2d—4) +(d—4)+4=d°—2d.

It remains to show that BL! is linearly independent. Assume we write the zero
vector in K3(H*) as an Fy-linear combination of elements in B!, Since the terms
in S™! only occur in S™, their coefficients must be zero. For i € j/2, terms of
the form xo2,_1 ® X2i—1 ® x2; and Xx2,—1 ® x2; ® X2; only occur once in sums in
T, In addition, for i = 1, the term Y2 ® x2 ® X1 only occurs once in a sum in
T For i e j/?, terms of the form x2i—1 ® Xx2i ® X2i—1 and Xx2; ® X2i—1 ® X2:
now only occur in sums in T!L. This implies that the coefficients of the elements
X2i—1 ® X1 ® X1 + X2i-1 ® X2i ® X2i-1 + X2i ® X2i—1 ® X2i—1 and x1 ® x1 ® X2 +
X2i ® X2i—1 ® X2i + X2i ® X2: ® X2i—1 must be zero. For i € J/2; terms of the
form x; ® Xx2i—1 ® x2: and x2,—1 ® x2: ® X; only occur in sums in DI Hence the
coefficients of x; ® (X2i—1®X2i + X2i ®x2i—1) and (x2i—1 ®X2i + x2i ®X2i—1) ®X; for
i€ J/2 and j # 1,2 must be zero. Then, for i € J/2 and j # 1,2, terms of the form
X @x2i®x2i—1 and x2;®x2i—1®x; only occur in the sums x,;®(x1®x1+Xx2i®X2i—1)
and (x1®x1+x2i®X2i—1)®x; In DML The coefficients of these sums therefore must
be zero as well. This shows that the coefficients of all terms in D™ are zero. Next,
we consider elements in X™. The only sum which contains the term y» ® x1 ® 1 is
the sum x1®@x1®x2+X1@X2®X1 +X2@X1®X1+X2®X1®x2. Thus, the coeflicient of
the latter must be zero as well. Now the only remaining sum which contains the term
X1®X1® X2 is the sum x1 ®x1®x2+ X1 ®X2® X2+ X1®X1® X1+ X4®X3®x1. Thus,
the coefficient of the latter must be zero, too. Then the only remaining sum which
contains the term y1 ®x2®x2 is the sum x2®@x1 @ x2 + X1 ®X2® X2 + X2 ® X4 ® X3-
Thus, the coefficient of the latter must be zero. Finally, for X', the only remaining
sum which contains the term x1®x2®x1 is the sum x1®@x1®x1+x1®x2®x1. Thus,
the coefficient of the latter must be zero. This shows that the coefficients of all terms
in X are zero. The only elements with potentially non-zero coefficients remaining
are the elements in E™ and the sums x1 ® x1 ® x1 + x1 ® xa ® x3 + x4 ® X3 ® X1
and x2 ® x1 ® x2 + X2 ® X2i ® X2i—1 + X2i ® X2i-1 ® X2 in T We will now
show that the coefficients of these terms also must be zero by induction on i. For
i = 2, the only remaining sum which contains the term x4 ® x3 ® X1 is the sum
X1® X1 ® X1+ X1 ®Xa ® X3+ x4 ®x3®x1 in THL. Thus, the coefficient of
the latter sum must be zero. Then, for ¢ > 2, knowin/g\;uhat the coefficient of
X1 @ X1 ® X1+ X1 ® X2i @ X2i-1 + X2i ® X2i-1 ® x1 in T is zero, implies that
the coefficient of x1 ® x1 ® x1 + X1 ® X2i ® X2i-1 + X2i+2 ® X2i+1 ® x1 in EM is
zero, too. This implies that the coefficient of x1 ® x1 ® x1 + X1 ® X2i+2 ® X2i+1 +
X2it2 ®x2i11 ® x1 in TH is zero as well. Proceeding by induction, this shows that

the coefficients of X1 ® X1 ® X1 + X1 ® X2i ® X2i—1 + X2i ® X2i—1 ® x1 in T and
of X1 ® X1 ® X1 + X1 ® X2i ® X2i-1 + X2i+2 ® X2i+1 ® X1 in EM! are zero. Using a
similar induction for xo ® x1 ® x2 + X2 ® X2i ® X2i—1 + X2i ® X2i—1 ® x2 in T and
X2 ® X1 ® X2 + X2 ® X2i ® X2i-1 + X2i+2 @ X2i+1 ® X2 in E™ we then get that the
coefficients of all elements in TH! and E™! are zero. This finishes the proof. O
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Remark 6.4. For d = 2, the sets DI, ’I/Eﬁ, and EM"! are empty, and the set BL!!
consists of just four elements

