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1. Introduction

Characteristic classes play a fundamental role in the analysis of vector bundles. Let
M be a smooth manifold and 7: E — M be a smooth vector bundle. While ordinary
characteristic classes just depend on the topology of M and F, the presence of a con-
nection V on E allows to define more refined secondary classes which depend on the
geometry encoded by V. One may give a unified description of primary and this type
of secondary classes using the differential characters of Cheeger—Simons [5], or smooth
Deligne cohomology. These are examples of differential cohomological invariants which
refine singular cohomology. In [23], Hopkins—Singer show that every topological cohomol-
ogy theory has a differential refinement for smooth manifolds. Differential refinements
play, in particular, an important role in mathematical physics as they allow for a concep-
tual interpretation of quantization conditions in field theories (see e.g. [5], [12], [15], [23],
[33], and [38]). For K-theory on smooth manifolds there are various geometric models for
differential refinements, for example structured vector bundles of Simons—Sullivan [35]
and differential K-theory of Freed—Lott [13].

Since many manifolds studied in mathematical physics are equipped with a complex
structure, for example Calabi—Yau manifolds in string theory and mirror symmetry,
it is desirable to have refinements of topological cohomology theories which track the
complex structure. For a complex manifold X, an analog of smooth Deligne cohomology
is complex analytic Deligne cohomology [6] which takes the Hodge filtration on forms
and thereby the complex structure on X into account. In [10], Esnault studies secondary
classes of flat bundles on analytic manifolds. In [24], Karoubi defined multiplicative K-
theory which we may consider as a Hodge filtered extension of complex K-theory in our
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terminology. In [22], the authors construct a Hodge filtered extension, denoted Ep, of
every rationally even cohomology theory E following the work of Hopkins—Singer in [23].
In particular, they define a Hodge filtered extension of complex cobordism represented
by the Thom spectrum MU. This theory shares the same relationship with complex
analytic Deligne cohomology as differential cobordism of [23] does with smooth Deligne
cohomology. Recently, Benoist showed in [1] that Hodge filtered cobordism of [22] can
be used to study subtle phenomena for non-algebraic cohomology classes for algebraic
varieties.

The definition of the groups ER(p)(X), for integers n, p and complex manifold X,
in [22] has the advantage that many important properties follow directly from the con-
struction of Ep(p) as a homotopy pullback as in (1) below. However, it also has the
disadvantage that it is rather abstract which makes it difficult to describe elements in
EZ(p)(X) explicitly. It is therefore highly desirable to have an alternative and more con-
crete construction of E%(p)(X). To provide such a concrete and geometric description
for E = MU is the purpose of this paper. We will do this by showing that, for every
integer p, MU} (p) is isomorphic to a new theory which we denote by MU*(p), without
the subscript D, whose elements are given by concrete geometric cycles and relations. In
[18] we show that this geometric description allows us to define pushforward morphisms
in MU*(p) for every proper holomorphic map between complex manifolds. This is a
vast extension of the result in [22] and is important for the study of Abel-Jacobi type
invariants as in [31].

We now briefly recall the construction of [22] and will then outline the new contri-
butions of the present paper. Let Manc denote the category of complex manifolds and
holomorphic maps. The Grothendieck topology defined by open covers turns Manc into
an essentially small site with enough points. For a topological space Z, let sing(Z) denote
its singular simplicial set. Let F be a topological rationally even spectrum. Let sing(FE)
denote the spectrum of simplicial sets whose nth simplicial set is given by sing(F,,). For
V. = F, ®z C, let H(V,) denote the spectrum whose nth simplicial set is the simplicial
Eilenberg-MacLane space K (V.,n). Let sing(F) — H(V.) be a map of spectra which
induces the genus ¢.: E, — V, which in degree 2k multiplies with (27i)*. We consider
¢ as a map of constant presheaves of spectra on Manc. The canonical inclusion map
Ve = A*(X;V,) from constant functions into the complex of smooth forms induces a
map of presheaves of Eilenberg-MacLane spectra H(V,) — H(A*(V,)). Composition
then yields a map ¢: sing(F) — H(A*(V,)) which we also denote by ¢. For a given
integer p, let ¢ = (27i)P - ¢. Then Ep(p) is defined by the homotopy cartesian square
of presheaves of spectra on Mang

Ep(p) sing(E) (1)

l |

H(FPA* (Vi) —— H(A" (V)
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where the notation for the presheaves of the complex of filtered forms FPA*(V,) is
explained in (5) and Definition 2.8. Let hoSp(sPre,) denote the homotopy category of
presheaves of spectra on Manc. Then the n-th Hodge filtered E-cohomology group with
twist p of a complex manifold X is defined as the group of homotopy classes of maps of
presheaves of spectra

E%(p) (X) = HothSp(sPre*)(Eoo(X+>7 EnED(p))

We will now summarise the construction of our geometric model MU™*(p) which is
inspired by Karoubi’s multiplicative K-theory of [24] and the geometric differential com-
plex cobordism groups of [3]. The details are given in section 2. For a smooth manifold
X we denote by A* the sheaf on X given by the de Rham complex with complex coeffi-
cients. Similar to [24] we develop our theory for objects in the category Many which are
pairs (X, F*) where X is a smooth manifold, and F* a descending filtration of A* on X
as a chain complex of A%-modules. A morphism f: X — Y in Manp is a smooth map
f:+ X — Y such that, for each p, we have f*FPA* C FPA*. Whenever X is a complex
manifold we consider it as an object in Manyg together with the Hodge filtration on
A*. Since we are mostly interested in the case of complex manifolds we will refer to
MU*(p)(X) which we will define below as geometric Hodge filtered complex cobordism
even though X may just be in Mang. Our main reason to use the category Manpg
is that it makes it easier to work with products of a complex manifold and a smooth
manifold. We hope, however, that the additional generality may turn out to be useful in
future applications as well.

Let (X, F*) be an object in Manp. Recall from [24] that Karoubi’s multiplicative
K-theory groups M K (X) are generated by triples (E, V,w) where E — X is a complex
vector bundle with connection V, and w is a sequence of forms such that cha,(V)+dws, €
FPA?P(X). Here cha,(V) denotes the 2p-th Chern-Weil Chern character form of V. For
Hodge filtered complex cobordism, we essentially replace vector bundles with connection
by the differential cobordism cycles of [3].

