GEOMETRIC PUSHFORWARD IN HODGE FILTERED
COMPLEX COBORDISM AND SECONDARY INVARIANTS

KNUT BJARTE HAUS AND GEREON QUICK

ABSTRACT. We construct a functorial pushforward homomorphism in geomet-
ric Hodge filtered complex cobordism along proper holomorphic maps between
arbitrary complex manifolds. This significantly improves previous results on
such transfer maps and is a much stronger result than the ones known for
differential cobordism of smooth manifolds. This enables us to define and pro-
vide a concrete geometric description of Hodge filtered fundamental classes for
all proper holomorphic maps. Moreover, we give a geometric description of a
cobordism analog of the Abel-Jacobi invariant for nullbordant maps which is
mapped to the classical invariant under the Hodge filtered Thom morphism.
For the latter we provide a new construction in terms of geometric cycles.
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1. INTRODUCTION

The study of the analytic submanifolds of a given compact Kéahler manifold
is a central theme in complex geometry. Fundamental classes provide important
invariants for this study. For a classical example, let X be a compact Kahler
manifold and Z C X a submanifold of codimension p. The Poincaré dual of the
pushforward of the fundamental class of Z along the inclusion defines a cohomology
class [Z] in H?(X;Z). In fact, [Z] lies in the subgroup Hdg®*(X) = H?**(X;Z) N
HP?(X;C) of integral classes of Hodge type (p,p). This induces a homomorphism
from the free abelian group ZP(X) generated by submanifolds of codimension p
of X to Hdg?’(X). This map lifts to a homomorphism to Deligne cohomology

2020 Mathematics Subject Classification. 55N22, 14F43, 58J28, 19E15, 32C35.
The second-named author was partially supported by the RCN Project No. 313472 Equations
in Motivic Homotopy.



2 KNUT BJARTE HAUS AND GEREON QUICK

HZP(X;Z(p)). The latter group fits in the short exact sequence
(1) 0 — J?~YX) - HZ(X;Z(p)) — Hdg* (X) — 0

where J?P~1(X) denotes Griffiths’ intermediate Jacobian (see for example [29, §12]).
On the subgroup Z{_ (X) of submanifolds whose fundamental class is homologi-
cally trivial sequence ([I)) induces the Abel-Jacobi map ZF  (X) — J??7!(X). As
described in [29] §12.1] this map has a concrete geometric description via evaluating
integrals over singular cycles in X, and one may consider it as a secondary cohomol-
ogy invariant. In [22] 23] Karoubi constructed an analog of Deligne cohomology for
complex K-theory over complex manifolds in which secondary invariants for vector
bundles can be defined (see also [I0] for a study of induced secondary invariants).
In [19] the authors show that there is a bigraded analog of Deligne cohomology Ep
for every rationally even cohomology theory E. If X is a compact Kéhler manifold,
there is a short exact sequence

0— JPHX) = EX(p)(X) - Hdg?(X) = 0

generalizing sequence . Let X be a smooth projective complex algebraic variety
and ./,\/lvp(X ) be the free abelian group generated by isomorphism classes [f] of pro-
jective smooth morphisms f: Y — X of codimension p between complex algebraic
varieties. Based on the work of Levine and Morel [24] on algebraic cobordism, it
is shown in [19] that for E = MU there is a natural homomorphism @: Mp (X)—
M U%p (p)(X) where X also denotes the underlying complex manifold of complex
points of X. On the subgroup MVP(X Jtop Of topologically cobordant maps this
induces an Abel-Jacobi type homomorphism AJ: ./K/lvp(X)mp — Jifgl(X). This
homomorphism has been studied in more detail in [26]. However, both @ and AJ
are only defined for complex algebraic varieties and are not induced by a geometric
procedure as their classical analogs, but by a rather abstract machinery.

In [15] the authors define for every complex manifold X and integers n and p,
geometric Hodge filtered complex cobordism groups MU"(p)(X) recalled below.
The main result of [I5] is that there is a natural isomorphism of Hodge filtered
cohomology groups

(2) MUB(p)(X) = MU (p)(X).

The aim of the present paper is to construct pushforward homomorphisms along
proper holomorphic maps for geometric Hodge filtered cobordism. This will al-
low us to give a concrete description of the Hodge filtered fundamental classes
of holomorphic maps f: Y — X for any complex manifold X and of the Abel-
Jacobi invariant AJ for topologically trivial cobordism cycles on compact Kéhler
manifolds. We note that the results of the present paper are independent of the
comparison isomorphism (2)) of [I5]. The only results from [15] that we assume here
are the verification of some natural properties of the groups MU" (p)(X).

We will now briefly describe the construction of the groups MU™(p)(X) of [15]
which we also recall in more detail in section Pl and will then describe our main
results in more detail. Consider the genus ¢: MU, — V, := MU, ®z C given by
multiplication by (274)™ in degree 2n. By Thom’s theorem, MU, is the bordism
group of n-dimensional almost complex manifolds Z. Hirzebruch showed that any
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genus ¢: MU, — V, is of the form
o(2) = / (K(T2))!
7

for a multiplicative sequence K¢, where T'Z denotes the tangent bundle of Z.
This yields a V,-valued characteristic class of complex vector bundles. For p € Z,
we consider the characteristic class K? = (27i)? - K®. If V is a connection on
a complex vector bundle E, Chern-Weil theory gives a form K?(V) representing
KP(FE). Given a form w on Z and a proper oriented map f: Z — X, we consider
the pushforward current f,w, which acts on compactly supported forms on X by
o> fzw A f*o. We define Hodge filtered cobordism cycles as triples (f,V,h)
where f is a proper complex-oriented map f: Z — X, V is a connection on the
complex stable normal bundle of f and & is a current on X such that

f+KP(V) — dh is a smooth form in FPA™(X; V).

After defining a suitable Hodge filtered bordism relation we then obtain the group
MU™(p)(X) of Hodge filtered cobordism classes. The main new technical contribu-
tion of the present paper is the construction of pushforwards for geometric Hodge
filtered complex cobordism.

Theorem 1.1. Let g: X — Y be a proper holomorphic map between complex man-
ifolds of complex codimension d = dim¢ Y — dime X. Then there is a pushforward
homomorphism of MU*(x)(Y)-modules

gt MU (p)(X) = MU (p + d)(Y)

which is functorial for proper holomorphic maps and compatible with pullbacks.

In [I9] Section 7], the authors show that there is an M Up-pushforward along
projective morphisms between smooth projective complex varieties. In fact, they
show that there are pushforward maps for a logarithmically refined version of
MUp for quasi-projective smooth complex varieties, as a rather formal conse-
quence of the projective bundle formula. This theory coincides with MUp for
projective smooth complex varieties. Hence, assuming the comparison isomor-
phism of [15], Theorem extends the existence of pushforwards to a signifi-
cantly larger class of maps than the one in [19]. Since pushforwards in cohomology
gx: MU™(X) — MU™24(Y) only exist for proper and complex oriented contin-
uous maps of (real) codimension d, the class of proper holomorphic maps is the
largest possible subclass of holomorphic maps for which a pushforward with good
properties may exist.

The construction of g, in Theorem is similar to the one of pushforwards for
differential cobordism for smooth manifolds in [6]. However, the pushforward in
differential cobordism exists only for proper submersions with a choice of a smooth
MU-orientation. We will now explain why the pushforward for Hodge filtered
cobordism exists for all proper holomorphic maps. In section [3| we first define
the group of a Hodge filtered MU-orientation as a Grothendieck group of triples
(E,V,0) where F is a complex vector bundle with connection V and o is a form
on X such that K (V) —do € FOA°(X;V,). The relations involve a Chern—Simons
transgression form associated to the multiplicative sequence K. A Hodge filtered
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MU -oriented map is then a holomorphic map with a lift of the stable normal bun-
dle to the group of Hodge filtered M U-orientations. Then we show in section
that there is a pushforward along every proper Hodge filtered M U-oriented map.
Finally, we show in section 5| that there is a canonical choice of a Hodge filtered
MU-orientation for every proper holomorphic map. The key idea is a variation
of a result of Karoubi’s [22] Theorem 6.7] which establishes a mapping of virtual
holomorphic vector bundles to the group of Hodge filtered M U-orientations by
picking a Bott connectionﬂ Applying this result to the virtual normal bundle of a
holomorphic map defines a canonical orientation which we call the Bott orientation.

Another crucial point for the construction of pushforwards is that there is a cur-
rential version of Hodge filtered cobordism which we introduce in section 23] A
key difference to differential cohomology theories on smooth manifolds, such as dif-
ferential cobordism or differential K-theory, is that, for Hodge filtered cobordism,
the currential description and the one using forms are canonically isomorphic. This
is not the case for differential theories as explained for differential K-theory in [I1],
where particularly the exact sequences [I1], (2.20)] and [11Il (2.29)] make it clear
that the smooth and currential differential K-theory groups are different in gen-
eral. The main reason is that the space of closed currents 2™ (X) is strictly larger
than the space of closed forms A™(X).. In the Hodge filtered context, however,
we use H"(X; FPA*) and H"(X; FP2*), and H"(X; A*/FP) and H"(X; 2" /F?)
instead of A"(X)/Im (d) and 2™(X)/Im (d). Since the Dolbeault—Grothendieck
lemma holds both for currents and forms, in both cases the canonical map from
the first to the second group is an isomorphism (see Lemma and Theorem [2.16)).

We will now describe the remaining content and results of the paper. In section
[4 we show that the pushforward is functorial, compatible with pullbacks and satis-
fies a projection formula. In section [] we introduce the Hodge filtered fundamental
class [f] = f.(1) € MU?P(p)(X) associated to a holomorphic map f: Y — X of
codimension p as the pushforward of the unit element along f. If X is a compact
Kéhler manifold and f is a nullbordant proper holomorphic map, then [f] has im-
age in the subgroup Jifl; 1(X ) which has the structure of a complex torus. In this
case we also write AJ(f) := [f] for the class of f in Jifj’gl(X). Since the pushfor-
ward f, has a geometric construction, we are able to give a geometric description
of the secondary invariant AJ(f) in section [6] The main ingredient in the formu-
las are certain Chern—Simons transgression forms mediating between an arbitrary
connection on the normal bundle Ny and Bott connections on the corresponding
tangent bundles. In section [7] we present a cycle model for Deligne cohomology
inspired by but slightly simpler than the one of Gillet and Soulé in [12]. The main
difference is that we use currents of integration instead of integral currents in the
sense of geometric measure theory (see also [I4]). The new construction may be of
independent interest and useful for other applications. This enables us to give a cy-
cle description of the Hodge filtered Thom morphism MU (p)(X) — HE(X; Z(p))
for every complex manifold X and integers n and p. In section [§| we report on

IThe notion of Bott connection in [22] §6] is a generalization of Bott connections in foliation
theory. For complex manifolds, Bott connections are connections compatible with the holomorphic
structure.
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our knowledge of the current status of examples and phenomena related to the ker-
nel and image of the Hodge filtered Thom morphism for compact Kéahler manifolds.

Parts of the present paper grew out of the work on the first-named author’s
doctoral thesis. Both authors would like to thank the Department of Mathematical
Sciences at NTNU for the continuous support during the work on the thesis and
this paper. We thank the anonymous referee for many comments and valuable
suggestions which helped improving the paper.

2. CURRENTIAL GEOMETRIC HODGE FILTERED COBORDISM

First we briefly recall some facts about currents and the construction of geometric
Hodge filtered complex cobordism groups from [I5]. Then we introduce a currential
version of Hodge filtered cobordism.

2.1. Currents. Let X be a smooth manifold and let Ax denote the orientation
bundle of X. Let A%(X;Ax) be the space of compactly supported smooth forms
on X with values in Ax. Let 2*(X) denote the space of currents on X, defined
as the topological dual of A%(X;Ax). Given a form w € A*(X) and a current
T € 2*(X), their product acts by

TAw(o)=T(wAo).
There is an injective map A*(X) — 2*(X) given by

w— T, = <a’l—>/ wAo, UEAz(X;AX)>-
X

We equip 2* with a grading so that this injection preserves degrees. That is,
P*(X) consists of the currents which vanish on a homogeneous A x-valued form o,
unless possibly if dego = dimg X — k. We will not always distinguish w from T,
in our notation.

If X is a manifold without boundary, Stokes’ theorem implies for w € A*(X):

Ty (o) = (=1)*1T, (do).
Hence the exterior differential can be extended to a map d: 2%(X) — 2*t1(X) by

dT (o) = (=)' T(do).
For a vector space V we set 2*(X;V) = 2*(X) ® V, and for an evenly graded
complex vector space V, = @;V,; we set

TM(X;Ve) = @D 2" (X5 V).
J

An orientation of a map f: Z — X is equivalent to an isomorphism Az & f*Ax.
If f is proper and oriented, we therefore get a map

[ ANX Ax) = AX(Z A g)
which induces a homomorphism

fe: 2°(2) — 27TYX)
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where d = codim f = dim X — dim Z. We also denote by f,. the homomorphism
9*(Z; Vi) = 2*(X;V,) induced by tensoring f, with the identity of the various
V2. We then have the identity

do f. = (=1)4f, od.

Remark 2.1. In the case of a submersion 7: W — X the pushforward 7, preserves
smoothness. We thus obtain the integration over the fiber map

/ LA (W) = ATH(X)
WX

defined by the equation
wa/x w = ﬂ'*Tw.