B = {(x2®x2® x2, X1 ® X1 ® X1 + X1 ® X2 ® X1,
X2 ® X2 ® X1+ X2 ®Xx1® X2+ X1® X2 ® X2,
X1®X1 ®X2 + X1 ®X2® X1 + X2 ®x1 ® X1+ X2 ® x1 ® X2}

6.2. The differential in the Koszul-Hochschild complex - type III and IV.
Next, we compute the effect of 0: Homp, (K3(H®), H') — Homp, (K3(H*®), H?) in
the complex (3)) which computes the Hochschild cohomology of H*. In the following,
we use notation analogous to the one introduced in Notation [£.5] and [.6] in Section
The following identities of linear maps in Homp, (K3(H®), H?) follow from
direct computations analogous to the arguments in the proofs of Lemmas [4.7] and

oy

Lemma 6.5. For every ¢ > 2, we have
505;:17224/21'72,'_1 = (X1,1,2i + X2i,2i—1,2i + X2i2i,2i-1)" € (ﬁ)*v
and
905?—1,21/#21’,%—1 = (X2i-1,1,1 + X2i-1,2i,2i—1 + X2i,2i-1,2i-1)" € (ﬁ)*
Lemma 6.6. We have
agi,zurlz,l = (x111 +x1.20)" + (X212 + X122 + X2.43)" € (XIH)*
+ (X112 + X121 + X210 + X2,1,2)% € (XTH*

+ Z (x2,1,2 + X2,2i,2i—1 + X2i,2i-1,2)* € (THH*
2<i<d/2

* TITy
+ Z (X2,1,2 + X2,2i,2i—1 + X2i+2,2i41,2)" € (E7)F,
2<i<d/2—1

and
aoi2’+’2,1 = (X101 + X120 + (X112 + X122 + X1,11 + Xa,31)% € (XTH*.
Lemma 6.7. We have
001 141 = (X212 + X122 + X2,43)% € (X",
and
60%,1/+'2,1 =(x112+x1,22+ X111 + Xxa,31)F € (X%,
Lemma 6.8. We have
a0%,1/4-/4,3 = (X112 + X122 + X1.1,1 + xa,3,1)% € (XTH*
+ (X212 + X122 + X2.43)F € (XT)*
+ (X111 + X143 +F X6.51)% € (BM)* i =2,
+ (X2,1,2 + X243 + X6,52) € (E)
and
aU%,1/+/4,3 = (X112 + X122 + X111 + xa3.1)% € (XT*
+ (X111 + X143 + X6,5.1)F € (EMTD* i =2,
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Lemma 6.9. Fori > 3, we have
6‘7%,1%'21‘,21‘71 =(x1®x1®x1+ X1 ® X2 ® X2i—1 + X2i+2 ® X2i+1 @ Xx1)* € (EHI)*
+ (X2 ® X1 ® X2 + X2 ® X2i ® X2i—1 + X2i+2 ® X2i+1 ® x2)* € (EIH)*7

and

3(7%71/+12i72¢_1 = (1 ® X1 ® X1+ X1 ®X2i ® Xai—1 + X2i+2 ® X2i11 ® x1)* € (EM)*.

As a consequence of these computations, we can now conclude the following
result which will help us computing the canonical class of G in the next sections.