Consider the genus ¢: MU, — V, given by multiplication by (274)™ in degree 2n. By
Thom’s theorem, MU, is the bordism group of n-dimensional almost complex manifolds.
Hirzebruch showed that if R is an integral domain over @Q, then any genus ¢: MU, — R
is of the form

0(2) = [(KeTz)

Z

for a multiplicative sequence K, which yield an R-valued characteristic class of complex
vector bundles. Now we set R =V, = MU, ® C and consider the characteristic class
KP = (27i)? - K¢. If V is a connection on a complex vector bundle E — X, Chern—
Weil theory gives a form KP(V) representing KP(F). Given a proper oriented map
f:Z — X and a form w on Z, we consider the pushforward current f.w, which acts by
o [,wA fro.
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Now we can describe the group of Hodge filtered cycles ZMU (p)(X). The details
are explained in section 2. The elements in ZMU(p)(X) are triples (f,V,h) where
f is a proper, complex oriented map f: Z — X, V is a connection on the com-
plex stable normal bundle of f and h is a current on X so that f.K?(V) — dh is a
smooth form in FPA*(X;V,). We grade ZMU (p)(X) by the codimension of f, so for
(f,V,h) € ZMU™(p)(X) we have dim X — dimZ = n. Whenever h is a form with
dh € FP A™(X;V.), we define a(h) = (0,0,h) € ZMU"(p)(X). We will quotient out the
group of cycles a (FP.A"!). Now we define the cobordism relation, which is essentially
that of [3]. Let b = (b, V) be a pair with b: W — R x X and V a connection on its stable
normal bundle. We assume that b is transverse to the inclusion ¢;: X — R x X, given
by t(x) = (t,x), for t =0, 1. Let

vh= [ bEE)

[0,1]xX/X

and define BMUL, (p)(X) C ZMU"(p)(X) as the subgroup generated by cycles of the

geo
form

(flavlvo) - (fo,vo,l/f(b))

Definition 1.1. For (X, F*) € Manp and integers n,p, the geometric Hodge filtered
complex cobordism groups are defined by

) B ZMU"(p)(X)
MU™(p)(X) := BMU™ (p)+a(FpAn71(X§v*)).

geo

We now state the main result of this paper:

Theorem 1.2. Let X be a complex manifold together with the Hodge filtration. Then, for
all integers n, p, there is an isomorphism of Hodge filtered cohomology groups

MUg(p)(X) = MU" (p)(X) (2)
which respects pullbacks along holomorphic maps.

Remark 1.3. The analog of Theorem 1.2 for differential cobordism is a consequence of the
uniqueness theorem of [4] for differential extensions of cohomology theories which satisfy
the axioms of [4]. We propose similar axioms for Hodge filtered extensions in section 2.9.
However, the proof of the uniqueness theorem of [4] relies on the fact that any continuous
map is homotopic to a smooth one. The corresponding assertion for holomorphic maps
is false. We have not succeeded in finding a proof that works also in the holomorphic
setting. We therefore prove Theorem 1.2 by providing an explicit isomorphism.
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The proof of Theorem 1.2 is based on the extent to which the Pontryagin—Thom con-
struction is compatible not just with topological but differential geometric data as well.
To check all the required compatibilities requires a detailed analysis of the geometry of
the Pontryagin—-Thom construction. We then construct isomorphism (2) as a composi-
tion of two isomorphisms. In section 3 we construct a more geometric model of Hodge
filtered cobordism on Mang. We prove in section 4 that this model and the one of [22]
are equivalent. Then we define in section 5 a map from the new model to the geometric
cycle description we described above. While at first glance it may seem to be a rather
straightforward task to construct a cycle out of the data of homotopy pullback (1) for
E = MU, we do not expect it to be possible to construct isomorphism (2) in a more
direct way.

We will now further describe the key ideas for the construction of isomorphism (2).
Consider a pointed continuous map

Th(R* x X) = ¥*X, —2= MU(m,1) = Th(Ym.) (3)

such that g|y-1(,,, ) is smooth and transverse to Gr,,, (C™ ), considered as the image of
the 0-section iy, ; in 7y, ;. Here Th(E) is the Thom space of E. Then we get a manifold
Zy = g~ Y(Gr,, (C™*)), and a natural map f,: Z, — X. The map f, is naturally complex
oriented, and the associated complex representative of the stable normal bundle is IV, =
(g |Zg)* Ym,i- There are natural compatible connections V,,; on v,,;, as considered in
[28,29], which we may pull back to get a connection V, = (g|Zg)* Vm,i- Now we view
the currents ¢v,, , := (tm,), KP(Vm,) as currents on MU(m,1). As such, they should
correspond to maps of presheaves MU (m,l) — H(2*(V.)), where we consider MU (m, 1)
as representing the presheaf of smooth maps to MU(m,l) and use 2* to denote the
complex of currents. Then we may replace the map ¢?: sing(MU) — H(A*(V,)) in (1)
with a map ¢v: MU — H(Z*(V.)) defined by the formula ¢v(g) = m.g*(¢v,,,) where
m: RF x X — X is the projection. This would harmonise well with the geometric groups
MU™(p)(X), since we have

(f9), KP(Vg) = T (9lg-1(vn)) $9mi- (4)

Hence, if we furthermore had a current h such that w = ¢v(g) — dh is in FPA™(X;V,),
we could simply map (g, h,w) to (fg, V4, h). However, since currents may not be pulled
back along arbitrary holomorphic maps, 2* is not a presheaf and ¢y cannot be made
into a map of presheaves.

Therefore, we note that (i), induces the Thom isomorphism, and so we may use
compatible Thom forms to circumvent the use of currents in the above analysis. We
chose to use the Mathai—Quillen Thom forms of [27], which are natural for Hermitian
bundles with unitary connections. Then we can pull back these Thom forms along maps
g as in (3). We denote the set of such maps by Map?™(X* X, MU (m,1)). Now we would
like to take colimits and to replace the spaces MU (m,l) with the spaces MU, where
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n 4+ k = 2m, and then with QMU, = colimj Q* MU, . We show that the Mathai-
Quillen Thom forms behave well with respect to these two stabilisation procedures.
Finally, we consider the simplicial set Map®™ (A® x X, QMU,,) of, in an appropriate sense,
smooth maps. Note that we work with A® x X instead of X x A®, since the orientation of
the former is compatible with integration over A®. We refer to Remark 3.13 for further
details.

In section 3.4 we then define a new homotopy theoretic model, denoted MUys(p),
of Hodge filtered cobordism using the existence of the Mathai—-Quillen forms. A key
observation is that the latter will allow us to define natural maps of simplicial sets

n o Map®™(A® x X, QMU,) — A"(A® x X;V,).

The classes in MU (p)(X) are represented by triples (g,w,h) where g: ¥¥X, —
MU (m,l) is smooth, w € FPA"(X;V,), and h € A"(A! x X;V,) restricts to w at
one end and ¢ (g) at the other. See Lemma 3.16 for a precise statement.

We show in section 4.2 that the new model M Uys(p) is represented by a presheaf of
spectra which fits into a homotopy pullback similar to the one defining MUp(p). The
constant presheaf sing(MU) is replaced with the presheaf of simplicial spectra X +
Map™ (A® x X, QMU). The map ¢, above induces a map of presheaves of spectra

dom s Map™ (A® x —, QMU) — AL (V,),

where Af (V) is a presheaf of simplicial spectra over Manc which is weakly equiv-
alent to the Eilenberg-Maclane spectrum H(A*(V.)). We also define a spectrum
FP A} (Vi) which is weakly equivalent to H(FPA*(V,)). They are related by a natu-
ral map FPA} (V.)) — Af (V) which is induced by the objectwise inclusion of sheaves
FPA*(Vy) ne, 4 (Vi). The presheaf of spectra M Uys(p) is then defined as the homotopy
pullback of the diagram

Mapsm(A. X _7QMU) — AES(V*) <~ FPAES(V*)

Our definition of the spectra Af (V.) and FPA; (V,) follows essentially the work of
Hopkins—Singer [23, Appendix D], which is the motivation for the subscript hs. In The-
orems 4.7 and 4.9 in section 4.3 we show that there is a weak equivalence of presheaves
of spectra MUp(p) ~ MUps(p) and hence a natural isomorphism MUL(p)(X) =
MU (p)(X) for every p € Z.