Now we assume that X is a complex manifold. Then the space of currents is
bigraded as follows. We write 97:4(X) for the subgroup of those currents which
vanish on compactly supported (p’, ¢’)-forms unless p’ +p = dime¢ X = ¢'+¢. Then
A*(X) - 2%*(X), w — T, is a morphism of double complexes. The Hodge
filtration on currents is defined by

FPoMX) =P 7" (X).
i>p
For an evenly graded complex vector space V, we set

) ) gmn gn+2j(X.V2.)
n . - + n+2 . . - v 74
FPP™(X;V,) .7@}«“? TP (X V), = (X;5V.) = D Frr G (X, Vi)
J

Fp
j
With similar notation for FPA*(X;V,) and %(X ; Vi) we get the following result
which will be crucial for the proof of Theorem [2.16

Lemma 2.2. Let X be a complex manifold. For every p, the maps of complexes of
sheaves FPA*(V,) — FP2*(V.) and 25 (V.) — Z-(V.) are quasi-isomorphisms on
the site of open subsets of X.

Proof. 1t suffices to prove the assertions for V, = C. Let QP be the sheaf of
holomorphic p forms on X. The maps of complexes

OF — A" = gP*

are quasi-isomorphisms by the Dolbeault—Grothendieck Lemma as formulated and
proven in [I3] pages 382-385] (see also [8, Lemma 3.29 on page 28]), where we
consider QP as a complex concentrated in a single degree. The sheaves AP*? and
9P4, being modules over AY, are fine. Therefore, it follows from [29, Lemma 8.5]
that the solid inclusions

OF=p

N

FPA* > FPQ*
are quasi-isomorphisms. This implies that the dotted arrow is a quasi-isomorphism
and proves the first assertion. By the same argument we have de Rham’s theorem
and the inclusion A* — 2* is a quasi-isomorphism. Hence the induced map between
the cokernels of the maps A* — 2* and FPA* — FPP* is a quasi-isomorphism as
well. This proves the second assertion. [
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2.2. Geometric Hodge filtered cobordism groups. We briefly recall the con-
struction of the geometric Hodge filtered cobordism groups of [15]. For further de-
tails we refer to [15], §2]. Let Mangc denote the category of complex manifolds with
holomorphic maps. For X € Man¢ let f: Z — X be a proper complex-oriented
map, and let Ny be a complex vector bundle which represents the stable normal

bundle of f. Let V; be a connection on Ny. We call the triple f = (f, Ny, Vy) a
geometric cycle over X. We let ZMU n(X ) denote the abelian group generated by
isomorphism classes, in the obvious sense, of geometric cycles over X of codimension
n with the relations fi + fo = fi U fa.

Let MU, be the graded ring with MU,, = MU ~"(pt). A map of rings MU, — R
for R an integral domain over Q is called a complex genus. Complex genera may
be constructed in the following way. For each i € N, let x; be an indeterminate
of degree i. Let Q € R][y]] be a formal power series in the variable y of degree 2.
Let o; denote the i-th elementary symmetric function in x1,x2,.... We may then
define a sequence of polynomials K ZQ satisfying

KQ(Ul,O'g,-'-) =1 +K2Q(01) +K§2(01,02) +---= HQ(%‘Z)
i=1

since the right-hand side is symmetric in the z;. Then we get a characteristic class
K@ defined on a complex vector bundle E — X of dimension n by

KQ9(E) := K9cy(E),...,ca(E)) € H(X;R)
where ¢;(E) denotes the i-th Chern class of E. In fact, by [I6] §1.8], all genera are
of the form

02X = [ KOV
where Nx denotes the complex vector bundle representing the stable normal bundle
of X obtained from the complex orientation of X — pt. From now on we set
V, := MU, ®7C. We assume that the power series Q(y) = 1+71y+roy?+--- has
total degree 0. This is equivalent to assuming ¢? to be a degree-preserving genus.
Then KQ(FE) has total degree 0. By [6, Lemma 3.26], ¢9 extends to a morphism
of multiplicative cohomology theories
¢ MU™(X) — H™(X;V,)
by
¢?([f]) = f.E? (Ny).
Here H™(X;V.) = @, H""(X;Vy;), so that in particular H~2/(pt; Vi) = V.
Now we fix the multiplicative natural transformation
¢: MU*(X) — H*(X;Vy)
characterized by restricting to multiplication with (2772')’C on MUy, — MUy, @ C.
Let
K =1+ Ksy(o1) + Ky(o1,02) + -
be the multiplicative sequence satisfying ¢([f]) = f«KX(Ny). For p € Z we set
KP = (2mi)P - K and

¢ ([f]) = f KP(Ny).
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Let f: Z — X be a proper complex-oriented map, and let V¢ be a connection on
Ny. By Chern-Weil theory there is a well-defined form ¢(V ) € A*(Z) representing
the total Chern class ¢(NNy). In fact, with respect to local coordinates, we have

1
(Vi) =1+c1(Vy) +ca(Vy) + - = det (1 - 2m,va>

where FV7 denotes the curvature of V. Then the form
K(Vy) = K(ci1(Vy),ca(Vy),...) € A%Z; V)
represents the cohomology class K (Ny).

~ P (]
Definition 2.3. For a geometric cycle f € ZMU (X) we define, using the orien-
tation of f induced by its complex orientation, the current

pr(f) = f*Kp(vf) € 7"(X; V).
Note that ¢P (f) is a closed current representing the cohomology class ¢?([f]) =
f[+KP(Ny) € H"(X;V.). By de Rham’s work [9, Theorem 14] we can always find a
current h € 2"~ 1(X;V,) such that

&P (f) —dh = fLKP(Vy) — dh is a form, i.e., lies in A"(X; V).

Definition 2.4. Let X be a complex manifold and n,p integers. The group of
Hodge filtered cycles of degree (n,p) on X is defined as the subgroup

ZMU™(p)(X) C (ZMU”(X) x @"‘1(X;V*)/d9"‘2(X;V*))

consisting of pairs v = (f, h) satisfying
foKP(Vy) —dh € FPA™(X; V).
Remark 2.5. To simplify the notation, we will often write ¢ and K instead of

¢P and KP, respectively. We may sometimes consider a Hodge filtered cobordism
cycle as a triple

v = (Fw,h) € ZMU (X) x FPAY(X;V.) x 9" (X;V.)/d2"2(X;V.)
where (f,h) € ZMU™(p)(X) and the form w := ¢(f) — dh = f.K (V) — dh.

Next we introduce the cobordism relation. The group of geometric bordism
data over X is the subgroup of elements b e ZMU (R x X), with underlying
maps b = (¢, f): W — R x X such that 0 and 1 are regular values for ¢;. Then
Wy = c,:l(t) is a closed manifold for t = 0,1, and f; = f|w, is a geometric cycle.
We define

9= fi — fo € ZMU (X)

and, setting Wio 1) = 0;1([0, 1]), we define the current

(3) PP(b) = (=1)" (flwe,), (KP(V)).
We will often write ¢ instead of ¢? to simplify the notation. By [15, Proposition
2.17], a geometric bordism datum b over X satisfies

6" (9B) — du? (3) = 0.
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Hence we consider (9b,1?(b)) as a Hodge filtered cycle of degree (codimb,p). We
call such cycles nullbordant and let BMUL (p)(X) C ZMU™(p)(X) denote the

geo

subgroup they generate. We follow Karoubi in [22] §4.1] and denote
(4) FPAYX;V,) = FPA X V,) + dAP (X3 V,).
We define the map

(5) a:d N (FPAMX; V) = ZMUM(p)(X),  a(h) == (0, h)

where d=! (FPA™(X;V,))" " denotes the subset of elements in A" (X ;V,) which
are sent to the subgroup FPA"(X;V,) under d: A" }(X;V,) — A"(X;V,). The
group of Hodge filtered cobordism relations is defined as

geo

BMU™(p)(X) = BMU™(p)(X) +a (ﬁPA"—l(X; v*)) .
Definition 2.6. Let X € Manc and let n and p be integers. The geometric Hodge
filtered cobordism group of X of degree (n,p) is defined as the quotient

n ZMU™(p)(X
We denote the Hodge filtered cobordism class of the cycle v = (f, h)=(f,N;,Vy,h)
by 1] = [, 4] = [f, Ny, V., B,

We define maps R and I on the level of cycles as follows:
(6) R: ZMU"™(p)(X) = FPA™(X; V., R(f,h) = f.K(Vy) —dh

I: ZMU"(p)(X) — ZMU"(X), I(f,h) = f

Note that the maps R, I, and a above induce well-defined homomorphisms on
cohomology by [I5, Proposition 2.19].

Remark 2.7. Note that [R(y)] = ¢(I(7)). In that sense, R refines the topological
information of I with Hodge filtered differential geometric content. It is shown in
[15] that R and I fit in a homotopy pullback in a suitable model category which
can be used to construct Hodge filtered cobordism.

For the following theorem we let ¢ denote the composition of ¢ with the homo-
morphism induced by reducing the coefficients modulo FP.

Theorem 2.8. For every p € Z, the assignment X — MU*(p)(X) has the follow-
ing properties:
e For every X € Mang there is the following long exact sequence:

I

H (X 4500))

MU™(p)(X)

MUMNX) ——~ Hn (X Ay, ))

s Fp

MU (p) (X) — -+

o For every holomorphic map g: Y — X and every n there is a homomor-
phism
9" MU"(p)(X) — MU"(p)(Y).

Hence MU™(p) is a contravariant functor on Manc.
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e For every X € Mang, there is a structure of a bigraded ring on

MU (+)(X) = @ MU (p)(X).

Proof. The first assertion is proven in [I5], §2.6] and follows from a direct verification
of the exactness. The second and third assertions are proven in [15] §2.7] and [I5]
§2.8], respectively. We will, however, recall the construction of the pullback and of
the ring structure in section [4 (I

For later purposes we now show how the Hodge filtered cobordism class depends
on the connection on the representative of the normal bundle.

Definition 2.9. Let X be a smooth manifold, and let

5:(0 B E, Es o)

be a short exact sequence of complex vector bundles over X with connections V¥
on E;. Let w: [0,1] x X — X denote the projection. Let V™ #2 be a connection on
7* By which equals 7*VE2 near {1} x X and equals 7*(VE* @ V¥#3) near {0} x X.
The Chern—Simons transgression form of the short exact sequence £ associated to
the multiplicative sequence K is given by

CSK(E) = CSxc (VP , V2 v — / K(V™P2) € A~ (X;,)/Tm (d).
[0,1]xX/X
Remark 2.10. The construction of CSk (€) requires choosing a section s: E3 — Eo
as well as a connection V™ #2. However, the form CSk (&) is independent of these
choices in the quotient A~1(X;V,)/Im (d). By Stokes’ theorem, the derivative of
the Chern—Simons form CSg (V1 VF2 VEs) satisfies
dCSk (VF, VF2 vFs) = K (VF2) — K (VE @ V)
=K(V?) - K (VP)AK (V).
Remark 2.11. We will often consider the following special case. Let E be a com-

plex vector bundle over the smooth manifold X. Let V and V; be two connections
on E. We can form the short exact sequence

5:(0 E—“. g 0 o)

and define CSk(Vo, V1) := CSk(E). This Chern-Simons transgression form can
be expressed as

CSK(Vl,Vo):/ K(t-w*Vl—F(l—t)-w*Vo)
[0,1]xX/X

and its derivative satisfies

dCSk (V1,Vo) = K(V1) — K(Vo).

Lemma 2.12. Let fo = (f,N,Vo), and fi = (f,N,V1) € ZMU (X) be two
geometric cycles over X with the same underlying complex-oriented map f: Z — X.
Then there is a geometric bordism b with 0b = f1 — fo and

$(b) = (=1)"f.CSk (Yo, V1).
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Proof. Let b = idp X f: R x Z — R x X, and let mz: R x Z — Z denote the
projection. With the product complex orientation, using Nig, = 0, we have N, =
Nidgxf = 15 Ny. On 75Ny we consider the connection

V=t -m5Vo+(1—1t) 75V,

where ¢ is the R-coordinate. We can then promote b to a geometric bordism b=
(b, Np, V). Then we have 0b = f1 — fo. Using fonmy = mx ob the assertion follows
from

J+CSk(Vo, V1) = fuo(mzl01)x2)«K(Vs)
= ((’/TX Ob)|[0,1]><Z)*K(vb)° O
2.3. Currential Hodge filtered complex cobordism. Now we introduce a new
and alternative description of Hodge filtered cobordism groups by considering the
Hodge filtration on currents instead of forms. The difference to the previous def-

inition may seem negligible but turns out to be crucial for the construction of a
general pushforward later.

Definition 2.13. Let X be a complex manifold and n,p integers. We define the
group of currential Hodge filtered cycles ZMU§ (p)(X) as the subgroup

ZMUZ (p)(X) C (M”(X) X .@"‘1(X;V*)/d9"‘2(X;V*))

consisting of pairs (f, h) such that

(7) o(f) —dh = f. K(Vy) —dh € FPP"(X;V,).

We will sometimes write a currential Hodge filtered cycle (f, h) as a triple
(f,T,h) with T = ¢(f) — dh. Let as denote the map

as: d~ (FP2™M(X; V)" = ZMU™(p)(X), as(h) := (0,h),

where d~1 (FP2™(X;V,))" " denotes the subset of elements in 2"(X;V,) which
are sent to the subgroup FP2"(X;V,) under d: 2" 1(X;V,) — 2™"(X;V,). We

define the group of currential cobordism relations by

BMUP(p)(X) := BMU"_(X) + as (ﬁP@*(X; v*)) .

geo

Definition 2.14. For X € Manc¢ and integers n, p, we define the currential Hodge
filtered cobordism groups by

MU; (p)(X) := ZMU§ (p)(X)/BMU; (p)(X).
Similar to @, we define maps on the level of currential cycles as follows:
(8)  Rs: ZMUF(p)(X) = FP9™(X;V.),  Re(f.h) = FK(Vy) —dh
Is: ZMU}(p)(X) — ZMU"(X), I(fh) = 1.