Proposition 6.10. Let x € Homy, (K3(H®), H?). Assume that k vanishes on all
the elements in the sets S DM T jn B that k vanishes on the elements

X1,1.1 + X1,2i,2i—1 + X2i,2i—11 n T for every i > 2, and, for every i > 2, the value
of k on the element x2.1.2 + X2,2i2i—1 + X2i,2i—1,2 in T agrees with the value of
on the element X112+ X1.21 +X2.1.1 + X2.1,2 in X1 Then [r] = 0 in HH3’71(H'),

Proof. By Lemma we know that the elements (x1,1,2; + X2i,2i—1,2i + X2i,2i,2i—1)*

and (X2¢_1,171 + X2i—1,2i,2i—1 T X2i,2i—1,2i—1)* in (TIH)* are in the image of 0. By
Lemma [6.9] we have, for i > 3,

(X1 ® X1 ® X1 + X1 ® X2i ® X2i—1 + X2i+2 ® X2i+1 ® X1)* = 5‘7%,1'+'2i,2i—1a
and
(X2 ®x1 ® X2 + X2 ® X2 ® X2i—1 + X2i+2 @ X2i+1 ® x2)*
= 80%,14/21',21‘71 + 605,14/2@2%1'
By Lemmas [6.7] and we have

X1®Xx1®X1+X1®X4a®x3+ X6 @ X5 ®x1)*

— D2 2
= 00714043+ 007 10191,
and

(X2 ®X1® X2+ X2®@ X1 ® X3+ X6 QX5 ® x2)*

— 1 2 1
= 60'171/_,'_/473 + 60_1)1/4_/4,3 + 60_171/4_/271.

This shows that (EM!)* is contained in the image of 0. By the second parts of
Lemmas [6.6] and we have

* 2 2
(X111 + X1,21)" = 007 9401 + 007 114001
By Lemma we have

s 2
(X112 + X122+ X111 +X4,31)" = 007 114791, and

s 1
(X202 + X122 + X2,43)% = 007 174191

This shows that (X!)* is in the image of 0, except possibly for the element (x1,12+
X1,2,1 + X2,1,1 + X2,1,2)*. As a consequence of the above and Lemma we then
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get

(X112 + X1,2,1 + X211 + X2,1,2)* + Z (X2,1,2 + X2,2i,2i—1 + X2i,2i71,2)*
2<i<d/2

_ Al 2 2 1 2
= 001 9491 + 007 y4r91 + 001 114091 + 001 114143+ 007 114043

1 2
+ Z (007 1141921 + 007 114195 9i1)-
3<i<d/2—1

This shows all the required relations. ([

Remark 6.11. For d = 2, we only get the relation that 00%’2,+,271 is equal to the
sum (x1,1,1 + x1,.2)% + (X1,1,2 + X1.21 + X2,1,1 + X2,1,2)* in Homg, (K3(H®), H?).

6.3. Construction of the canonical class - type III and IV. We will now
construct the canonical class of G. Let Hom(G,F3) denote the Fo-vector space
of continuous group homomorphisms. We choose f; to be the identity H' —
Z! = Hom(G,Fs) and omit it from the notation. We construct an Fo-linear map
f2: R — C* by defining it on each element of B! and then extend it Fy-linearly.
Let Ay = (éé@), Ay = ég?), and Ay = (éé?) denote the matrices
used in the proof of Lemma Let ¢ # j and (4,4) # (2k — 1,2k), (2k, 2k — 1).
We define the continuous homomorphism ,0?]1 G — Us(F3) by the assignment
x; = Ajo, xj — A1, and z, — I3 for s # ¢,5. We define the continuous map

f2(xi ® xj): G — Fy by setting fo(xi ® x;) == e 0 pij. For i # 1, we define
the continuous homomorphism p?} G — Us(F2) by the assignment x; — Ajq,
and z; — I3 for j # i. We define the continuous map fo(x; ® xi): G — Fa
by setting fa(x; ® Xxi) == e130 p?} Next, we would like to define a continuous

homomorphism pIII)Il, 4210 G — Uy(F2) which lifts the continuous homomorphism

1x1 x2 *
ﬁ{l’llur,z’l: G — U4(F2) given by ﬁlﬂ,yz’l = ( to X > To construct the desired
1

lift, consider the matrices

0109 0900
S:=1{00i1)-andT:= (0550 |-
0001 0001

We have S? = [S,T] = E1 4 and hence S?[S,T] = I, in Uy(F3). Moreover, S* =
T* = I, in Uy(F3). Thus, by Lemma [3.10, we can define p11{11,+,2’1: G — Uy(Fs3) by
the assignment x1 — S, zo — T, and x5 — I for s # 1,2. We define the desired
continuous map G — Fy by setting

falxi1+ x2.1) = er a0t ing-

Now, let ¢ € J, /2. We would like to define a continuous group homomorphism
P 4r9i0i1: G — Us(F2) which lifts the homomorphism PV yrginiir: G — Us(F2)