Since M Ups(p) is a much more accessible model, we are then able to define in sec-

tion 5.3 a natural map
r: MU (p)(X) = MU"(p)(X)

by setting
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k(g o) = | o Vs Falg) + / h
AlxX/X

Here F,(g) is a universally defined correction term which is needed since we used a
Thom form on v, instead of the Thom current (¢, ), K (V) appearing in (4). The
assignment X — MU, (p)(X) is actually defined for every X € Manp. In fact, we show
in Theorem 5.19 in section 5.4 that x is an isomorphism of Hodge filtered extensions
over Manpg.

Many of the ideas of the present paper appeared in the doctoral thesis of the first-
named author. Both authors would like to thank the Department of Mathematical
Sciences at NTNU for the continuous support during the work on the thesis and this
paper. We thank Mike Hopkins for helpful discussions and the anonymous referees for
helpful comments and suggestions to improve the exposition of the paper.

2. Geometric Hodge filtered cobordism

In this section we will define geometric Hodge filtered complex cobordism groups. We
begin with some recollection and notation.

2.1. Currents

Let X be a smooth manifold and let Ax denote the orientation bundle of X. Let
A%(X;Ax) be the space of compactly supported smooth forms on X with values in
Ax. Let 2*(X) denote the space of currents on X, defined as the topological dual of
A*(X;Ax). Given a form w € A*(X) and a current T € 2*(X), their product acts by

TAw(o)=T(wA o).
There is an injection A*(X) — 2*(X) given by

w— T, = Ul—>/w/\a, o€ ANX; Ax)
e

We grade 2* so that this injection preserves degree. That is, 2%(X) consists of the
currents which vanish on a homogeneous Ax valued form o, unless possibly if dego =
dimg X — k. We will not always distinguish w from T, in our notation.

If X is a manifold without boundary, Stokes’ theorem implies for w € A*(X):

Ti(0) = (=1)*1T,(do).

Hence we can extend the exterior differential to a map d: 2%(X) — 2*+1(X) by
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dT (o) = (-1)**1T(do).

We define for a vector space V, 2*(X;V) = 2*(X) ® V, and for a graded vector space
V, we set

7"(X;V.) =@ 77 (X V).

J

An orientation of a map f: Z — X is equivalent to an isomorphism Ay ~ f*Ax. If f is
proper and oriented, we therefore get a map

[ ANX Ax) = AN(Z; A g)
which induces a map
fo: 9°(Z) —» 9" TH(X)

where £ = codim f = dimX — dimZ. We also denote by f. the homomorphism
D*(Z; V) — 2%(X;V,) induced by tensoring f,. with the identity of the various Vs;.
We get the equality

do f. = (=1)Ff, od.

Remark 2.1. In the case of a submersion 7: W — X the pushforward 7, takes forms to
forms. We thus obtain the integration over the fiber map

/ AW = AUX)

WX

defined by the equation

2.2. The category Manp

We recall the definition of Mang from the introduction.

Definition 2.2. We denote by Manp the category with objects pairs (X, F*) where X is
a smooth manifold, and F* a descending filtration of the sheaf A4* on X given by the
de Rham complex with complex coefficients as a chain complex of A%-modules. We will
often just write X € Manp, in which case FP A* will refer to the filtration associated to
X as an object of Mang. A morphism f: X — Y in Manp is a smooth map f: X —» Y
such that, for each p, we have f*FPA* C FPA*.
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Remark 2.3. Let Man denote the category of smooth manifolds. There is an embedding
of categories Man — Manyp which endows a manifold with the trivial filtration A* =
FOA* 5 F'A* = 0. Whenever we consider a smooth manifold S without specifying a
filtration we equip S with this trivial filtration.

Remark 2.4. There is an embedding of categories Manc — Manpg given by considering
a complex manifold X together with the Hodge filtration on A*, i.e., whenever X is
a complex manifold we consider it as an object in Mang with the Hodge filtration on
forms which is defined by

FPAM(X) = P Artir—r=i(X). (5)

i>0

This filtration is not associated with a Hodge structure, but the name is justified by
the fact that if X is compact Ké&hler, (5) induces the Hodge filtration on H*(X;C). In
fact, we are mainly interested in the case of complex manifolds. We develop our theory
on the category Manp instead of Mlanc because it is convenient to have a theory that
naturally handles products S x X for S merely smooth.

Definition 2.5. Given X7, X5 € Manpg, we equip X; X X5 with the filtration

FPA Xy x Xo) = @ FriA«(X)) @ FrA+(Xy)
p1+p2=p

where the over-line denotes the closure in the topological space A*(X xY) equipped with
the C*°-compact-open topology of [7]. Thus a form w = f - wx ®wy, for f a function on
X x Y, belongs to FP1t72 A*(X x Y) whenever wx € FP* A*(X) and wy € FP2A*(Y),
and every element of A*(X x Y) is a finite sum of such forms.

This construction is not the categorical product on Manpg. It is, however, the cate-
gorical product on the full subcategory of Many satisfying the following condition:

For w; € FPIA*(X), i = 1,2, we have wy Aws € FP1TP2 A*(X). (6)

Remark 2.6. Note that condition (6) is equivalent to requiring A: X — X x X to be a
morphism in Manpg.

Remark 2.7. Let X be a complex manifold and let S be a smooth manifold. Then we
can describe the filtration for the product S x X as follows. Let (z;) be holomorphic
coordinates for U C X, and let (s;) be smooth coordinates for V' C S. Then a form

Z froxdskg Ndzy ANdzy € A*(V X U)
IJK
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belongs to FPA*(V x U) exactly if frjx = 0 whenever |I| < p. By slight abuse of
terminology, we will often refer to this filtration as the Hodge filtration on S x X.

Definition 2.8. Let V. be an evenly graded C-vector space and X € Mang. We extend
the given filtration on A*(X) to forms with coefficients in V, by

FPAY(X; V) = @ FPH A (X3 Vy;).

JEZ
The grading is defined such that a form w € A"(X;V;) has degree r — s.

2.3. Cycle model for MU(X)

We now recall from [32] Quillen’s description of the complex cobordism groups of a
smooth manifold X, denoted by MU"(X). Let f: Z — X be a smooth map. We may
factorize f as f = m o for an embedding t: Z — X x C and 7 the projection onto X.
If the codimension of f, defined by codim f = dim X — dim Z, is even, then a complex
orientation of f is represented by a complex structure on the normal bundle of ¢. If f
has odd codimension, a complex orientation of f is a complex orientation of the map
Z — X xR given by z — (f(2),0). In either case we obtain a complex vector bundle N
which represents the stable normal bundle of f. Two choices of factorization and complex
structures, the second one denoted by primes, represent the same complex orientation if

there is a commutative diagram

L

Z X xCN

TR

ZxI[ —=XxCN' — o> X

| 1A

Z X xCN

’
L

where the central vertical maps are linear embeddings of complex vector bundles, and the
first central horizontal map is an isotopy between the two maps Z — X x CV " through
factorizations of f. Thus the class of the stable complex normal bundle [N¢] = [f*TX]—
[TZ] € K°(Z) depends only on the complex orientation. If f; and fo are composable
complex oriented maps, their composition is complex oriented with complex normal
bundle satistying [Ny,or,| = [Nf ] + fi[Ny,]. Two complex oriented maps fi1: Z; — X
and fo: Zo — X are isomorphic if there is a diffeomorphism v: Z; — Z5 so that
f1 = f2 01 as an equality of complex oriented maps.
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A complex cobordism cycle, or cycle for short, is an isomorphism class of proper
complex oriented maps f: Z — X. We let ZMU"(X) denote the monoid of cycles of
codimension n under disjoint union. A cycle

b=(c,f): W =R x X € ZMU™(R x X)

is called a bordism datum over X if 0 and 1 are regular values of a: W — R. In this case
we define W, = ¢ 1(t), and f; = flw, for t = 0,1, and put

b = fr +(=fo)

where — fy denotes the cycle obtained from fy by reversing the complex orientation of
its representing complex oriented maps. Then we define BMU"(X) as the submonoid
generated by boundaries 9b as b range over all bordism data over X. The n-th complex
cobordism group of X is then defined by

MU™(X) = ZMU™(X)/BMU™(X).