By slight abuse of notation, we also denote by the symbols Rs, Is and as the
corresponding induced homomorphisms on cohomology groups. When the context
is clear, we will often drop the subscript § from the notation. For the next statement
let ¢5 denote the composition of ¢ with the homomorphism induced by reducing
the coefficients modulo FP.
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Proposition 2.15. Let X be a complex manifold. There is a long exact sequence

(9) ...LH"* (X; %p (V*)) L>MU§L(I7)(X)L>

MUMX) = 1™ (X5 55 (V) ) — 2 MUFH () (X) — -

Proof. The proof follows that of [I5, Theorem 2.21] closely. We provide the de-
tails of the proof for the convenience of the reader. We start with exactness at
MU} (p)(X). By definition of as and Is we have

Ig(a(;([h])) = L;([(th7 h]) =0.
To show the converse we work at the level of cycles. Let v = (f,h) € ZMUg (p)(X)
and suppose I5(y) = 0. That means f = 0b for some bordism datum b. We may

extend the geometric structure of f over b and obtain a geometric bordism datum
b such that 0b = f. We then have

(f 1) = (90, (b)) = (0, 1) = as(I).
The last equality follows from the observation that, since (0,h') € ZMU"(p)(X)
is a currential Hodge filtered cycle, we must have dh' € FP9™(X;V.). Hence we
know v € BMU} (p)(X).
Next we show exactness at MU"(X). The vanishing ¢5o Is = 0 follows from the
following commutative diagram, where the bottom row is exact:

MU (p)(X) —=— MU™(X)

. | e

HY (X3 PP (1)) 25 P (X10.) —= 1 (X3 20))

Conversely, suppose ¢4([f]) = 0. Then we can find @ € FP9"(X;V) such that

¢([f]) = inc.([@]).
Let V be a connection on Ny so that we get a geometric cycle fwith Is (f) = f.

Then (b(f) is a current representing ¢([f]). Hence gzﬁ(f) and @ are cohomologous,
i.e., there is a current h € 2" 1(X;V,) such that ¢(f) — dh = @. Then v := (f,h)
is a currential Hodge filtered cycle with I5(v) = f.

Now we show exactness at H" (X; %(VQ) Let f: Z — X be a bordism cycle
on X. We will show as(ds([f])) = 0 € MU (p)(X). Lifting f to a geometric

cycle f € Z]M/\/Un(X) we can write
as(@s([f1) = [0, 6(f)].

We may build from ]7 a geometric bordism datum b with underlying map

1
Z—>(2’f) Rx X

where 1 denotes the constant map with value 3. Clearly b = 0. Moreover, we

have ¢ (b) = (—1)"¢(f). Hence
(b, (b)) = (0, (=1)"6(f)) € BMU (p)(X)
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and we conclude that as(ds([f])) = 0.

Conversely, suppose that h € (d"1FP2"(X;V,))" ! is such that as(h) = (0,h)
represents 0 in MU} (p)(X). Then there is a geometric bordism datum b with
underlying map (cp, f3): W — R x X, and a current b’ € ﬁp@”’l(X; V.) such that

(0, h) = (9b,(b) + K.

Note that ﬁpgn_l(X; V,) is the group of relations for H"~! (X; %;(V*)), where

we therefore have

Since 9b = 0, we have
f= ol o) € ZMU™(X)

is a bordism cycle. By definition of v, we have w(l;) = (—1)”¢(f) where fis the
obvious geometric cycle over f. Hence

[B] = [ (B)] = (=1)"5([f]) € Im (G5).
This finishes the proof. (I

There is a natural homomorphism

7: ZMU" (p)(X) = ZMU (p)(X), (f,h) = (f.h)

which forgets that ¢(f) — dh is a form and not just a current. Since 7 sends
BMU"(p)(X) to BMU(p)(X), it follows that that there is an induced natural
homomorphism

T MU"(p)(X) = MU (p)(X).

Theorem 2.16. For every X € Manc and all integers n and p, the natural ho-
momorphism T: MU"(p)(X) — MU§ (p)(X) is an isomorphism.

Proof. The long exact sequences of Theorem 2.8 and Proposition 2.15] fit into the
commutative diagram

oo gn-1 (X A*(V*))4G>MU"(p)(X)4I>MU”(X)4¢>

T

R (X. 2" (V*)) Y MUP(p)(X) —Zs MU (X)) —2

) Fp

That the left-most vertical arrow is an isomorphism, is a corollary of the fact that
the Dolbeault—Grothendieck lemma holds for currents as well as forms, see Lemma
for the full argument. The right-most arrow is the identity. The assertion now
follows from the five-lemma. O

Remark 2.17. In [I5], MU"(p)(—) is defined on the larger category Manp of
manifolds with a filtration of A*. We note that Theorem 2.16] does not extend to
that context, since its proof uses that there is a Hodge filtration for currents which
extends that of forms and that the inclusion FP A* — FP9* is a quasi-isomorphism.

Remark 2.18. As we discussed in the introduction, Theorem [2.16] reflects an im-
portant difference between Hodge filtered cohomology and differential cohomology.
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3. HODGE FILTERED M U-ORIENTATIONS

We will now define the notion of a Hodge filtered M U-orientation of a holo-
morphic map in two steps: First as a type of Hodge filtered K-theory class with
V,-coeflicients. Then we apply this to the normal bundle of a holomorphic map.
Recall from the notation

FOATY (X3 0,) = FOATY (X0 +Im (d) € A1 (X5 V),

Definition 3.1. Let X be a complex manifold. We define the group Ky, (X)
of Hodge filtered MU -orientations, M Up-orientations for short, to be the quotient
of the free abelian group generated by triples € := (F,V,0) where E is a complex
vector bundle on X, V is a connection on E and o € A~1(X;V,)/FOA~Y(X; V)
such that

(10) K(e) = K(E,V,0) := K(V) —do € F°A°(X;V.)a
is a form in filtration step F modulo the subgroup generated by (Cy,d,0) for the
trivial bundle Cy on X with the canonical connection and by
(E2,Va,02) — (E1,V1,01) — (E3,V3,03)
whenever there is a short exact sequence of the form
0 E Es Es 0

with the identity

(11) 09 = 04 /\/C(Eg)+0’3/\K(V1)+CSK(V17VQ,V3)

in AL(X;V,)/F°A~Y(X;V,). We denote the image of (E,V,o) in the quotient
by [E,V,0o].

Remark 3.2. For ¢ € Z we could modify the above definition and define an
MUp-orientation of filtration g to be a triple (E,V, o) as above such that K(e) =
K(V)—do € F1A°(X;V,). Using appropriate relations, the addition on Ky, (X)
extends to the direct limit of pointed sets over all ¢ € Z. The group Ky, (X)
of Definition [3.1] is the subgroup of orientations of filtration 0. Since we do not
know of applications to support the additional generality and complexity, we only
consider orientations of filtration 0 in this paper.

We will now discuss the group Kpu,, (X) in more detail.
Lemma 3.3. The addition in Kyy,(X) is given by
le1] + [e2] = [E1, Vi,01] + [E2,Va,09] = [Ey @ Ea, V1 @ Vg, 012]
where
012 = 01 AK(e2) + 02 A (K(V7)).
Proof. We consider the sequence
O——F ——FE ®FEy——FE,——0
Since the connections split, CSx(V1, V1 @ Vi, Vi) = 0. Hence condition for
(B1 @ B2, V1 ® Va,012) — (E1,Vi,01) — (E2, Va,02)
to be a relation reduces to
o012 = 01 ANK(e2) + 02 A K(V1). O
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Remark 3.4. It follows from Lemma [3.3] that the identity element of Ky, (X)
is represented by the triple (0, d,0) where the first 0 denotes the zero-dimensional
trivial bundle.

Remark 3.5. Suppose we have two triples e; = (F,V1,01) and €3 = (E,Va,09)
with the same underlying bundle £. By Remark the triple 0 = (0,d, 0) repre-

sents the identity element in Ky, (X). Since K(d) = 1, considering E M Fasa
short exact sequence as in Remark we get a relation [eo] — [e1] — [0] for K prup,
i.e., we have [e1] = [e2] in Ky, (X), if and only if

o2 = 01+ CSk(V1, Va).
Remark 3.6. There is a hidden symmetry in Equation of Deﬁnition Since
o1 and o3 are of odd degree, we have
o1 Ndog =03 Adop  mod Im(d).
Hence, modulo Im (d), we have
o1 AN(K(V3) —dos) + 03 ANK(V1) =01 ANK(V3) — 01 Ados + o3 A K (V1)
=01 ANK(V3)+o03ANK(V1) —o03Adoy
=01 ANK(V3) + 03 A (K(V1) —doy).
Using the map K we can rewrite this relation as
o1 ANK(e3) + 03 ANK(V1) =01 AK(V3) + 03 AK(e1) mod Im(d).
We now discuss further properties of the assignment
e=(E,V,0) = K(e) = K(V)—do
defined in . We note that there is a certain similarity in the behaviors and roles

of the forms R(f,h) (respectively current Rs(f,h)) and K(¢). Both Rs(f,h) and
KC(€) contribute to the construction of the pushforward along holomorphic maps in

section 4| (see also Lemma Remark Proposition and Remark [4.15)).

Moreover, while the current f,K (V) is not a cobordism invariant, the class of the
difference R(f,h) = f.K(V ¢) — dh is indeed invariant. Similarly, we will show in
Proposition |3.8| that K(e) = K (V) — do is an invariant of the equivalence class [¢]
in Ky, (X) while K(V) is not. In fact, we will show that I respects the group
structure on Ky, (X). This result will be used in several of our main results and
their proofs. In particular, K plays a key role in the proof of the functoriality of
the pushforward in Theorem

Lemma 3.7. For representatives (E;, V;, 0;) withi = 1,2 of generators in Ky, (X)
we have
’C(61 + 62) = K(Gl) N IC(GQ).

Proof. To prove the assertion we use Lemma Both do; and K(V;) are closed
and lie in A%(X;; V.)e. In particular, this means that they are in the center of the
ring A*(X;; V.). Using this fact we get

K(er+e)=K(Vi@®Vy)—d(oy A(K(Va) —doz) + o2 A (K(V1)))

Vi) ANK(Va) —doy AK(ea) —doa AN K(V7)

V1) AK(e2) — doy A K(ea)

K(er) A K(ez). O

K(
K(
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Proposition 3.8. The map K descends to a morphism of monoids
K: (Kymup(X),+) = (FOA° (X5 V), A).

Proof. Since the triple (C¥, d,0) represents the identity element in Kysr7, (X), we
see that K sends the identity element to the identity. The fact that /C descends to
a map on Ky, (X) and respects the monoid structure then follows from Lemma
and the defining relations of Ky, (X). O

Remark 3.9. Let ¢ = (E,V,0) in Kjp,(X) be a representative of a generator
in Kppp (X). We may consider K(e) = K(V) — do as a power series over the
commutative ring A%*(X) in the generators of V,. Having leading term 1, K(e) is
an invertible power series.

Remark 3.10. The triple (Qﬁ, d, 0) represents the identity element in Ky, (X).
Given a generator € = (F,V,0) for Ky, (X), we can construct a class [¢'] such
that [e] +[€] = 0 in Ky, (X) as follows: Since X is a finite-dimensional manifold,
we can find a complex vector bundle E’ and an isomorphism E @ E' = CY for
some N. We equip E’ with the connection V' induced from d by the direct sum
decomposition £ ® B’ = Q%. Using Remark we let

o= ANK(V)ANK(e)L.

To check that ¢ = (E/,V/,O'/) satisfies [6] + [6/] — 0 we use Lemma to write
€] + [¢'] = [CX,d, 0"] where

"= ANK(V)+ " AK(e)
= ANK(V)—a ANK(V')AK(e)™P AK(e)
—0

which proves the claim.
Remark 3.11. Assume we have a short exact sequence of complex vector bundles

0 B by Es 0

and that we have orientations 0, = [E;, V;, 0;] involving two of the three bundles.
Then it follows from the defining relations in Ky, (X) and Remark that for
any connection V; on the remaining bundle F; we can find a form o; such that
0; = [E;,V,,0;] is an orientation and such that 0y + 03 = 05.

Definition 3.12. Let f: X — Y be a holomorphic map. Since the defining re-
lations are compatible with pullbacks of bundles and connections, there is a well-
defined pullback of orientations

I Kyup (Y) = Koy (X)
defined by f*[E,V, 0] = [f*E, [*V, f*o].

Next we define the notion of a Hodge filtered orientation of a holomorphic map.
We will use this notion in the following section to define the pushforward along a
holomorphic map. In section[5]we show that every holomorphic map has a canonical
choice of a Hodge filtered orientation.
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Definition 3.13. Let g: X — Y be a holomorphic map. We define a Hodge filtered
MU -orientation of g, or an MUp-orientation of g for short, to be a class

0 =[Ny, Vy,04] € Knrup (X)

where N, represents the complex stable normal bundle associated with g as a
complex-oriented map.

Definition 3.14. Let X; 25 X, 25 X35 be proper holomorphic maps of complex
codimension dy and da, respectively. Let o0; € Ky, (X;) be MUp-orientations of
g; for i = 1,2. We define the composed Hodge filtered MU -orientation of gs o g1 to
be

01 +gik02 € KMU.D(Xl).