I xt x2: %
: 111 _ 170 x1 . . .
given by Dy 1/4r9;0i-1 = ( 1 xaia > To construct the desired lift, consider
1

the matrices

4189 1988 1918
A=1|0010) B=1{0011),andC:={g570 |
0001 000 0001

1
1

We have A? = [B,C] = E1 4 and hence A%[B,C| = I in Uy(F3). Moreover, A* =

B* = I in Uy(F2). Thus, by Lemma [3.10, we can define pi'}, o, ;1 : G — Us(Fy)



38 AMBRUS PAL AND GEREON QUICK

by the assignment x1 — A, x9;_1 — B, x9; — C, and x4 +— I for s # 1,2i — 1, 2i.
We define the desired continuous map G — Fy by setting

) 11
fa(xa1 + X2i2i-1) = €140 p1 114721 2i—1-

Finally, let ¢ € J/2. We would like to define a continuous homomorphism p2Z 1,2i472i2i-1° G =

U, (F) which lifts the continuous homomorphism pit 120 42i2i-1: G — Us(Fo)

1 x2i—1 X2i %

: —T11 _ 10 X . . .
given by ps; 1 91495211 = ( 1 ot ) To construct the desired lift, con-
1

sider the matrices

We have D* = E* = I, and [D, E] = I, in Uy(Fs). Thus, by Lemma we can
define p%1_172i,+/2i72i_1 by the assignment xo; 1 — D, x9; — E, and x5 — I, for
s # 21 — 1,2i. We define the desired continuous map G — Fq by setting

) 111
f2(X2i-1 ® X2i + X2i ® X2i—1) = €140 P31 2 1/2i 2i-1-

We now define the map fo: R — C! on all of R by extending it Fy-linearly from BL!
to R. We define the map WI': K3(H*) — Z? as in . Taking the cohomology
class of WL defines an Fo- hnear map k31 K3(H®) — H? which represents the
canonical class of G in HH*>~!(H?*).

6.4. One more compatibility result. For the computation of the canonical class
we need another compatibility result.

Lemma 6.12. Let VI(Fy) be the subset of Uz(F2) consisting of matrices of the

lzabzct
0015026
x z .
form 0001000 and let W (Fy) denote the subset of matrices of the form
y
0000010
0000001
10ab0cO
010¢000
0010000 III I
9001000 Then V21 (Fy) is a subgroup of Uz(Fs), and W' (Fs) is a normal
0000010
0000001
subgroup of VIL(Fy). Moreover, the map t31: Uy(F2) — VIL(Fy)/WHL(Fy) defined
018560
* x
m. o5y 0012020 | . , ,
byt | 9392 ) — 0001000 |15 an isomorphism of groups.
y
0001 0000010
0000001

0
Proof. This follows from a direct computation as in the proof of Lemma[4.13] O

Notation 6.13. Let n > 3. For 1 <s; <t; <nandi=1,2,3,4, let E((:f:f))((:;lf;)

denote the unique matrix in U, (F3) with non-zero entries above the diagonal in
positions (s;,¢;). When one of the (s;,t;) is omitted in the notation, then this entry
is zero. For example, E((fi))g?)) is the matrix in Uy, (F2) with non-zero entries above
the diagonal in positions (1,2), (2,7), (3,4), and (4, 8), and E(17 §)> (2.4) 18 the matrix
in U,(F2) with non-zero entries above the diagonal in positions (1,3), (2,4), and

(7,8).
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Proposition 6.14. Let pi': G — VI(Fy) be a continuous group homomorphism

satisfying P (1) = E(1y) 5.0, P (w2i1) = Egsry, M (w2s) = E(s), and pi(ay) =
I7 for k # 1,20 —1,2i. Then
€1,7 0 pI7H = f2(X1,1 + X2i,2i—1)
as continuous maps G — Fs.
Proof. This follows from the definition of f» and Lemma @ O

6.5. Computation of the canonical class - type III and IV. Now we deter-
mine the values of the map representing the canonical class of G.