In fact, MU™(X) is contravariantly functorial in X. For the pullback operation, let
g: Y — X be a smooth map. If the cycle f: Z — X is transverse to g, then g*[f] is
represented by f’ in the following pullback square

Z
|
X

E—— .
g9

7 ——
|
Y

It follows from Thom’s transversality theorem that each cobordism class [f] can be repre-
sented by a map which is transverse to g. That the cobordism class of g*[f] depends only
on [f] follows by similarly pulling back bordism data. Hence g*: MU™(X) — MU™(Y)
is well-defined. There is an exterior product

MU™(X)x MU™(Y) — MU (X xY)

given by ([f],[g]) = [f x g] =: [f] X [g]. Then MU*(X) is turned into a ring by [f]-[¢] :=
A*([f] x [g]), for A: X — X x X the diagonal map A(z) = (z,x).

2.4. Genera

We let MU, be the graded ring with MU,, = MU "(pt). A map of rings MU, — R
for R an integral domain over Q is called a complex genus. We recall from [19] that
complex genera may be constructed in the following way. For each i € N, let z; be an
indeterminate of degree i. Let @ € R[[y]] be a formal power series in the variable y of
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degree 2. Let o; denote the i-th elementary symmetric function in z1,z9,.... We may
then define a sequence of polynomials K f? satisfying

K9 (01,09, ) = 14 K$(01) + K (01,00) + - = [[ Q=),
=1

since the right hand side is symmetric in the z;. Then we get a characteristic class K<,
defined on a complex vector bundle £ — X of dimension n by

KQ(E) := K9c,(E),...,c,(E)) € H*(X;R).

By [19, section 1.8] all genera are of the form
01 = [ K2v)
X

where Nx denotes the complex vector bundle representing the stable normal bundle of
X obtained from the complex orientation of X — pt. We now suppose that V, is a
graded ring and that the power series Q(y) = 1 + r1y + r2y? + - - has total degree 0.
This is equivalent to assuming ¢% to be a degree-preserving genus. Then K%(FE) has
total degree 0. From now on we set V, := MU, ®z C. By [3, Lemma 3.26] ¢% extends
to a morphism of multiplicative cohomology theories

¢ MU™(X) — H™(X;V,)
by
¢?([f]) = fK (Ny). (7)
Here H™(X; V) = €D H™ 21 (X;Vs5), so that in particular H=2 (pt; V,) ~ Vs;.
Definition 2.9. We fix the multiplicative natural transformation
¢: MU*(X) — H*(X; V)
characterized by restricting to multiplication with (277)¥ on MUy, — MUy, ® C. Let
K =1+ Ky(0o1) + Ky4(o1,02) + -+

be the multiplicative sequence satisfying ¢([f]) = f«K(Nyf). For p € Z we set K? =
(27wi)P - K and

P ([f1) = K7 (Np). (8)
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Let f: Z — X be complex oriented, and let V be a connection on Ny. By Chern—Weil
theory, there is a well-defined form ¢(V) € A*(Z) representing the total Chern class
¢(Ny). In fact with respect to local coordinates we have

1
(V) =1+2¢1(V) + (V) + - - = det <I — ﬂFV)
T
where FV denotes the curvature of V. Then
K(V) = K(c1(V),ca(V),...) € A%Z; V)
represents the class K(Ny).

2.5. Definition of geometric Hodge filtered cobordism groups

First we recall the definition of geometric cobordism cycles from [3]:

Definition 2.10. A geometric cycle over X is a triple f: (f,N,V) where f is a proper
complex oriented map, with N a complex vector bundle representing the stable normal
bundle of f, and V a connection on N. We say that ]7 and fv’ are isomorphic if there
is an isomorphism ¢: Z — Z’ of complex oriented maps such that, under the induced
isomorphism N = ¢* N’ V and ¢*V’ are identified. Let

ZMU (X)

denote the abelian group generated by isomorphism classes of geometric cycles over X
of codimension n with the relations fi; + fo = f1 U fo.

Definition 2.11. Let K? be as in Definition 2.9 for the multiplicative natural transfor-

~ —_~"N
mation ¢. For a geometric cycle f € ZMU (X) we define, using the orientation of f
induced by its complex orientation, the current

P(f) = [ K" (Vy) € 77X Ve). (9)

Remark 2.12. Note that (bp(f) is a closed current representing the cohomology class
oP([f]) = f«KP(Ny) € H"(X;V,) defined in (8). By de Rham’s theorem [7, Theorem
14] we can find a current h € 2" 1(X;V,) such that

¢P(f) —dh = fLKP(Vy) — dh is a form, i.e., lies in A" (X; V). (10)

This observation will be crucial for the definition of Hodge filtered cycles below.
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Definition 2.13. Let (X, F*) be an object in Manp. We define the group of Hodge filtered
cycles of degree (n,p) on (X, F*) as the subgroup

n

ZMU™(p)(X) C ZMU (X) x 2" 1 X;V.)/d2"*(X;V,)
consisting of pairs v = (f, h) satisfying

dP(f) —dh € FPA™(X;Vy)

where ¢P(f) is defined by (9) in Definition 2.11.

Remark 2.14. To simplify the notation, we will often write ¢ instead of ¢”. We may
sometimes write a Hodge filtered cobordism cycle as a triple

v = (fiw,h) € ZMU (X) x FPAM(X;V,) x 2" Y(X;V,)/d9"2(X; V),
where (f,h) € ZMU"(p)(X) and ¢?(f) — dh = w.

We now define maps on the level of cycles as follows:

R: ZMU"™(p)(X) = FPA™(X;Vy)a, R(f,h) = ¢"(f) —dh
@i d-V(FPAY (X V)" = ZMU(p)(X),  a(k) = (0,h) (1)
I: ZMU™(p)(X) — ZMU™(X), I(f,h)=f

where d~! (FPA™(X;V,))" " denotes the subset of elements in A"(X;V,) which are
sent to the subgroup FPA™(X;V,) under d: A" 1(X;V,) — A"(X; V).
We will now introduce the cobordism relation.

Definition 2.15. The group of geometric bordism data over X is the subgroup of
2_]\\/[7]”(]1% x X), with underlying maps b = (cp, f): W — R x X such that 0 and 1 are
regular values for ¢. Then W; = ¢, ! (t) is a closed manifold for ¢ = 0,1, and f; = f|w, is
a geometric cycle. We define

b= f, — fo € ZMU (X)
and, setting Wg 1) = ¢; '([0,1]), we define
UPb) = (=1)" (flwie,y), (KP(Vs))-
Remark 2.16. We will often write v instead of ¥? to simplify the notation.