Remark 3.15. With the notation of Definition [3.14] we recall that the stable
normal bundle of g5 o g; is isomorphic to the sum of the stable normal bundle of ¢;
and the pullback of the stable normal bundle of g» along g;. Hence 0; + gjos is, in
fact, a Hodge filtered M U-orientation of g o g1 in the sense of Definition [3.13

4. PUSHFORWARD ALONG PROPER HODGE FILTERED MU-ORIENTED MAPS

We will now define a pushforward homomorphism for proper M Up-oriented maps
and show that it is functorial. Then we show that the pushforward is compatible
with pullback and cup product.

Let g: X — Y be a holomorphic map and let o be an orientation of g. We
write g° for g together with the orientation o and refer to g° as an MUp-oriented
holomorphic map. If we want to specify the representative ¢ = (Ny, Vg, 0,) of o,
we write g¢ = (g, Ny, V4,0,), and we write g¢ for the underlying geometric cycle
g = (9,Ny,Vy). We will now define the pushforward of a Hodge filtered cycle
along an oriented proper holomorphic map.

Definition 4.1. Let g: X — Y be a proper holomorphic map of complex codi-
mension d. Let € = (Ng, Vg4,0,) be a representative of an orientation class of g in

Kyup (X). If f = (f, Ny, Vy) is a geometric cycle on X, we write
gof=(gof, Ny@ f'Ng, Vi@ ["Vy)

for the composed geometric cycle on Y. We define the pushforward homomorphism
on currential Hodge filtered cycles by

(12) Gi(F.h) = (5 o F. 9. (K(Vo) A+ oy A Rs(,1))

where g, denotes the pushforward of currents along g and R(s(]?7 h) = fK(Vyf)—dh
is defined as in .

We will explain the choices made in Definition further in Remarks and
below. But first we need to check that the construction is well-defined, i.e., we
have to show that g,i(f, h) actually is a currential Hodge filtered cycle. We will
achieve this in two steps as follows:

Lemma 4.2. For every (f,h) € ZMU§ (p)(X) we have
R(g:(f, 1)) = g.(K(€) A Bs(f, h).



18 KNUT BJARTE HAUS AND GEREON QUICK

Proof. We check this claim by applying the definition of Rs and then rewrite the
current as follows:

RJ(Q: (J?a h)) = g*f*K(Vf D f*vg) — dgx (K(vg) Ah+ og A Ré(fv h))

= 9. (LK(V) AK(Vy) — g (K(vg) A dh + doy A Rs(f, h))
(K K(Vy) —dh) — dog A Rs(F, h))
= 9. ((K(V,) = dog) A Rs(F. 1)
= g.(K(e) A Rs(f, h)). 0

We can now use this observation to show that g (J?, h) is a currential Hodge
filtered cycle:

Proposition 4.3. For every (f,h) € ZMU§ (p)(X) we have
95(f.h) € ZMUF4(p + d)(Y).

Proof. Tt follows from the definition that g¢ o f is a geometric cycle. Hence, by
definition of currential Hodge filtered cycles in [2:13] it remains to check that the
current Rs(g<(f,h)) = ¢(§¢ o f) — dh satisfies condition on the filtration step
of a current in a Hodge filtered cycle, i.e., we have to show that Rs(g(f,h))
lies in FPTign+2d(y:y,). By Lemma we know Rs(g(f,h)) = g.(K(e) A
Rs(f,h)). Hence it suffices to observe that K(e) = K(Vy)—do, € FOA°(X;V,) and
Rs(f,h)) = f+K (V) —dh € FP9P™(X;V,). Since g is holomorphic of codimension
d, it follows that
9:(K(€) A Rs(f,h)) € FPHdgmt2d(y,y,)

as required. O

Remark 4.4. One might arrive at the formula for the current in the definition of
g<(f, h) as follows: If o, = 0, then g.(K(Vy) A h) is the only natural candidate,
and it does satisfy the desirable formulas. Having made that choice, consider next
the case 0 = [Ny, Vy,0,] such that there is a connection V| with o = [N, V0]
in Kjp,(X). Then the rest of the formula can be derived using Lemma and
the relations in Ky, (X).

Remark 4.5. Let 0 = [N, Vy,0,] € Ky, (X). Since oy is of degree —1, we have
d(og AN h) = dog AN h— o4 A dh. Hence, modulo Im (d), we have o4 A dh = dog A h,
and it follows that modulo Im (d) we have

(13) K(Vg)ANh+o4 A (filK(Vy)—dh) = (K(Vy) —dog) Nh+ 04 A fLK(Vy).
Using the maps K and Rs we can rewrite this relation as
K(Vg) Ah+0gARs(f,h) = K(0) Ah 40, A fK (V).

We will now show that the map g¢ of Definition induces a well-defined push-
forward homomorphism on Hodge filtered cobordism. We first show that g sends
Hodge filtered bordism data to Hodge filtered bordisms in Lemma

Lemma 4.6. We have
g5 (BMU} (p)(X)) € BMUZ**!(p+ d)(Y).
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Proof. Let h € FP9™~1(X;V,). By definition of the map a in (), we have a(h) =
(0, h). Using relation we get
9(K(Vg) N —og Adh) = g.((K(Vy) — dog) Ah).
Since g.((K(V) — dog) A h) € FPrdgmt2d(y.),) we conclude that
g5(a(h)) € BMUF ™ (p + d)(Y).
It remains to show

gS(BMU” (X)) € BMU™?Y(Y).

geo geo

This follows from [6, Lemma 4.35]. We provide a proof for the reader’s convenience.

Let b € ZMU (R x X) be a geometric bordism datum on X. Let € denote the
geometric cycle idg X g: R x X — R x Y with the obvious geometric structure.
Then €0 b is a geometric bordism datum over Y.

By definition of w(g) in , the fact that ¢ is of even real codimension implies

P(eod) = g.(K(Vy) N1(b))-

This shows that we have
(0 0D), v(@ob)) = (G0 b, g. (K(V) Av(E))).
By definition of g¢, we have
g (9, v () = (5008, g. (K(Vy) Ab) + 0y A Rs(95,0(5) ) ) -

By [I5l Proposition 2.17], geometric bordism data satisfy R(aZ,zp('B)) = 0 and
hence also Rs(0b,1(b)) = 0. Thus, we get

95T 60) = (30 5. 0. (K(V,) Av)).
Hence in total we have shown that
g: (08, 0(0) = (9@ 0D), (EoD)).
This shows gS(BMUZ (X)) C BMUZXE?4(Y) and finishes the proof. O

geo geo

Next we show that the equivalence class of gi(f, h) does not depend on the choice
of a representative of the M Up-orientation on g.

Lemma 4.7. Let ¢ = (N,,V,0) and € = (Ny, V', 0’) be two representatives of the
MUp-orientation o of g: X — Y. Then, for each v € ZMU} (p)(X), we have

[959] = 957 in MUF >4 (p 4 d)(Y).
Proof. Let ~v = (ﬁ h) be a currential cycle. By the definition of gy we have
(g (7. 1] = [3° 0 F g (K (V) A+ 0 A Rs(F1))]
Using we get
(14) [g< (7)) = [0 T gu((K() AR+ 0 ALK (V)] -
Similarly, for the representative ¢, we get

(15) g/ (Fom)) =[5 0 Foge (K() Ah+0' A LK(V)]
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We need to show that the two cycles in and (L5), respectively, are connected
by a Hodge filtered bordism. By Proposition we know

(16) K(e) = K(V) —do = K(V') —do’ = K(¢).
By Remark [3.5| we can assume o — 0’ = CSg(V,V’). Hence we get
oA fK(Vy) = a A [+K (V) +CSk(V, V')A f+K (V7).

Since f.K(Vy) is of degree n and CSk(V, V') is of degree —1, switching factor on
the right-hand side yields

(17) oNfK(Vy)=0"NfK(Vyi)+ (-1)"fLK(Vf) ANCSK(V, V).

The projection formula f.(T'A f*w) = (f.T) Aw applied to the current T'= K (Vy)
and the form w = CSk(V, V') implies

(18) f*K(vf) A CSK(Vv v/) = f*(K(vf) A f*CSK(va v/))

The connections of g€ o f and §¢ o f are Vi @ f*V and Vy @ f*V', respectively.
The Chern—Simons form for these two connections satisfies

CSk(Vi® f*V, Vy® f*V') = K(Vy) A fFCSK(V, V).
Together with this implies
(19) K (V) ANCSK(V,V') = f.CSk(Vy® f*V, Vi@ f*V').

Hence, identities , and together with g, o fu = (g o f)+ on currents
show that

+ (=1 g0 [).CSk (Vi@ [*V, Vi@ [*V').
Since V& f*V and V& f*V’ are the connections of g¢ o f and G¢ o f, respectively,
-

Lemma [2.12| and imply that the difference of the cycles g& (f, h) and gil(f, h)
lies in BMU}™%(p + d)(Y). This proves the assertion of the lemma. O

From now on we will use the canonical isomorphism 7: MU (p)(X) — MU} (p)(X)
of Theorem to identify MU (p)(X) with MU} (p)(X). Putting the previous
results together we have shown the following result:

Theorem 4.8. Let g°: X — Y be a proper MUp-oriented holomorphic map with
0 =[e] € Kyup(X). The assignment
[F 1) = lge (£ )]
induces a well-defined homomorphism
622 MU™(p)(X) — MU™!(p + d)(Y),
We refer to g2 as the pushforward along g°.

Remark 4.9. Following Remark[3.2]we could consider an orientation o, of filtration
q for g € Z. Then we would get a pushforward homomorphism

g:": MU™(p)(X) — MU (p+ g+ d)(Y)

with an additional shift by g. Since we are mainly interested in the orientation of
Definition which is of filtration 0 in this terminology, we decided to skip the
additional level of generality. We note, however, that all the computations in this
section could be modified accordingly.
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The following result shows how the pushforward of Theorem [L.§| relates to the
pushforwards of complex cobordism and sheaf cohomology.

Proposition 4.10. Let ¢°: X — Y be a proper MUp-oriented holomorphic map
of complex codimension d, with 0 = [Ny, Vg,04] € K, (X). Recall that we write
K(o) = K(Vy) —doy. Then the following diagrams commute:

I

@) (X H0) s MUM(p)(X) MU™(X)

g*()C(O)A—)l Lgi Jg*

Hn71+2d (Y, F%id (V*)> a MUn+2d(p + d) (Y) I MUn+2d(y)

(22) MU (p)(X) —=

g:l lg*aqom—)
(

H™M(X; FP7* (X5 V)

Proof. For [h] € H" ! (X' z (V*)> we have
g:(a[h]) = [0, g.(K(0) A h)]
= a(g«(K(0) A h))

which proves that the left-hand square in commutes. That the right-hand
square in commutes follows from the observation that the underlying complex-
oriented map of a composition of geometric cycles, is the composition of the under-
lying complex-oriented maps. Hence we have

g-(I1f,h]) = g.[f. Nyl = lg o f. Ny & f*Ng| = I(g3[f, ).
Finally, by Lemma [£.2] we have
R(g2(7)) = g+« (K(0) A R(7))
which shows that square commutes as well. O
We will now show that the pushforward is functorial:
Theorem 4.11. Let the composition of proper holomorphic maps
g20g1: X1 7% Xz 7 Xy

be endowed with the composed MUp-orientation 01 + gioa. Then we have

*
01+g; 02

(932) © (912) = (92 © 91)=
as homomorphisms

MU™(p)(X1) = MU P8 42% (p 4 dy + dy) (X3).

Proof. Let v = (f,h) € ZMU (p)(X1). For i = 1,2, let ¢; = (N;, V;, 0;) represent
0;. We use the representative of 01 + g0z suggested by Lemma [3.3]

€12 = (N1 @ g7 N2, V1 @ g7 Va,012)
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with
(23) 012 ‘= 01 /\gT’C(Og)+gTUg/\K(V1)

Observe that the underlying geometric cycle of g75?, which we denote by g1, is the
composed geometric cycle gio = gz o g1. Therefore, we know that the underlying
geometric cycles of

(91%)«y = (G120 J?v hi2) and
(957)x 0 (95" )7 = (G20 G10 [, ho)

coincide. It remains to show that hjs = ho, modulo Im (d). By definition of the
pushforward and Remark [£.5] we have

h12 = (gg o 91)* |:IC(01 =+ gikﬂg) Ah + 012 A f*K(Vf)] .
On the other hand, applying Remark [.5] to h, yields
ho = g2, [K(02) A gre (K(01) A+ 01 A fK (V) + 02 A (g1 0 )oK (Vgop)|-

Now we use the projection formula f.(T A f*w) = (f«T) Aw for a current T and a
form w. Since we have K(Vy,o5) = K(V¢) A f*K(V1), the projection formula for
T =K(Vy) and w = K(V;) implies

oK (Vgiop) = [(K(Vp) A fTK(V1)) = foK (V) AK(V1).
Hence we can rewrite ho as
ho = g2« [K(og) Agre(K(or) ANh+ 01 A [ K (V) 4+ 02 A g (fe K(Vg) A K(Vﬂ)]
We apply again the projection formula to the pushforward along g;, once with
T = K(o1)ANh+0o1 A f. K(Vy) and w = K(02), and once with T' = f, K (V§)AK (V1)
and w = 03. Since g{K(02) and K(V;) lie in A%(Xy;V.), and hence in the center
of the ring A*(X1;V,), we then get
ho = (920 1) [ 1K (02) A (K(o1) A+ 1 A LK (V) + glo A K(V1) A fK (V)]
Next we collect the terms that are wedged with f, K (V) and obtain:
ho = (920 91). [97K(02) AKC(01) A+ (97KC(02) A 0 + i A K (V1)) A fu (V).
By Proposition [3.8] we have KC(01 + gjo02) = K(01) A K(g}02) which implies
ho = (g2 0 91)+ {K(Ul + g702) Ah+ (97K (02) Aot + gioa AK(V1)) A f*K(Vf)}
Finally, by formula for 012, we get
ho = (gg o 91)* |:IC(01 + gikﬂg) ANh+ o192 A f*K(Vf):| .
This shows h, = hio and finishes the proof. O

Remark 4.12. Let g: X — Y and ¢: W — Y be transverse proper holomorphic
maps of codimensions d and d’, respectively. Let m: W xy X — Y be the map
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induced by the following cartesian diagram in Manc

Wxy X —2oXx

Let 0, € Kpup (X) and o4 € Kay,, (W) be MUp-orientations of g and ¢, respec-
tively. We then have natural isomorphisms of stable normal bundles (¢')*N, = Ny,
(¢')*Ng = Ny, and

Ny = (gl)*Nq ® Ny = (q/)*Ng & Ny

Hence (¢')*04 + (¢')*0, is an orientation of m, and Theorem implies that we
have the following identity
(0)70q _ (g7 0a+(d)"0g

g2 o (¢) =% o (g)\)"

of homomorphisms MU"(p)(W xy X) — MUnt2d+2d (p+d+d)(Y).