Proposition 6.15. For every i > 2, the values of k¥ on the element x2 ® x1 ®

X2 + X2 ® X2i @ X2i—1 + X2i @ X2i—1 ® X2 in T and on the element x1 @ x1 ® x2 +
X1®X2®@ X1+ x2®@ X1 ® X1+ X2 @ X1 ® x2 in X agree.

Proof. Let i > 2. It suffices to show that 1! vanishes on the sum of the two
elements. That is, after removing 2 1,2 which appears twice, we want to show that

(14) Hgll(X2,1,1 + X2,2i,2i-1 + X1,2,1 + X1,1,2 + X2i,2i-1,2) = 0.

To do so, we will show that the continuous group homomorphism p: G' — Ug(Fs)
given by

1 x1 x2 fa(x1,2+x2,1) x2i f2(x2,2i) fa(x1,1+Xx2i,2i-1) *
10 X2 0 0 X1 fa(x1,2+x2,1)
1 X1 0 X2i 0 fa(x1,1+x2i,2i-1)
5= 1 0 0 0 X1
1 0 X2i—1 fa(x2i—1,2)
1 0 X2i—1
1 X2

1
lifts to a continuous group homomorphism p: G — Ug(Fs). Let A := E((f;l))((;l?)),

and B = E((fg‘)),@ s Let C = E57 and D := E}Y. We have A* = C* = Iy and

A2[A, B][C, D] = I in Us(F2). (Note, however, that A2 = [C, D] = E}} # I and
[A, B] = Is in Ug(F2).) Thus, by Lemma we can define a continuous group
homomorphism p: G — Us(F3) by the assignment

x1— A, 29— B, x9;_1— C, x9; = D,

and p(xy) = Is for k # 1,2,2i—1,2i. We use Conventionand Proposition
to identify eq,7 o p with fa(x1,1 + X2i2i—1), and we use an analogue of Proposition
to identify esg o p with fo(x1,1 + X2i,2i—1). Moreover, we use analogues of
PI‘OpOSitiOIlS&I’ldtO ldentlfy €1,50p with f2 (X?,?i)v €2,80p with f2 (leg +X271),
and e5g o p with fo(x2i—1,2). By Dwyer’s Theorem the existence of p implies
). O

Remark 6.16. We can determine the value of k51 on x1 ® x1 ®@x2 + Y1 ® x2a ® x1 +

X2 ® X1 ® X1 + X2 ® x1 ® x2 as follows. We define the matrices
101000 110000

10 100
A= 1 and B = t

O
RO
=HOROO
—=OOO
=HEOOO

We have A* = I and A? - [A, B] = E1 6 in Ug(F2), i.e., we have A%-[A, B] = I in
Ug(F2), but A2-[A, B] # Is in U(F2). This shows that the assignment z; — A and
x9 — B defines a continuous group homomorphism p: G — Ug(F2) which does not
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lift to a continuous group homomorphism p: G — Ug(F2). By Dwyer’s Theorem

m this implies k5 (X112 + X121 + X211 + X2,1,2) # 0. In fact, we can also use

Dwyer’s Theorem to show l<c13H(X1,1,1 + x1,2,1) # 0.

Proposition 6.17. The canonical class of G is trivial.

Proof. By Proposition and Proposition |6.15] it suffices to show that x5! van-

ishes on the elements x1.1.1 + X1,2i,2i—1 + X2i,2i—1,1 in THI for every ¢ > 2, and that
kI vanishes on S™, DM and T Both claims follow from the arguments used
in the proof of Propositions[4.21] and [5.9] where we only need to replace the assign-
ments of xo; and xg;41 with assignments of x9;,_1 and z9;, respectively. Here we
note that every matrix M € U, (F3) we use in Sections and@ satisfies M* = I,

in U, (F2). Hence an additional factor M?" in a matrix relation of the form @,

corresponding to the additional factor x%f or x%f in the defining relation for G,

does not impose an obstruction for defining a continuous group homomorphism

Proof of Theorem[6.1. The assertion follows from Propositions .15 and [6.17] O
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