Proposition 2.17. Forb a geometric bordism datum over X, we have

¢P(b) — du* (b) = 0.
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Proof. Let o € A%(X; V). We use for t = 0,1 the notation of the following diagram,
where the square is cartesian, and where we view j; with the pullback orientation:

Jt

We w

ftl (crf)l

{t}xX —=RxX |f

)

X

Let Wio,1) = ¢ *([0,1]). Since K?(V}) is closed and of even degree, we have d(K?(Vy) A
f*o) = K(V) Adf*o, and so by Stokes theorem,

(Flwion), KP(Vi)(do) = [ K(V0) ndfo
Wio,1)
= / K(Vy) A fro
OWio 1)
- (f|aw[0,1])* (53W[0,11 A Kp(vb)) (o),
where 53W[o,1] is the integration current of 0W[g ;) with the boundary orientation. We

observe that daw,, ,, = (j1)+1 — (jo)«1, since the pullback orientation coincides with the
boundary orientation at 1, but not at 0. We have

(f|W[O,1])*(68W[0,1] A Kp(vb)) = (f'W[()l])*((]l)*]ikK(vb) - (]0)*38Kp(vb))
= (J1)E" (V) = (f0) K7 (V)
= ¢"(f1) = ¢"(Jo)-
Since T'(do) = (—1)%T+1dT (), for homogeneous currents 7', by definition of the exte-

rior derivative on currents on X, this finishes the proof. O

In light of Proposition 2.17, we consider (9b, ¥ (b)) as a Hodge filtered cycle of degree
(codim b, p). We call such cycles nullbordant and let BMU™ (p)(X) € ZMU™(p)(X)

geo
denote the subgroup generated by the nullbordant cycles.
We define
FPAYY(X;V,) = FPAY (X V) + dAM (X ),).
Then we define the group of Hodge filtered cobordism relations by

BMU" (p)(X) = BMUgso(p)(X) +a (FPA" 1 (X;0,)) (12)
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where a is the map defined in (11) above.
Now we are ready to define geometric Hodge filtered cobordism:

Definition 2.18. Let (X, F*) € Many and let n and p be integers. The geometric Hodge
filtered cobordism group of X of degree (n,p) is defined as the quotient

n _ ZMU"(p)(X)
MUMP)(X) = Gy e

We denote the Hodge filtered cobordism class of v = (f,h) € ZMU"™(p)(X) by [v] =
[f,hl.

2.6. The long exact sequence

The maps defined on the level of cycles in (11) induce maps on the level of cohomology

groups:
R: MU"(p)(X) = H"(X; FPA*(V.),  R[f.w,h] =[]
a: H"1 (X; %(vg) = MU™(p)(X),  a(h) = [0, dh, k] (13)
I: ZMU™(p)(X) — MU™(X), I[f, hyw] = [f]-

Proposition 2.19. The maps R, a and I in (13) are well-defined.

Proof. We first show that I and R vanish on BMU"(p)(X), as defined in (12). For
v = (0b,%(b)) € BMUg,,(X), we have

I(y)=0be BMU"(X), and R(y)=0,

where the second equality is Lemma 2.17, and b is the bordism datum underlying b. We
have I o a = 0, so in particular

I(a(h)) =0, heFPA"Y(X;V,),
which finishes the proof that I is well-defined. We have
Roa (FPA™ 1 (X;W)) = d (FPA"Y(X;V.)
which is the group of relations for

. ) FPAM(XV,),
H™M(X; FPA*(V,)) ~ deA”(l(X~i}l)
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so R is well-defined too. That a is well-defined follows from the isomorphism

A ) = AV
TFPYT) T P ARX V)

H" (X
and the definition of BMU™(p)(X). O

Remark 2.20. It is clear that R o a = d, and by construction we have

[R()] = ¢P(I(v)) in H"(X; V).

Hence the diagram

MU (p)(X) MU™(X)

Rl l“

inc,

H™(X; FPA*(V,)) —= H"(X;V,)

commutes, where inc, is the map induced by the inclusion of complexes of sheaves
FPA*(V,) 25 A*(V,).

Let ¢ denote the composition of ¢ with the reduction modulo FP map:

¢= (MU”(X) S H(X; A7 (V) — H" (X? %(V*)» '

Theorem 2.21. There is a long exact sequence:

a1 (X; A (V*)) —— MU"(p)(X)

MU (X) e B (X245 (00)) — MU () (X) — -

Proof. We start with exactness at MU™(p)(X). First we observe

I(a([n])) = ([0, dh, h]) = O.
The converse requires more work. We work at the cycle level, so let v = (f, w,h) €
ZMU™(p)(X) and suppose I(y) = 0. That means f = 9b for some bordism datum b. We
may extend the geometric structure of f over b and obtain a geometric bordism datum

b such that 9b = f We have

(f,w,h) = (9,0,9(b)) = (0,w, ) = a(h).
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The last equality follows from the observation that, since (0,w,h’) € ZMU™(p)(X) is a
Hodge filtered cycle, we must have

dh/ =w € FPA"(X; V).

Hence we know v € BMU"(p)(X). Next we show exactness at MU™(X). The vanishing
¢ ol = 0 follows from the following commutative diagram, where the bottom row is
exact:

MU (p)(X) MU™(X)

| | TN

HM (X5 FPAY (V) = HP (X5 V) —= H" (X (1)
Conversely, suppose @([f]) = 0. Then we can find w € FPA"(X;V) such that

¢([f]) = nc.([w]).

Let V; be a connection on Ny so that we get a geometric cycle fwith 1 (f) = f. Then

¢(f) is a current representing ¢([f]). Hence ¢(f) and w are cohomologous, i.e., there is
a current h € 2"~ 1(X;V,) such that ¢(f) — dh = w. Then v := (f,w,h) is a Hodge
filtered cycle with I(vy) = f.

Now we show exactness at H™ (X; %(V*)) Let f: Z — X be a bordism cycle on

X. We will show a(¢([f])) = 0 € MU™(p)(X). Lifting f to a geometric cycle f €

n

ZMU (X) we can write

a(g([f]) = 0,0, 6(f)]-

We may build from fa geometric bordism datum b with underlying map

(3.0
Z — R x X

where % denotes the constant map with value % Clearly db = 0. More interesting is the

observation that ¥(b) = (—1)"¢(f). Hence

(96,0, 4(b)) = (0,0, (~1)"6(f)) € BMUg, (X)
and we conclude that a(¢([f])) = 0.
Conversely, suppose that h € (d~'FPA"(X;V,))" ! is such that a(h) = (0,dh,h)
represents 0 in MU™(p)(X). Then there must be a geometric bordism datum b with
underlying map (cp, f5): W — R x X, and a form b’ € FPA"1(X;V,) such that
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(0, dh, h) = (O, dh', 4 (b) + h').
Since 9b = 0, we have that
f = Flor o) € ZMU™(X)

is a bordism cycle. By definition of 1), we have 11}(5) = (—1)"¢(f) where ]?is the obvious

geometric cycle over f. We now have the following computation in H"~! (X ; “;}—;(V*)):

[h] = [h — 1] = [$:(B)] = (=1)"$([f]) € Tm ().
This finishes the proof. O
2.7. Pullbacks