Next we will show that the pushforward is compatible with pullbacks. First we
briefly recall the construction of pullback homomorphisms in MU*(p)(—) from [15]
Theorem 2.22]. For further details we refer to [I5, §2.7] and the references therein.
Let k: Y’ — Y be a holomorphic map. We consider the following cartesian diagram
of manifolds

Z’&

o |

Y’?‘Y

where k and f are transverse, and f: (f, Ny, Vy) is a geometric cycle on Y. By

transversality we get that £*f is complex-oriented with Ny, = kz"N;. We define
k* f by

E*f = (K" f,E;Ns, kZV ).

For a cycle (f,h) € ZMU™(p)(Y), it remains to define the pullback of the current
h. Since the pullback of an arbitrary current is not defined, this requires to re-
strict to the subgroup ZM U} (p)(Y) C ZMU"(p)(Y) consisting of those v = (f, h)
satisfying

WF(h) NN (k) =0 and k h f

where WE(h) denotes the wave-front set of h and N (k) is the normal set of f as
defined in [I7, 8.1]. For v = (f,h) € ZMU}(p)(Y), we then have a well-defined
pullback

k*y = k*(f,h) = (k" f, kN, k3 V 5, k*h)

where k*h is well-defined by [I7, Theorem 8.2.4]. By [15, Theorem 2.25], this
induces a pullback homomorphism

k*: MU™(p)(Y) — MU"(p)(Y").



24 KNUT BJARTE HAUS AND GEREON QUICK

Theorem 4.13. Suppose we have a cartesian diagram in Mang

(24) x o x

g’l lg
Y/ ?Y

with k transverse to g, and g proper of codimension d. Let o be an MUp-orientation
of g. We equip g' with the pullback orientation o’ := k'*o. Then we have

k*g® = (¢ K™ MU™(p)(X) — MU (p+ d)(Y").

Proof. Let v = (f,h) = (f, N¢, Vi, h) € ZMU™(p)(X) be a cycle. Since transver-
sality is generic we can assume f to be transverse with k'. Let k% : Z' — Z be the
induced map in the top cartesian rectangle in

Ky=ky
7 —s7

v |

x ¥ x

Y’ Y.

Since both rectangles are cartesian, the outer rectangle is cartesian as well. Hence
the map kz: Z' — Z induced by the outer cartesian diagram agrees with k%,. We
write

K g2(f.h) =: (f2,h.) and (¢) K (F.h) =2 (f7, 1)
Let € = (Ng, V4,04) be a representative of the orientation o of g. Then we have
fo=(E(go f) kzNs @k [*Ng,kzV @ k7 ["Vy).

The pullback orientation k"o is represented by ¢ = (k'" Ny, k'" V4, k' 0,). Since
diagram , is cartesian we have

fo= (g ok f), Ny ® (K" f)" Ny, Virey @ (K" )" V)
=7
Now we check the effect on the current h using that we have k*g, = ¢g.k’" by [15,
Theorem 2.27] whenever the involved maps are defined:

h, = k" (9«(K(Vg) Nh+ 04 A (fK(Vy) — dh))
=g, (K" K(V)ANK"h+ K 0y NK"(f.K(Vy) — dh))
=h". 4
We recall from [I5] §2.8] that there is a natural product of the form
(25) MU™ (p1)(X) x MU™(p2)(X) — MU™ " (py + pa)(X)

turning MU*(x)(X) into a ring. The product of two classes [y1] and [y2] is denoted
by [11][72] and is induced by the following construction: We consider the operation

(26) ®: D" (X3 Vi) x D™ (X3 Vi) = 2™ (X x Xo; Vi)
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satisfying 71 ® To = wjT1 A w5T5. Since K is multiplicative, we have
K’”“’?(Vl S5 VQ) = KM (Vl) ® KPQ(VQ).

We then define the symbol x, and refer to it as the external product of Hodge
filtered cycles by potential slight abuse of terminology, by

(27) Y Xy = (J?I X fa,h @ R(72) + (=)™ /1. K (V) ® h2) .
The product in is then defined as the pullback along the diagonal map
Ax: X - X x X:
[v1] - [re] = A ([ % 72])-
The following theorem shows that g, is a homomorphism of MU*(x)(Y)-modules.

Theorem 4.14. Let g: X — Y be a proper holomorphic map of codimension d
and let 0 be an MUp-orientation of g. Then, for all integers n, p, m, q, and all
elements © € MU™(p)(X) and y € MU™(q)(Y), we have the following projection
formula

92 (g*y-x) =y gl in MU T2 (p 4+ g+ d)(Y).

Proof. Since the product is defined by pulling back an exterior product along the
diagonal, we consider the following commutative diagram

id .
(28) x W)y x ™ x

l G-t l

Y —— =YV xY ——=Y.
Ay pro

We denote by 7y : Y x X - Y and7nx: Y x X - X, and by pry: Y XY - Y
and pry: Y XY — Y the projections onto the first and second factors, respectively.
We endow the map G := idy x g with the pullback MUp-orientation o’ := wko.
We claim that in order to prove the assertion of the theorem it suffices to show the
identity

(29) G (y x x) =y x g (x).
To prove that it suffices to show (29)), we observe that implies that
AVGE (y x ) = Ay (y x gi(z) =y - gl
by definition of the cup product on MU™*(x)(Y). Hence it remains to show that
AVGE (y xx) =92 (g"y - x).
To do so we consider the following diagram

(30) X—2% L xxxZ%y,x

Y ——— YV XY ——Y xY.
Ay idy xv
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Since the outer diagram in is cartesian and since G and Ay are transverse, we
can apply Theorem [£.13] to get

AVGY (y x @) = g2((9 x idx) 0 Ax)*(y x )

= g2(A% ((g x idx)*(y x @)

= 9:(Ax ((g"y x x))

=9:(9"y - x)
where the last equality uses the definition of the cup product on MU*(x)(X). This
proves the claim.

We will now show that identity holds by proving the corresponding formula
on the level of cycles. Let ¢ = (Ng,Vg,crg) be a representative of 0. Then ¢ =

(7% Ng, Wng,ﬂXO'g) represents o/ = 7%o0. Let (f2. he) and (jN’y,hy) be cycles such
that = = [fm, h] and y = [fy, y)- We write hyx, for the current defined by

such that y xx = | fy X fm, hyxz]. The theorem will then follow once we have proven
the identity of cycles

(31) G (fy % foshyxa) = (fys hy) X 95 (far ha).

Formula can be checked separately on the level of geometric cycles and on the
level of currents. To simplify the notation we denote the cycle Gi/ (fy X fo, hyxa) by

(fe, ha). We write (fg*(m g.(z)) for the cycle g5(fz,hs), and (fyxg,,i:v%hyvxg*(m))
for the cycle (f,,7 y) X gE (fgg7 w) For the geometric cycles the formula fg = fyxg. ()
follows directly from the definition of the pushforward and the definition of the map
G =idy x qg.

Now we show that holds for the corresponding currents. Recall that we use
the notation ¢(v) = (fy)«K(Vy,) and R(y) = ¢(7) — dh, for a cycle v = (fy, hy).
We then have by definition of the exterior product x

By definition of the pushforward we have
he = G (W;(K(vg) A hyxa + oy A R(y % x)).

Using formula and the formula R(y x z) = R(y) ® R(z), which is verified in
[15, page 26], we can rewrite hg as

ha = Ga (T K (V) A (hy @ R(z) + (~1)"0(y) @ hy) + 70y A (R(y) @ R(x))).
By definition of ® in and the fact that R(y) is of degree m we then get
h = Ga (hy @ (K(Vy) A B(@) + (~1)"6() © (K (V) A o)
+ ()" R(y) @ (0, A R()) ).
Now we use the definition of G as G = idy X g to get:

ha = hy ® g.(K(Vg) A R(z)) + (—=1)"d(y) ® g+ (K(Vg) A hy)
+ (-1)"R(y) ® g« (o4 N R(x)).



GEOMETRIC PUSHFORWARD AND SECONDARY COBORDISM INVARIANTS 27

On the other hand we compute

Py gs (2)
= hy @ R(g5(far b)) + (—1)"6(y) ® hye (a)
= hy ® g ((K(Vy) — dog) AR(z)) + (—1)"¢(y) @ g+ (K(Vg) A hy + 04 A R(z))
= hy ® g(K(Vg) A R(2)) — hy ® g.(dog A R())

+(=1)"9(y) ® g (K(Vg) A hz) + (=1)"¢(y) ® g (04 A R(z)).

(z) it remains to show

)
T

Comparing the expressions for hg and iy g¢
(~1))"R(y) @ g2 (04 A R(2)) + hy © g (dory A R(@)) = (~1)"6(y) © g. (04 A R(&))
modulo Im (d). Since, by definition of R in (6]), R(z) is a closed form, we have
d(og ANR(z)) =dog A R(z) — 04 ANdR(x) = dog A R(z).
Since h, is of degree m, we therefore get
d(hy ® g«(0g AN R(2))) = dhy ® g«(dog A R(x)) + (=1)"hy ® g«(dog A R(x)).
Hence, modulo image of d, we get the following identity
hy ® g«(dog A R(z)) = (—1)"dhy ® g.(dog A R(z)) modulo Im (d).
Since R(y) = ¢(y) — dhy by definition, we can thus conclude
(~1)" R(y) @ g2 (04 A R(2)) + hy © g.(doy A R(a))
(=)™ R(y) @ g«(0g A R(x)) + (=1)"dhy @ g.(0g A R(z))
(=)™ (y) ® gu(og A R(z))
modulo Im (d). This shows and finishes the proof. O

We end this section with a further observation on the relationship of the maps
R and K.

Remark 4.15. As in the proof of Proposition [4.10] we can express the identity
shown in Lemma [£2] as

R(g: (7)) = g«(K(0) A R(7))

for every element [y] and proper holomorphic map g: X — Y with M Up-orientation
0. For the special case that v is the identity element 1x of the ring MU*(x)(X),
ie., for [y] = 1x = [idx, d, 0], we get

R(g:(1x)) = g+(K(0)).

5. A CANONICAL HODGE FILTERED M U-ORIENTATION FOR HOLOMORPHIC MAPS

We will now show that for every holomorphic map there is a natural choice
for an MUp-orientation. The key result is Theorem which provides us with a
canonical choice of a class of connections. The existence of a canonical choice of
a class of orientation and Theorem [5.12| may be seen as justification for defining
MUp-orientations as a K-group and not just as a set. We recall from [22] §6.3] the
following terminology.
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Definition 5.1. Let X be a complex manifold and let D be a smooth connection
on a holomorphic vector bundle E over X. Then with respect to local coordinates
(Ui, 9i), D acts as d 4+ T';, where T'; = (sz) is a matrix of 1-forms. Recall that we
have

T = g5:'dgji + 95, T;9;i
where the g;; denote the transition functions. Conversely any such cocycle {I';}
defines a connection. Then D is called a Bott connection if for each i, j, k we have

7% e FTAYN(X).

Remark 5.2. As noted in the introduction, Bott connections are more commonly
referred to as connections compatible with the holomorphic structure. Here we
follow Karoubi, who uses the terminology in [22] in a context where Bott con-
nections generalize both connections compatible with a holomorphic structure and
Bott connections of foliation theory. Since Bott connections are frequently used in
what follows, we adopt Bott connection as a convenient terminology.

Remark 5.3. Every holomorphic vector bundle on a complex manifold admits a
Bott connection. In fact, the Chern connection on a holomorphic bundle with a
hermitian metric is defined as the unique Bott connection which is compatible with
the hermitian structure. By [2I], Proposition 4.1.4] every complex vector bundle
admits a hermitian metric. By [2I, Proposition 4.2.14] every holomorphic bundle
with a hermitian structure has a Chern connection. Alternatively, one can show
the existence of Bott connections as in [22] §6] using a local trivialization of the
bundle and a partition of unityE|

Remark 5.4. If D is a Bott connection, then the curvature of D, which in local
coordinates is represented by the matrix

dl; +T; AT,

belongs to F'A%(X;End(FE)). This implies the following key fact about Bott con-
nections:

(33) K(D) € F°A°(X; V).