We now establish the contravariant functoriality of MU™(p)(X), along the lines of
[3][sections 4.2.5-4.2.6]. We denote by W F(u) the wave-front set of a current u in the
sense of [20, 8.1]. See in particular [20, Def. 8.1.2, and p. 265] for the definition. For a
smooth map f: Z — X, we denote by N(f) C T*X the normal set of f:

N(f)y={veT*X:v#0, ffv=0}

Let g: Y — X be a morphism in Manp. We define ZMU, (p)(X) to be the subset of
ZMU™(p)(X) consisting of those v = (f, h) satisfying

e WF(h)NN(g) =0, and

For v = (f, h) € ZMUJ(p)(X), we define g*y € ZMU"™(p)(Y) by
9 = (5" F.g"h). (14)

Here g*h is defined by [20, Theorem 8.2.4]. To define g*f we use the transversality
property and consider the following cartesian diagram of manifolds:

L

g*fl lf
Y —— X.

g

Then g* f is complex-oriented, with Ny« = G*Ny. We define g*fby
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g f=(g"f.G* Ny, G*Vy).
The aim of this section is to show the following theorem:
Theorem 2.22. The above pullback construction induces a map
g*: MU (p)(X) = MU"(p)(Y)
for any morphism g :' Y — X, making MU™(p) a contravariant functor on Manpg.
The proof proceeds in three steps:

Proposition 2.23. Given a morphism g: Y — X in Manpg, and a Hodge filtered cycle
v € ZMU™(p)(X), there exist b € BMU™(p)(X) such that

Y+be ZMUZ (p)(X).
Proposition 2.24. If v € ZMU (p)(X) N BMU"(p)(X), then
gy € BMU"(p)(Y).
For morphisms ¢;: X; — X5 and ¢go: Xo — X3 in Manp, we define

ZMU . (p)(X3) := ZMUL (p)(Xs) N ZMUZ,,. (p)(X3).

9192 920491

Proposition 2.25. We have g5 (ZMU} ,,(p)(X3)) C ZMU}, (p)(X2), and

91095 =(92091)": ZMUy,,,(p)(Xs) = ZMU" (p)(X1).
Since transversality is a generic property for smooth maps, and homotopies can be
viewed as cobordisms, these three propositions together prove Theorem 2.22.

Proof of Proposition 2.25. Let v = (f,h) € ZMU}, , (p)(X). The equality of currents
gigsh = (g1 0 g2)*h follows from [20, Theorem 8.2.4]. We only need to add that connec-

tions pull back in a natural way as well. O

Proof of Proposition 2.23. By Thom’s transversality theorem we may choose f; homo-
topic to f so that fi M g. Then there is a complex orientation of f; and a cobordism
between f; and f of the form b = R x Z — R x X with b(¢,z) = (¢, H(t,2)) where H
is a homotopy between f; and f. We may extend the geometric structure of f over b
and obtain a geometric bordism datum b. We give f; the geometric structure z“{(g), for
i1: X = R x X the inclusion i1 (x) = (1,2). By design we have db=f, — f. Hence

(fr,w, b+ $(0) = (fow, h) € BMUg,(X),
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and g* f; is well-defined. Since ¢(f) —dh is smooth, we must have WF($(f)) = WF(dh).
Since d is a differential operator we have W F(dh) C W F(h) by [20, 8.1.11], but equality
need not hold. To complete the proof, we must show that upon replacing h with a
cohomologous current if necessary, we can assume WF(h) = WF(dh), since a(dB) €
BMU"™(p)(X) by definition. Thus we have reduced the proof of the assertion to proving
the following lemma. 0O

Lemma 2.26. Let o € 9™(X;V,). Then there exists a current f € 2" 1(X;V,) so that
WPF(do) = WF(a+dp).

Proof. This is [3, Lemma 4.11]. For convenience of the reader, we recount their proof.
Choose a Riemannian metric on X. Let d* be formally adjoint to d. Then we consider
the Laplacian A = d*d + dd*, which is an elliptic differential operator

A: 94(X) = 7°(X).

Using [21, Theorem 18.1.24] we can find a parametrix &: 2*(X) — 2*(X), properly
supported in the sense that both projections from the support of the Schwartz kernel
of &, which we denote P, 2*(X x X) D suppP — X are proper maps, such that
both Ao & —id and & o A — id are smoothing operators. We put G = d*<. This
pseudo-differential operator satisfies

dG+Gd=1+5
for a smoothing operator S. Let 8 = Ga. Then we get
a—df=a—dGa=a—-(1-Gd+ S)a=—-Gda + Sa.

Since G is a pseudo-differential operator, we have WF(Gda) C W F(da). This can, for
example, be seen by taking I' = T*X\0 in [21, Proposition 18.1.26.]. This finishes the
proof. O

Proof of Proposition 2.24. Let v = (f,h) € ZMU"™(p)(X)g N BMU"(p)(X). We can
then write

7 = (9b,6(b)) + a(h)

where b is a geometric cobordism with underlying map b = (ap, fp) : W — R x X and
h e FPA"Y(X;V,). We must show that g*y € BMU"™(p)(Y). We start by noting that,
since g is a morphism in Manpg, we have

g*a(h) = a(g"h) € BMU" (p)(Y).
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We can perturb f, slightly, without [“)5, so as to ensure f, M g. We extend the geometric
structure of b over the perturbing homotopy and obtain a geometric bordism datum
b with b = f Now we consider the pullback geometric bordism datum g*g, which is
formally defined as the geometric cycle (idg x g)*g It has underlying map (a’, f'): W’/ —
Y, fitting into the following diagram where all squares are pullback squares of manifolds
for t € {0,1}.

Wi

AN

tx X

X > l
txY

R x X

(abvfb)
idr Xg

RxY
It is then clear that dg*b = g*db. We get from Theorem 2.27 below that

9*1/1(5) = (=1)"g"(fol ay ([0,1]) )+ K (Vs)
= (1" (il o) | G E (V)

Hence we have

g"(9b,9(b)) = (9g™b,%(g°b)) € BMU™(p)(Y). D

It remains to show the following result which is certainly well-known. However, we
were unable to find a reference and therefore provide a proof.

Theorem 2.27. Let f be a proper, oriented smooth map of codimension d, and let g be
smooth with f M g. We consider the cartesian diagram

7 e ZxyY ez
/| L
Y ———=X.

Then the following diagram exists and commutes:
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A*(Z) A*(2)

‘| E

PHIY) —— FrH(X).
g

Here we mean by 9;(X) the currents T on X which may be pulled back along g, in the
sense that there is a unique current, which we label g*T, in the set

{lim g (we) ¢ limwsy = T} .

t—0

In particular, we have an equality of continuous C-linear maps
g ofi=1flog " AN(Z) = 7Y,

Proof. We will apply micro-local analysis and the Schwartz kernel theorem [21, p. 93-94].
The Schwartz kernel theorem states that there is a bijection between 2*(Z x X) and
the space of maps A%(Z) — 2*(X) given by

@*(ZXX) ST +— (JzH(Ux’—)T(Oz(X)Ux))).

Then T is called the Schwartz kernel of the mapping it corresponds to. We need the
following three facts:

(1) The Schwartz kernel of f, is the integration current dgraph(y), where

Graph(f) = {(z, f(2))} € Z x X.

(2) The Schwartz kernel of g* is the integration current dgraph(g) of the transposed
graph

Graph'(g) = {(9(y),y)} C X x Y.

(3) The kernel of f, o g’* is the integration current of (¢, f')(Z’).
The last statement follows from

O(g. 1)z (02 ®0y) = /g'*Uz Nf'Tox.
Z/

The first two statements are special cases with either f’ or ¢’ as the identity.
We now apply Hormander’s criterion, see [20, 8.2.14] and the preceding discussion.
We get that when f M g, then g* o f, is continuous with kernel
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K = (7TZ7Y)* (le X A X ldY)* 6Graph(f) ® §Graph’(g)7
where 7y : Zx X xY — Z xY is the projection. Using [20, Example 8.2.8] we can now

deduce that K is the current (¢’, f')«1z . Since we saw already that this is the kernel of
fiog*, we get from the Schwartz kernel theorem that

fiog =g of.. D
2.8. Products
We first define exterior products
X MU™ (p1)(X1) x MU™ (pg)(X2) = MU™ 2 (py 4 pa) (X1 x Xa) (15)
on where X7 X X5 carries the filtration of Definition 2.5. When X satisfies condition (6),

i.e., when the diagonal A: X — X X X is a morphism in Mang, we get the structure
of a bigraded ring on

MU*(+)(X) = ) MU"(p)(X).

Let for i =1,2
vi = (fi hi) € ZMU™ (p;)(X;)

be Hodge filtered cycles with underlying maps f;: Z; — X;, and let m; be the projection
Zy X Zoy — Z;. We define the exterior product of geometric cycles by

fi % fa=(f1 X fa, N1 X No, V; x V3),

where we abbreviate Ny by N; and so on, N; X Ny = 7 N1 @ 75N, and V; x Vp =
V1 @ 75Va. We have the product

®: D" (X1 Ve) X D™2( X9 Vs) = D™ T"2(X ) x Xo; V),
satisfying 11 ® Ty = 7iT1 A w315 Since K is multiplicative, we have
KP1+P2(V1 X VQ) = K™ (Vl) & KPZ(VQ).

We now return to suppressing the p in K = (27¢)P - K and ¢ from the notation. Since
(fi X f2)«(T1 @ T2) = (f1)+T1 ® (f2)+T2, we get

o(f1 % J2) = 6(J1) @ 6(f2). (16)
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We want R(vy1 X v2) = R(71) ® R(72). We compute:

$(f1) ® ¢(f2) — R(m1) ® R(72)
= ¢(f1) ® ¢(f2) — (6(f1) — dhn) @ (¢(f2) — dha)
= dhy @ ¢(f2) + ¢(f1) © dhy — dhy @ dhy

= d (Il ® 9(f2) + (~1)" 6(F1) ® ha — b @ dha)
= d (Il ® R(y) + (=) 6(f1) @ ho)

Therefore we define the exterior product of Hodge filtered cycles by
g i= (fix Fo i@ ROw) + ()" 6(f) @ ha) (7)

Remark 2.28. In the above computation, we chose hy ® dhs as a current with exterior
derivative dhy ® dho. If we had chosen instead (—1)"*dh; ® ha, we would have been led
to define

nxe = (Fix For @ o(fa) + (1" Rin) @ ha)
Since we work modulo Im(d), this choice is immaterial as we have
h1 ® dhy — (71)n1dh1 ® hy = d(hl ® h2) .

Proposition 2.29. Let s: X7 x Xo — Xo x X3 be the swap map s(x1,22) = (x2,21). The
exterior product (17) satisfies

(Y1 4+71) X 2 =71 X Y2+ 71 X Y2,

ni %

Y1 X y2 = (=1)"s" (y2 X 711).

Proof. The isomorphism of geometric cycles underlying the first equation is obvious.
Then the first equation follows since the expression h; ® ¢(f2) + (—1)" R(y1) ® ho is
linear in h;. The second equality follows from Remark 2.28. 0O

We now show that the cobordism class of y; X 72 depends only on the cobordism
class of ;. Because of the symmetry, it suffices to show that if v represent 0, i.e.,
vo € BMU"™2(ps)(X2), then

Y1 X Y2 € BMU™ ™2 (py + p2) (X1 X Xa).
We can write

Y2 = (8b,(b) + h) = (9b, (b)) + a(h)
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for b a geometric bordism datum over X5, with underlying map (as, f), and h €
FP2 A™2(Xo;V,). We note first that since f; x 0 =0 we get

71 % a(h) = (0, hi1®@dh+¢(f1)®h) (18)
=a(R(m)®h+d((-1)""h; ®h)).

Since
R(m) @h—d((—=1)"*hy @ h) € FPripe gmtn2 (X x Xo;V,)

we conclude that v1 x a(h) represent 0. We now suppose 2 = (9b,1(b)). Then R(v;) = 0,
and we get

Y1 X Y2 =71 X (837 ¢(Z))
= (f1 % 9b, (~1)™¢(f1) @ (b))
= (8(f1 x b),¥(f1 x b))

where we interpret fl x b as a geometric bordism datum on X; X X5, and the sign is
absorbed by the sign in the definition of ). We have now established the exterior product

(15).

Definition 2.30. We assume that (X, F*) satisfies condition (6), i.e., that A: X — X x X
is a morphism in Mang. Using (15) we turn MU*(x)(X) into a ring with the product

MU™(p)(X) x MU™(q)(X) = MU""™(p + q)(X) (19)

defined by

[yl - [r2] = A% ([ x 72).-
2.9. Proposed axioms for Hodge filtered cohomology theories

We end this section with a brief discussion of a general framework for Hodge filtered
extensions of cohomology theories. It is inspired by the axiomatic approaches of [4] and
[34] to differential cohomology.

Definition 2.31. Let h* be a cohomology theory for topological spaces and assume that
h* is rationally even in the sense that h*(pt) ® Q is an evenly graded vector space. For
p € Z and an evenly graded C-vector space V., let

@ bt — H* (= V,)
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be a morphism of cohomology theories. Following [4], we define a Hodge filtered extension
of (h*,¢P) over Manp to be a contravariant functor

Wi (p): Many — AbZ

together with natural transformations

s Fp
o I WA (p)(X) — h™(X)
o R:h}(p)(X)— H™ (X; FPA*(V.))

o o B (X5 00) = BB () (X)

where we write ?—;(V*) for the quotient of complexes of sheaves % These data
are required to satisfy the following conditions:

e The diagram

incy

H™(X; FPA*(V,)) —= H™(X; A*(V.))

commutes, where inc, is the map induced by the inclusion of complexes of sheaves
FPA*(V,) 25 A*(V,).

e Roa = d, where d denotes the connecting homomorphism in cohomology which is
induced by the differential.

e The sequence

e (X) T (X ) )X~ (20)

h"(X)

(X4 0)) ———

is exact, where ¢? is the composition

A*
h"(X) i H"(X; A*(V.)) — H" (X; ﬁ(V*)) .
A morphism of Hodge filtered extensions over (h*,¢?) is a natural transformation x

which commutes with the respective structure maps.