Remark 5.5. Let D be a Bott connection on E. Then implies that the triple
(E, D,0) defines an element in Ky, (X). The following result, inspired by [22]
Theorem 6.7], shows that the associated orientation class [E, D, 0] is independent
of the choice of Bott connection D.

We will now prove the key technical result of this section.
Theorem 5.6. For every X € Mang, there is a natural homomorphism
B: KD \(X) — Kyup(X)
induced by
B[E] = [E, D, 0],
for each holomorphic vector bundle E where D is any Bott connection on E.
2We emphasize again that a Bott connection does not have to be holomorphic, but is merely

required to be smooth. Hence one may use a partition of unity for the construction as explained
in 22 $6].
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Proof. The existence of a Bott connection was pointed out in Remark [5.3] The
assertion of the theorem then follows from the following two lemmas. ([

As a first step we analyze the Chern—Simons form of two Bott connections on a
given holomorphic vector bundle and show that they lead to the same orientation
class:

Lemma 5.7. Let D and D’ be two Bott connections for a holomorphic vector
bundle E — X. Then CSk(D,D’') € FA°(X;V,), so [E,D,0] = [E,D',0] in
Kyup (X).

Proof. Let T'; and I'; be the connection matrices of D and D’, respectively, with
respect to local holomorphic coordinates z1, ...,z on U;. Let I = [0, 1] be the unit
interval and let w: I x X — X denote the projection. Then consider the connection
D'"=t-7m*D+(1—t) -7*D" on 7*E. Its connection matrix on I x U; is

I =+t + (1 —t)I.
The curvature of D" is given on I x U; by
Qf =dT} + T} ATY
=dt NT; +t-dl; — dt AT, + (1 — t)dl} + t*T; AT
+ (1= t)’T, AT, + (1 —t)I; AT

Each term is of filtration 1 in the sense that at least one of the dz;s appears in
each term of each entry. Hence the Chern form c,(D”) has at least k many dz;s
appearing in its local expression, and in that sense belongs to F*A*([0,1] x X).
Integrating out dt maps this filtration step F'*A*([0,1] x X) to the Hodge filtration
F* A*(X). This implies

T K(D") € FP A7 (X;V,).
Since CSk (D, D) = . K (D"), this proves
[E,D,0] = [E,D',0] € Ky (X). O

Next, we show that all the defining relations of K (X) and Ky, (X) are
respected by B:

Lemma 5.8. Let E be a holomorphic bundle over X and D be a Bott connection
on E. The assignment E — (E, D,0) induces a map B: KP (X) — Kyup(X).

Proof. The first part of this proof follows [22, Proof of Theorem 6.7]. Let

0 B, —“s>p, "L R, 0

be a short exact sequence of holomorphic vector bundles, and let D; be a Bott
connection on E;. By the defining relations for Ky, (X) we need to establish

CSk (D1, Dy, D3) € FOATY(X;),)

where we recall that the notation F has been introduced in . Let v: E3 — E5 be
a smooth splitting. This yields a smooth isomorphism of bundles u = («,v): E1 ®
E5 — E5. The inverse v~ ! has the form



30 KNUT BJARTE HAUS AND GEREON QUICK

where o is a left-inverse of a. We choose holomorphic coordinates for each F; over
an open U; C X. We then get the following equations of matrix valued forms:

wi-up b= (o ) (;ﬁ) =1,

() =0 %)

Since Dy is a Bott connection, it is represented by a matrix I'? with coefficients in
F!. Note that, since v and ¢ may not be holomorphic, A? := u* D, may not be a
Bott connection. However, locally on U;, A? takes the form

2 _ -1z o o —1p2,
A7 =u; du; +u; Tu,.

and

1 . .. . 1
We have u; 'T?u; € F!, since I'? is in F'. The matrix u; 'du; expands as

ag; ) N aidai O'id’yi
( z) (das dn) = (ﬁidai ﬁid%w)
Since B;v; = 1, we have B;dvy; = —dBsy; € F'. Since do; € F', we see that ui_ldui
is upper triangular modulo F!.
Now let 7: [0,1] x X — X be the projection. Let
V=t-7m"A%+(1—1t) -7*(D; ® D3),

and let #; be the connection matrix of V with respect to local coordinates on U; C
X. We continue to use the notion of filtration on A*(7*(E1® E3)), A*(7*(E2)), and
A*([0,1] x X; V,) as in the proof of Lemma[5.7] We know that (1—¢)-7*(D; & Ds)
is in F', and we have just shown that ¢ - 7*A2 is upper triangular modulo F!.
Thus, 6; is upper triangular modulo F! as well. Hence the local curvature form of
V,ie., Q; = df; +0; \0;, is upper triangular modulo F'' as well. This implies that
ci(V) € FPA%(]0,1] x X) and hence K(V) € FOA°([0,1] x X;V.). Now we note
that we defined the Chern—Simons form CSg (D1, D2, D3) as the integral of K(V'),
and not K(V), for the connection V’ on [0,1] x 7*Ey given by

V=W ')'V=t-7"Dy+ (1 —t) - 7*((u"1)*(D1 ® D3)).
Locally we can express the curvature of V' as
O = u;lQiui.
Thus V and V’ have identical Chern-Weil forms. In particular, this implies that

K(V') € FOA°(0,1] x X;V,). Thus, again since integrating out dt sends F°A° to
FOA~1, we have shown

. K(V') = CSk (D1, Da, D3) € FOAY(X: V)
which finishes the proof of the lemma and of Theorem [5.6] O

A key application of Theorem is that it allows us to make a canonical choice
of a Hodge filtered M U-orientation for each holomorphic map:
Definition 5.9. Let g: X — Y be a holomorphic map, and let
Ny = [g"TY] ~ [TX] € Kp(X)
denote the virtual holomorphic normal bundle of g. We define the Bott MUp-

orientation of g, or Bott orientation of g for short, to be B(N,) € Kyup, (X), e,
the image of N, under B: K{ (X) = Kpyup(X).
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The next lemma shows that the Bott orientation is functorial, i.e., it is compatible
with pullbacks in the following way:

Lemma 5.10. Assume we have a pullback diagram in Mang

(34) x I

Y —=Y
f

with f transverse to g. Let Ny and Ny be the virtual holomorphic normal bundles
of g and g', respectively. Then we have

f"B(Ny) = B(Ny) in Knup (X').
Proof. Since f is transverse to g, we have f'"N, = N, in K (X'). Since the

choice of Bott connection does not matter for B by Theorem this induces the
identity f/*B(Ng) = B(Ng/) in KJ\/IUD (X/) O

Remark 5.11. Let X; &% X, %5 X3 be proper holomorphic maps. Since the
map K (X) = Kyup(X) is a homomorphism of groups, we have

B(Ngzogl) = B(N!h @QT 92) = B(Nm) +gIB(N92)'
Hence the Bott orientation of g, o g1 is the composed M Up-orientation of the
Bott orientations of g; and go, respectively. Together with Lemma this may

justify to call the Bott orientation a canonical Hodge filtered M U-orientation for
a holomorphic map.

Applying Theorems 4.17], [4.13] and [.14] with the Bott orientation together
with Remark [5.11] yields the following result:

Theorem 5.12. Let X and Y be complex manifolds, and let g: X — Y be a
proper holomorphic map of codimension d. We equip g with its Bott orientation
0 := B(Ny). Then g, := g2 defines a functorial pushforward map

Ge: MU™(p)(X) = MU 2(p 4 d)(Y).

This is a homomorphism of MU™*(x)(Y)-modules in the sense that, for all integers
n, p, m, q, and all elements x € MU™(p)(X) and y € MU™(q)(Y), we have

9« (§*y - T) =y - gz in MU"+m+2d(p +q+d)(Y).

Furthermore, if f: Y' — Y is holomorphic and transversal to g, letting ' and ¢
denote the induced maps as in , the following formula holds
frogi=g.of"

In the remainder of this section we further reflect on the Bott orientation class
B(Ny). We note that [Ny] = [¢*TY] — [TX] merely is a virtual bundle and,
in general, there may not be a holomorphic bundle N, over X which represents
[g*TY] — [TX] in K2 ,(X). We can, however, obtain a representative of the ori-
entation class B(Ny) in Kyp,(X) as follows: Let g: X — Y be a holomorphic
map and i: X — C* a smooth embedding. We then get a short exact sequence of
complex vector bundles of the form

D(g,i
(35) 0—»7x 29 g*TY @ Ch Nig.i) 0.
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Proposition 5.13. Let X be a Stein manifold, Y any compler manifold and
g: X = Y a holomorphic map. Then we can represent the virtual normal bun-
dle of g, [¢*TY] — [TX] € K°(X) by a holomorphic vector bundle on X.

Proof. Since X is Stein, we can assume 4 in to be holomorphic. Hence N,
admits a holomorphic structure. ([l

For general X, however, we cannot expect N, ;) to be holomorphic. In par-
ticular, N, ;) does not, in general, represent the difference [¢*TY] — [T'X] in
KP (X). Yet we have the following result which follows from the defining rela-
tions in Kpup, (X) (see also Remark [3.11)):

Proposition 5.14. With the above notation, let Dx be a Bott connection for TX,
and Dy a Bott connection for TY . Let V(4 ;) be a connection on N4 ;. We set
04 := [N(g,i), V(g.i), —CSk (Dx,9" Dy © d,V (44))] € Knup(X). Then we have

B(Ng) = 0y m KMU.D(X). [l

For a projective complex manifold we can represent the canonical M Up-orientation
in the following way:

Proposition 5.15. Let g: X — Y be a proper holomorphic map. Assume that X
is a projective complex manifold. Then there is a holomorphic vector bundle N on
X and a Bott connection D on N such that (N, D,0) is an MUp-orientation of g
and B(Ng) = [N,D,O] m KMUD(X)

Proof. Recall the Euler sequence
0—C— 420 s 1ep — 0

where v; — CP" is the tautological line bundle. There is a canonical inclusion
y1 — C"*! and we denote the quotient by ~i-. Hence —[vy1] = [y{-] — [C"™]. Thus
we obtain the identity

~[PCP" = (n+ 1) (] = (€ +[C) = (0 + 1) - ] - (€]

in K2,,(CP"). Now let X be a projective manifold and let ¢: X — CP" denote

a holomorphic embedding. We have a short exact sequence of holomorphic vector
bundles over X

0—TX — TCP" — NX — 0.
In KP.,(X) this implies the identities
—[TX] = [NX] — *[TCP"] = [NX] + (n + 1)i* 3] — [C% +2"]
and hence
N, =[g"TY] = [TX] = ["TY] + [NX] + (n+ 1) [r] - [Cx 7).

We define the holomorphic bundle N := ¢*TY @& NX @ *(y{)®™*FY.  Since
B(C™*2") = 0, we then get the identity B(N,) = B(N) in Ky, (X). Thus
we have B(Ny) = [N, D, 0] for any Bott connection D on N. O
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6. FUNDAMENTAL CLASSES AND SECONDARY COBORDISM INVARIANTS

The existence of pushforwards along proper holomorphic maps allows us to define
special types of Hodge filtered cobordism classes. In particular, we can define
fundamental classes as follows:

Definition 6.1. Let f: Y — X be a proper holomorphic map of codimension
d. Let 1y € MU°(0)(Y) be the identity element of the graded commutative ring
MU*(%)(Y). We endow [ with its Bott orientation. We then refer to the element
[f] := f.(ly) € MU?¥(d)(X) as the fundamental class of f. If the context of f and
X is clear, we may also write [Y] for [f] and call it the fundamental class of Y.

Let f: Y — X be a proper holomorphic map of codimension d. Let i: Y — C*
be a smooth embedding. We then get a short exact sequence of the form

(36) 0—=TY —> f*TX & Cl Nt 0.

With this notation, we have the following result:

Proposition 6.2. The fundamental class [f] of f in MU?!(p)(X) is given by

felly] = [fvf*o'(f,i)} = [fs N1,y Vigays f<0(1.0)

where V ;3 is any connection on Ny ;y and oy = —CSk (Dy7 f*Dx @& d, V(f,i))
for Bott connections Dx on TX and Dy on TY .

Proof. This follows directly from the description of the Bott orientation in Propo-
sition and the definition of the pushforward map using 1y = [idy, d, 0]. (]

Next we show that the fundamental class is compatible with products in the
following sense:

Lemma 6.3. Let f: Y — X and g: Z — X be proper holomorphic maps of codi-
mension d and d', respectively. Let w denote the map induced by the following
cartesian diagram in Mangc

Yxy 7 sz

Y —X.

Assume that f and g are transverse. Then we have
)+ (9] = [n) in MU (d + d')(X).
Proof. Since f and g are transverse, we can apply Theoremmm get f*g, = g.f'".
Since ™ = ¢’ o f by definition, Theorem [4.11] implies
fol g = fug " = w7
We apply this to 1z € MU®(0)(Z) and use that f*(1z) = lyx,z to get
(7] =7 /" (12) = fof9:(12) = [ [*[g]-
Now we apply Theorem to y = [g] and = 1y to conclude
(7] = m(lyxxz) = fuf "9l = [9] - fu(ly) = [g] - [f].
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Finally, we note that the product in the subring of even cohomological degrees
MU?*(%)(X) is commutative to conclude the proof. O

Remark 6.4. If f: Y — X is the embedding of a complex submanifold of codi-
mension d, then the normal bundle Ny is a holomorphic bundle. Hence, in this case,
the Bott orientation of f is given by B(N¢) = (Ny, Dy, 0) with a Bott connection
Dy on Ny, and we have [f] = [f, Ny, Dy,0] in MU?¢(d)(X).

Remark 6.5. Let fp: Yy — X and f1: Y7 — X be two embeddings of complex
submanifolds of codimension d. By Remark we can write the associated fun-
damental classes as [fo] = [fo, Ny,, Dy,,0] and [f1] = [f1, Ny,, Dy,,0]. Now assume
that fo and f; are cobordant, i.e., they _represent the same element in M Uzd( ).
Then we can find a geometric bordlsm b with b = fl fo The bordism b i is, in
general, not sufficient to show [fo] = [f1] in MU??(d)(X), since the associated cur-
rent 1/1(5) defined in may not vanish. In fact, b defines a Hodge filtered bordism
datum between fy and f; if and only if

Y(b) € F1221(X,V,) = F12%71(X:V,) + d2* 2 (X V).
In particular, two homotopic maps fy and f; do not define the same class in Hodge

filtered cobordism in general (see also Lemma and [I5) Lemma 5.9]). This
shows that the current v(b) contains information that is not detected by MU??(X).

Following Remark we will now study the case of a topologically cobordant
fundamental class in more detail. For the rest of this section we assume that X is a
compact Kdhler manifold. Then we can split the long exact sequence of Proposition
nto a short exact sequence as follows. Let Hdg?\ZU(X ) =I(MU?*(p)(X)). We
write

w2 (X % 0))

y Fp

p(MUP~1(X))

ity (X) =
Then we get a short exact sequence
(37) 00— Jiip (X) — MU?(p)(X) — Hdg3;(X) —0.

Remark 6.6. Note that, since X is compact Kéahler, we have an isomorphism

7" HP1(X;V.)
2p—1 A ~ i
" (X, - (v*))

Thus we can rewrite JJ%}DE Y(X) as
H?P~Y(X;V,)
FPH?P=Y (X V) + ¢(MU?P~1(X))
Remark 6.7. As noted in [19, Remark 4.12], it follows from the Hodge decompo-
sition that J3?; " (X) is isomorphic to the group MU?P~!(X) ® R/Z. This implies

that, as a real Lie group, Ji/f[} 1(X ) is a homotopy invariant of X, while as a complex

Tt (X) =

Lie group J]%f;[; 1(X ) depends on the complex structure of X.

Definition 6.8. Assume we have an element [y] in MU?P(p)(X) such that I([v])
vanishes in MU?P(X). Then sequence shows that we may use JJ%}?J Y(X) as
the target for secondary cobordism invariants. For example, let f: Y — X be a
proper holomorphic map of codimension p. Assume that the fundamental class of f
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in MU?P(X), given as the pushforward of 1y € MU®(Y) along f, vanishes. Then
the fundamental class of f in MU?"(p)(X) has image in the subgroup Jﬁfl’gl(X).
Because of the similarity to the Abel-Jacobi map of Deligne-Griffiths (see e.g. [29,
§12]) we will denote the image of f in the subgroup Jﬁfgl(X) by AJ(f) and will
refer to AJ(f) as the Abel-Jacobi invariant of f.

Let f: Y — X be a proper holomorphic map of codimension p. We will now
describe AJ(f) in more detail. Let [vs] := [f, N(s.5), V(1,i), f«0(s,i)] be as in Propo-
sition We assume that f.(ly) = 0 in MU??(X). Then there is a topological
bordism datum b: W — R x X such that 0b = f. Let N, be the associated normal
bundle. We can extend the connection V; ;) on N ;) to get a connection V; on

Ny, and obtain a geometric cobordism datum b. Then we have
Y = (05, 9(0)) = (0, fuo(z) = @) = (0, foo(10) = (mx 0 blwi,), (K7(V4)))
by definition of 1(b) in ([3). Hence we get
) = a [ foo(ss) — (0]
under the homomorphism

.@*
’Fp

a: H?P~! <X (v*)) — MU?P~1(p)(X)

which is induced by the map defined in (5]). The class {f*af — w(g)} in H2P~1 (X; %; (V*))

may depend on the choice of b. However, if Y is a different bordism datum, then
we have

a [6(E) = v¥)] € GMUP(X)) € HPTH(X; V).

Thus, after taking the quotient, we get a well-defined class. We summarise these
observations in the following theorem.

Theorem 6.9. With the above assumptions on f and X, the fundamental class of
f in MU?P(p)(X) is the image of
H?P~1(X;V,)

A1) = |01 = v € FmmEr vy + ) — i - O

Now we give an alternative description of AJ(f). Let V. be the C-dual graded
algebra with homogeneous components

VJ/ = (V_j), = Homc(V_j,(C).
Then the canonical pairing given by evaluation
ev: V. @V, = C

has degree 0, if C is interpreted as a graded vector space concentrated in degree 0.
Let n = dim¢ X. Poincaré duality and the fact that all vector spaces involved are
finite-dimensional imply that the pairing

(38) H*(X;V,) x H*" 7 *(X; V) — C

(el =ev ([ nn)



36 KNUT BJARTE HAUS AND GEREON QUICK

is perfect. Here n Aw is interpreted as a V., ® V,-valued form. We may thus identify
H?P~1(X;V,) with (H2”*2p+1(X; ka))/. Hodge symmetry and Serre duality then
imply that, under this identification, the subspace FPH?’~1(X;V,) corresponds to
(Fr—prlH2n=2r+l(X; V;))L. This implies that there is a natural isomorphism

H?P~H(X;V,)
FrH2-1(X;V,

Now we let ¢’ denote the composition of ¢: MU*(X) — H*(X;V,) followed by the
identification under pairing (38)), i.e., ¢’ maps the element [f: Z — X]| € MU*(X)
to ¢/ (f) in (H2"*(X;V.))" defined by

S i=ev ([ KAL)

where V is a connection on the normal bundle Ny. We note that, since Y is closed,
it follows from Stokes’ theorem that this pairing is independent of the choice of
representative of [w] and of the choice of connection. In fact, it is independent of
the choice of form which represents the class K(Nf). Then we conclude from the
above arguments that there is a natural isomorphism

) o~ (anerlHanZerl(X; Vi))/ )

(Fn—p+1H2n—2p+1(X; Vi))l
¢'(MU?P=1(X))

(39) Tt (X) =

Now let f: Y — X be a proper holomorphic map of codimension p such that
[f] = 0 in MU?(X). Let b = (b,Ny,V}) be a geometric bordism datum over
b= (cp, fo): W — R x X. We set W11 := ¢, '([0,1]), and w := Tolwio)-

Theorem 6.10. With the above notation, the image of AJ(f) under isomorphism
is represented by the functional in (F"‘p*‘lH?"_zp“(X;V;))/ defined by

[w] — ev (/Yaf/\f*w—i—/w K(Vy) /\w*w) .
[0,1]

Proof. We recall from Theorem 6.9 that AJ(f) = [f*of - ¢(Z)} e o H(X). Let
w be a closed form in F"~P+ A2n=2PF1(X; V'), Since the codimension of f; is odd,

we have ¢(b) = —w,K(Vyp). Then the interaction of pushforwards and pullbacks
with integrals and Stokes’ theorem yield:

/ (f*af —1/1(5)) Aw :/ fuog /\w—/ W(b) Aw
X X X
:/af/\f*w+/ K(Vy) ANw*w.
Y Wio.1)
By construction of isomorphism , the image of AJ(f) is the homomorphism
that sends [w] to the class given by evaluating the above sum of integrals.

It remains to show that this evaluation yields a well-defined element in the group
(Frortig?n=2041(X;)0)) . Assume w = dip. Then

(40) /WM K(Vy) A w (di) = /Y K(Va)y A S*0
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by Stokes’ theorem. Since f is holomorphic, we have K (Ny)|y = K(Ny) € H*O(Y;V,)
and thus K(V,)y € F°A°(Y;V,). Since Hodge theory implies the vanishing
FropTlp2n=2r(y: Y, ® V.) = 0, integral vanishes.

For the other integral we note that by Stokes’ theorem we have

(41) [onsan = [aonse.
% %
We recall from Proposition that oy = —CSgk (Dy, f*Dx & d,Vy) for Bott

connections Dx on T'X and Dy on TY, and an arbitrary connection V¢ on the
normal bundle. The derivative of o satisfies

doy = K(f*Dx & d) — K(Dy) — K(Vy).

Since K is multiplicative and K (d) = 1, we have K(f*Dx ®d) = K(f*Dx). Since
Dx and Dy are Bott connections, we know that K(f*Dx) and K(Dy) are in
F°A°(Y;V,). This implies again for reasons of type that the integrals

/ K(f*Dx) A f* and / K(Dy) A f*0
Y Y

both vanish. The remaining term to analyse is the integral [, K(Vs) A f*4 which
we already have shown to vanish. Thus integral (41) vanishes and the functional
is well-defined. Finally, we note that integral s independent of the chosen
bordism datum, while the difference between the integrals corresponding to
two different bordism data is an element in ¢/(MU?P~1(X)). O

Remark 6.11. The formula in Theorem simplifies if the orientation o, admits
a representative of the form (N, V,0). If f is projective, we obtain such a represen-
tative from Proposition and if f is a holomorphic embedding, B(f*TX/TY)
will do. We do not know if such representatives exist for the canonical orientations
of general holomorphic maps.

7. HODGE FILTERED THOM MORPHISM

We will now define a Thom morphism from Hodge filtered cobordism to Deligne
cohomology. In order to define a map on the level of cycles we will first construct
a new cycle model for Deligne cohomology. Our construction is similar to that of
Gillet—Soulé in [12] (see also [14]). However, our construction is more elementary
than the one in [I2] in the sense that it avoids the use of geometric measure theory.

Let X be a complex manifold and U C X an open subset. For an integer p > 0,
let Z(p) denote (27i)P - Z and let Zp(p) be the complex of sheaves

0= Z(p) = Ox - Q% = = Q% 50

where Z(p) is placed in degree 0. Then the Deligne cohomology group H}(X;Z(p))
may be defined as the g-th hypercohomology of the complex Zp(p). We recall the
group of smooth relative chains defined as the quotient

i _ Ot (X:2(p)
Cgigx—k(XvX\U?Z(p)): d;f = 77. )
Cim x 1 (X\U; Z(p))

Let C" denote the presheaf
U C(U) = Ciim x (X, X\U; Z(p))-
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The restriction maps of C" are induced by quotienting out the appropriate addi-

tional chains. The presheaf ék is very close to being a sheaf since it satisfies the
sheaf condition for coverings of X. However, it does not satisfy the sheaf condition
for general collections of open subsets of X. Hence let C* be the sheafification
of C°. The sheaf C* is not fine, but it is homotopically fine, meaning that its
endomorphism sheaf admits a homotopy partition of unity. We refer to [5], page
172], from which we also recall the implication that H*(H’(C"(U))) = 0 for j > 0.
Hence the hypercohomology spectral sequence degenerates on the Fs-page, past
which only the row H°(C*(U)) survives. On stalks the sheaf C* coincides with the

presheaf 6k. Let U be a small contractible open subset of X. By excision we have
H¥(C"(U)) = Haim xR X, RE™ X\ D; Z(p)),

for D the closed unit disc. Hence we get

Hj(c*(U)):{ Z?p) jjg

This proves the following result:

Lemma 7.1. The complex C* is an acyclic resolution of the constant sheaf Z(p)
as sheaves on X. (]

By [B, Appendix B, I.12] we also have the following fact:

Lemma 7.2. The canonical map C" — C* induces an isomorphism of cohomology
groups on global sections H*(C" (X)) = H*(C*(X)). O

In other words, the sheaf cohomology H¥(X;Z(p)) can be computed as the
cohomology of the complex c" (X). Now we consider the map of complexes

T:C (X) = 2" (X)

induced by integration. Let Z;(X) be the image of T in 2*(X). Since T is a map
of chain complexes, it follows that Z;(X) is a complex as well.

Proposition 7.3. The map T: C" (X) — 25(X) induces an isomorphism on co-
homology.

Proof. By Whitehead’s triangulation theorem, we may pick a smooth triangulation
of X, ie., aset S={f;: A¥ — X} such that each f; is a continuous embedding
which extends to a smooth mapping of a neighborhood of A*¥ C R*, and each z € X
is in the interior of a unique cell S; = Im (f;). It is well-known that the inclusion
of cellular chains C.(S;Z(p)) — C.(X;Z(p)) is a quasi-isomorphism. Hence it
suffices to show that T restricts to a quasi-isomorphism on the cellular chains of
S. Since each point x € X is contained in the interior of a unique cell of S, we
can show that T is injective on cellular chains as follows. We can construct for
each i a form w; € A" (X) such that fA,% ffw; # 0, and such that the only k;-
cell intersecting the support of w; is S;. Suppose T'(c) = 0 for ¢ = > a;f;. Then
T(c)(wi) = a;T(f;)(w;) is a nonzero multiple of a;, and we get a; = 0 for all i. To
see that the map induced by T from cellular homology is injective, we first note that
the inclusion of cellular chains into singular chains is a deformation retract since
it is a quasi-isomorphism between complexes of projective modules. Let r be a
retraction onto the cellular chains. Now let ¢ be a cellular cycle with T'(¢) = dT'(«)
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for o an arbitrary integral chain « € C*(X). Then we have T'(¢) = dT(a) = T(d«)
and thus T'(c) = T(r(c)) = T(r(0a)) = T(Or(w)). Since T is injective on cellular
chains, we get ¢ = Or(«). Hence ¢ represents 0 in cellular homology, and the map
induced by T on cellular homology is injective. It remains to see that T' restricted
to cellular chains is surjective on homology.

By definition of Z;(X) as the image of T, every element of 2 (X) is of the form
> T(a; - gi) where g; are smooth maps AF — X. Assume that > T(a;-gi) is
a cycle and hence represents a class in H*(X; %z). To simplify the notation, we
write g := ), a; - g;. By assumption, we have dT'(g) = 0. Since r is a deformation
retraction, there is a homotopy h of the cellular chains such that

Oh+ho=1-—r.

By applying r, we define a cellular chain f := r(g). Omitting the inclusion from
cellular chains into chains from the notation we then have the identity of chains

g'=f—ho(g) =0(h(g)) +g.
Applying r again defines a cellular chain r(g’) such that
dT'(r(g")) = dT(r(0(h(g)) + g)) = T(90(h(g))) + dT'(g) = 0

where we use the assumption dT'(g) = 0. Hence we get T(9(r(¢))) = dT(r(¢")) = 0.
Since T is injective on cellular chains, this implies dr(¢’) = 0, i.e., that f’ :=r(g’)
is a cellular cycle. Since T'(f') —T(g9) = T(9(h(g))) = dT'(h(g)) is an exact current,
we have found a cellular cycle f/ whose homology class is mapped to the homology
class of g under T'. This completes the proof. (Il

We are now ready to give our presentation of Deligne cohomology. Let
ip: FPA* —» 9*

be the map of sheaves induced by T', and let i.: Z5(X) — 2*(X) be the inclusion.
We will show that the following cochain complex

C(p)(X) = cone ( Z5(X) @ FPA*(X) 2“5 9%(X) >

computes the Deligne cohomology of X. In degree k we have the group
Ch(p)(X) = ZE(X) @ FPAM(X) & 751 (X).
The differential is defined by
d(T,w,h) = (dT, dw, i.(T) — dh+ip(w)).

Theorem 7.4. The cohomology of the cochain complex C3(p)(X) is naturally iso-
morphic to Deligne cohomology.

To prove the theorem we will use multicomplexes, which are more flexible than
bicomplexes. We recall from [3] that a multicomplex of abelian groups consists of
the data of a bigraded abelian group, E*?, and differentials d%!: Bt — pstrt-r+l
such that

Z d;+z7t71+1 Odf’t =0: Es,t N Es+k,t—k+2.
i+j=k
One can consider multicomplexes of objects in any abelian category. We are con-
sidering here multicomplexes of abelian sheaves.
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Proof of Theorem[7.J]. We will construct a series of quasi-isomorphisms of com-
plexes of sheaves
Zp(p) ~ Cp (p) ~= Tot(M)

and a quasi-isomorphism of complexes of abelian groups Tot(M)(X) — CH(X),
where M is the following multicomplex of sheaves on X:

Ct s=0

Mt = § gt 0<s<p

FpAs,t o) @sfl,t D < i.
To define the differentials let II>*=5: ¥ — @%F=5 be the projection. For s > 0,
there is only dy and d;. The differentials of M are

d: Ct — CH1 s=0

dg,t —{ _§: gs—Lt _y gs—1t+1 0<s<p
(8,ip — 0): FPASt @ @5~ 1t 5 FPAstHl g @s— L+l 5>
%t og.: Ct — @0t s=0

Ayt =14 —0: 51t — gt 0<s<p

(0,ip — 0): FPAS @ 9511 — FPASTLE g 95t 5> p
d%t =TI 04,: Ct — ™17,
The total complex of M is given by
Tot* (M) = cone ( C* @ FrA* 7 g ) .
There is therefore a natural map Tot* (M (X)) — C%(p)(X) defined by
Tot™(M (X)) 3 (¢, w, h) = (aT(c), w, h) € Cp(p)(X)

where we write aT for the sheafified map induced by T. This map of complexes
induces an isomorphism on cohomology since each of the maps

id: FPA*(X) — FPA*(X), T: 6*(X) — 27(X) and id: 2"(X) —» 27(X)
is a quasi-isomorphism. We define yet another complex of sheaves

Cpi(p) = (Z(p)—moi---imp—?Mm@m—l‘lmﬂ@ﬂp‘sﬂ»--)

with 6;(w,7) = (dw,w — dr) for i > p. There is a map f: Zp(p)(X) — C3(p)(X)
given by

Z(p) Q_doqgr 4o d g2 4 L gt 0
idl idi idi lid ioé
Z(p) 0o d oL - d Qp—2 ©.d) P @ Qp—1 % ...

with a(w) = (dw,w). We claim that this is a quasi-isomorphism of complexes of
sheaves. This is clear in degrees < p, and in degrees > p it follows from the fact
that C%(p) is exact in that range. In degree p we need to show that f induces an
isomorphism on cohomology of stalks. Let U be a polydisc. Then

_@i(U)

H%(U%Z(p)) = T Imd
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and

{(w,7) € U)W YU) : dr =w}
Im (0, d) ’
It is clear that the map induced by f, which can be described as [7] — [dT, 7], is an

isomorphism. Hence f is a quasi-isomorphism as claimed. Next there is a natural
map C%(p) = M given by

HP(U;C5(p)) =

Z(p) 0o o Qp—2 Per1l — o ...
C° 20,0 gpr=20 _____ ppgpgr-1 o ...

where ¢ is the quasi-isomorphism Z(p) — C*. The column M%* is a resolution of
the sheaf C%(p) by Lemma and the arguments in [I3 pages 382-385]. Hence
the natural map C%(p) — M is a quasi-isomorphism. This concludes the proof. O

Remark 7.5. If we choose a smooth triangulation of Z, then by summing up
the top cells we get a smooth singular cycle ¢z representing the fundamental class
[Z] € Haim z(Z;7Z). We have T(cz) =1 € 2°(Z), and so

[l = fT(cz) = T(fscz) € Z5(X).

The advantage of using %7 is that no choice of triangulation is needed in order to
get the current f,1.

Let 79 be the map
7 (X; V) = 2%(X;C)

induced by the map on coefficients V, = MU, ® C — C determined by the additive
formal group law over C. Then 7; is a chain map and it preserves the Hodge
filtration. Now we are ready to define our Hodge filtered Thom morphism on the
level of cycles:

22 ZMU" (p)(X) — Cp(p)(X),
Y= (fNa h) = (f*l,To(R(’}/)),To(h)).
Lemma 7.6. We have 1o(f. K(Vy)) = fil.

Proof. This follows from the definition of 7y and the fact Ky = 1 since K is a
multiplicative sequence. O

Theorem 7.7. For every X € Mang, the map 7z induces a natural homomorphism
722 MU" (p)(X) — Hp(X; Z(p))

which fits into a morphism of long exact sequences

(12) - H (X A5 () —— MU (p)(X) —— MU™(X) —> -

e HH (X 45(C)) > HB(XGZ() —> B (X32) —— -

) FP
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Proof. It is clear that 77 is a group homomorphism. We need to prove that, for a
cycle v = (f,h) € ZMU"™(p)(X), we have

drz(7) = 0 and 72 (BMU" (p)(X)) C dOp~" (p)(X).

We begin with the former. We have

drz(f,h) = d(fil, 0(R(7)), To(h))
= (df.1,0(dR(Y)), To(dh) + f.1 — 1o(R(7))).

Since f.1is a closed current, and R(7) is a closed form, we deduce drz(7) = 0 from
Lemma Now let b be a geometric bordism datum. Then

72(00, (b)) = (109(9b), 0, 703 (b)) = (rod(B), 0, 70(B)) = d(70(b),0,0).
Next let h € FPA"1(X;V,). Then mo(h) € FPA"1(X), so that
(0,70(h),0) € CH 1 (p)(X).
We have
mz(a(h)) = 72(0,h) = (0,70(dh), 70 (h)) = d(0,70(h),0)

which finishes the proof that 77 induces a homomorphism. The second assertion
follows directly from the construction of 7z. O

Let X be a compact Kéhler manifold. Let f: Y — X be the inclusion of a
complex submanifold of codimension p such that its fundamental class in MU?P(X)
vanishes. The latter condition implies that the fundamental class of f in H?P(X;Z)
vanishes as well. Hence both the classical Abel-Jacobi invariant AJy (f) of Deligne—
Griffiths (see e.g. [29, §12]) and the invariant AJ(f) of Theorems and are
defined.

Theorem 7.8. With the above notation and assumptions, we have

70(AJ(f)) = AJu(f).
Proof. By Theorem the invariant AJ(f) may be represented by the functional

[w] — ev (/Y o A ffw+ /W (K(Vy)) /\w*w) .
[0.1]

The image of the Chern-Simons form ¢y under 7z and 79 is zero since o is a form
in degree —1. By Lemma K (V}) is mapped to 1. Thus, 79 maps AJ(f) to the
class of the functional in F"=P+L 2720+ (X C')’ defined by

[w] — ev/ wrw.
Wio,1)

This corresponds to the characterization of AJy (f) in [29] §12.1.2 on page 294]. O
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8. IMAGE AND KERNEL FOR COMPACT KAHLER MANIFOLDS

We assume again that X is a compact Ké&hler manifold. Then the morphism of
long exact sequences induces a map of short exact sequences

(43) 0 ——= JPo N (X) —— MU (p)(X) — Hdg?", (X) —=0

0 ——= J?¥ (X)) — HZ(X;Z(p)) — Hdg* (X) — 0.

Let MP(X) be the free abelian group generated by isomorphism classes [f] of proper
holomorphic maps f: Y — X of codimension p. For a proper holomorphic map
f:Y — X of codimension p we denote its fundamental class in MU?P(p)(X) by
?(f) and its fundamental class in MU?P(X) by ¢(f). This defines homomorphisms
of abelian groups

P: MP(X) — MU?(p)(X) and ¢: MP(X) — MU?(X).

We denote the kernel of ¢ by MP(X)iop. Then the Abel-Jacobi invariant of Defi-
nition [6.8| defines a homomorphism

AT: MP(X)iop — JabsH (X).

Note that every element in MP(X)op is homologically equivalent to zero and there-
fore has a well-defined image in J??~!(X). By Theorems and composition
with the respective maps of diagram produces the classical invariants. Diagram
shows that studying the kernel and image of 77 is equivalent to analysing the
kernel and image of 75 and 7, respectively. We expect the maps @ and AJ to be
useful to discover new phenomena and examples that the classical invariants with
values in Deligne cohomology are not able to detect. We will now briefly report on
some results in this direction.

First we look at the image of 7z. Let X be a smooth projective complex algebraic
variety. In [28], Totaro showed that an element in H?*(X (C);Z) which is not in the
image of 7: MU?*(X(C)) — H**(X(C);Z) cannot be algebraic. This is a refine-
ment of the obstruction induced by the Atiyah—Hirzebruch spectral sequence (see
also [1]). It follows from [I9, Corollary 7.12] that an algebraic class in H?*(X(C); Z)
has to be in the subgroup 7 (Hdg}j, (X(C)). In [2, §3.4], Benoist shows that this
obstruction to algebraicity of cohomology classes is in fact finer than the one of [2§].

Now we consider the kernel of 7. Since 7y is an epimorphism of vector spaces,
the map 7; is surjective, and the snake lemma implies that there is a short exact
sequence

0 — ker7y — ker7; — kerm — 0.

Hence ker 77 contains information on the failure of the Thom morphism 7 to be
injective on Hodge classes, and on the failure of 7; to be injective. We have a
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further short exact sequence

_ Pmit 2p—1 : —
00— MU? 1(X)mt t Fszpf(l)(()’(v;;f)*) JJQ\/ZI)Ul(X) —0

e

00— HP (X L)t — > s JP(X) —>0

where the subscript mt means modulo torsion. Again, since 7q is onto, it follows
that 7 is onto. Then the snake lemma places ker 7; in the exact sequence

0 — ker 7 — ker 757 — ker 77 — coker 7,y — 0.

This indicates two methods to construct elements in ker 7;: as elements coming
from ker 77 or as elements coming from coker 7,,;. We will now briefly describe
both these methods.

The arguments in [19, §7.3] show how to construct elements in ker 77. We note
that even though we have not shown that MU?*(x)(—) receives a map from al-
gebraic cobordism for algebraic varieties, we can adjust the arguments as follows.
Let P! be the complex projective line, and let [P!] denote corresponding element
in MU=2. Let f: Y — X be a proper holomorphic map of codimension p. Let
P% — X denote the pullback of P! to X. By Lemma we get a well-defined
homomorphism

MP(X) = MU (p — 1)(X)

induced by sending [Y] to [Y] - [P%]. Since X is compact, there is an isomorphism
MU*(X)®zQ = H*(X; Q) ®z MU*. This implies that the sum @pezJrry (X)2Q
is a flat MU*-module. Thus, for v € MP(X), if AJ() is non-zero in Jif&l(X) ®RQ,
then AJ(y) - [P] is non-zero in Jiry*(X) ® Q and therefore non-zero in J3%;,*(X).
Now we can take an element v € MP(X) such that ¢(y) = 0 and the image of ~
in J?2?~1(X) is non-torsion. Then the above argument shows that AJ(v) - [P!] is
non-zero in Jyr;*(X). However, the image 7;(AJ(7) - [P']) vanishes in J?~3(X)
since 79 sends [P!] to zero. Examples of this situation where X is a projective
smooth complex algebraic variety are described in [I9, Examples 7.15 and 7.16].

Finally, we look at coker 7. The most interesting case is that of a non-torsion
element in coker 7 which induces an element in ker 7; that remains non-trivial after
taking the tensor product with R/Z over MU*. For certain complex Lie groups, for
example SO(5), we can show that there are such elements in coker 7. However, we
are so far not able to produce such elements for X being compact or even projective.
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