Example 2.32. It follows from Proposition 2.19, Remark 2.20, Theorem 2.21, and Theo-
rem 2.22 that the functor X — MU*(p)(X) is a Hodge filtered extension of (MU*, ¢P)
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over Manpg. In fact, together with the product structure of Definition 2.30 geometric
Hodge filtered cobordism is a multiplicative Hodge filtered extension in the following
sense: It is clear that I is multiplicative and it follows from the computations prior to
(17) that R is multiplicative as well. Moreover, we have

a([h]) -~ = a([h A R(7)])-

Example 2.33. For h* = E*, represented by a rationally even spectrum E and V, =
E, ®z C, the functor X — EX(p)(X) is a Hodge filtered extension of (E*, ¢*) over the
subcategory Manc. The maps I and R are induced by canonical maps Ep(p) — sing(FE)
and Ep(p) — H(FPA*(V,)). In order to obtain a, we remark that Ep(p) is equivalent to
the homotopy fiber of the induced map sing(E) — H ?—;(]A)) where we use that the
Eilenberg—MacLane functor H is a Quillen equivalence between stable model categories
by [36] and preserves homotopy pushouts. We refer to [17, Chapter 3] for further details.
In particular, Deligne cohomology is a Hodge filtered extension of singular cohomology.

Remark 2.34. In [4] it is shown that under mild assumptions axioms analogous to the ones
in Definition 2.31 suffice to characterize differential extensions of cohomology theories up
to isomorphism. One may therefore wonder whether the axioms of Definition 2.31 also
suffice to characterize Hodge filtered cohomology up to isomorphism. The obstruction
to a translation of the proof from [4] to Hodge filtered extensions is essentially the
fact that morphisms in Many may be more sparse than arbitrary smooth maps. For
example, for complex manifolds it is well-known that holomorphic maps are much more
rigid than smooth maps. This has the following consequence. While the set of maps to
a space which represents a cohomology theory can be approximated by smooth maps
to suitable smooth manifolds, it cannot, in general, be approximated by holomorphic
maps to complex manifolds. Using Oka theory, see for example [26] or [11], we can,
however, obtain partial results for the subcategory of Stein manifolds in Manc. The
underlying idea goes back to Gromov [16, 0.7.B.] who suggests to use Oka manifolds to
encode topological information in holomorphic terms. The assumption we have to make
is that the underlying cohomology theory h can be represented by spaces which can be
approximated by complex manifolds which are both Oka and Stein. Our only example
of such a theory, however, is complex K-theory and we will therefore not include the
argument in the present paper. We conclude this section with the remark that it is an
open problem in complex analysis whether the homotopy types representable by Oka—
Stein manifolds are the same as those representable by smooth manifolds.

3. Homotopical model via Mathai—Quillen Thom forms
In this section we prepare to apply the Pontryagin-Thom construction by giving a

new homotopy-theoretical description of Hodge filtered complex cobordism for every
(X, F*) € Mang.
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3.1. Geometry of the tautological bundles and compatibility

We denote by C x and R 5 the trivial complex and real line bundles over X, or simply
by C and R when the base space is evident. We consider these with their standard metrics
and the connection d, which in each case is compatible with the metric. Let Gr,,(C™*)
denote the Grassmannian of m-planes in C™*!. The tautological bundle 7, ; is defined
by

Ymi = {(v,V) € C™* % Gr,,,(C™) | v e V} c C™,
Then 7y, inherits a Hermitian metric h,,;, and compatible connection V,, ;.

Remark 3.1. These connections are the same as those considered by Narashimhan—
Ramanan in [28,29]. They are there shown to be universal among unitary connections.

The various tautological bundles are connected by a system of maps induced by the
inclusion C™+ < C™HHL (21, Zat) = (21, - -+, Zmas, 0) and the bijection C™+ x
C — C™HH (21, .., 2m11)st) = (21, -+, Zm1, ). The inclusion gives the right hand
one of the following commutative diagrams, and the bijection gives the left hand one:

Jm,1 Tl

Ym,l @Q — = TYm+1,1 Ym,l — Ym,l+1 (21)
Gr,, (C™H) —= G,y g (CHLFD Gr,, (C™H) — Gr,, (C™FIHL),

Jm,l Tm,1

Both diagrams (21) are cartesian, and i,,; and j,,; are bundle maps, i.e., continuous
fiberwise linear isomorphisms.

Proposition 3.2. The connections V,,; are compatible in the sense that

im,l*vm,lJrl = vm,ly and jm,l*varl,l = vm,l @ d.
Here d denotes the exterior derivative, thought of as a connection on the trivial bundle.
Proof. There is a map Gr,,(C™*!) — Gr;(C™*!) given by V +— V-+. We denote by L

the bundle map 'yf;l’l — Yim given by (v,V) = (v, V+). This is a diffeomorphism. The
bundle map

m & (J-_l Om ° (J- @ldg)) Ym,l D (VrJr_L,l D Q) — Ym,i+1 D 'Vny_L,lJrl = Qg;:f?(énwrwl)

equals the map
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1 _ rmm+i+1 m+1+1
Ym,l D Ym,l oC= QGrm(C,yL+l) — QGrm(CerHl)

given by ((v,V),(u, V), (V,t)) = (V,v 4+ u +t- emtit1), where we use the inclusion
Cmtl — C™ L from above to view v and u as elements of C™H+1 and e; is the i-th
standard basis vector. This proves both claims: For the first claim, we observe that the
connection Vi induced on E; from a connection V on E; @ Es, is also induced on FE;
from Fi @ Fy @& C with the connection V @ d. For the second claim, we observe that
V @ d induces on F; @ C the connection Vi ®d. O

The above proof also shows that the metrics are compatible:

Proposition 3.3. For varying m andl, the Hermitian metrics Ry, 1 on ym,; are compatible
in the sense that jp,; and m are metric preserving bundle maps.

Hence 7y, is canonically a Hermitian bundle with unitary connection, and these
structures are compatible for various values of m and .

8.2. Thom spaces, rapidly decreasing forms and fundamental forms

For a vector bundle E — X over a compact base we consider the Thom space of
E, denoted Th(E), to be the one-point compactification of E. In general, Th(E) is the
colimit

Th(E) := colim Th(E| x)

over compacta K C X. As a set we have Th(E) = E U {oo} and the canonical inclusion
E — Th(E). We view Th(E) as a pointed space with co as basepoint. We view suspen-
sions as Thom spaces, ©X; = Th(R ). We consider Th as a functor from the category
of vector bundles and continuous fiberwise linear maps, to pointed topological spaces.

Now let X be a smooth manifold and £ — X be a Euclidean vector bundle, let D
denote the open unit disc bundle of E, and let ®: E — D be the fiberwise diffeomor-
phism ®(v) = v/4/1 + |v|2. Then we follow [27, page 98] and define the space of rapidly
decreasing forms and currents by

A (B3 V) = {®*w | w € A"(E;V,), and supp(w) C D}
" (E; V) = {®*w | w € 2"(E;V,), and supp(w) C D}.

As in [27] an analysis of growth conditions is not necessary for our purposes. There are
maps

(PP DBV = g B (X,
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Fa(BVa) = AR E (X))

Th(E)/X

for 7%: E — X the projection. Note that (7%), is defined since 7§ = 7% o ® and

7% [supp(®.w) is proper for T € 27, (E;V.). The integration map fTh( is the restric-

E)/X
tion and co-restriction of (W)E()*, as in Remark 2.1.

Remark 3.4. We note that, by the Thom isomorphism, the complex A*,(E; V,) computes
the reduced cohomology groups of Th(E). We will use the notation

A*(Th(E); Vi) := AL (E; V).

Mathai and Quillen constructed in [27] rapidly decreasing Thom forms, depending
naturally on a Hermitian metric and unitary connection. See also [2, §1.6]. Let

MU(m,1) == Th(ym,).
We get Thom forms
Uy € A*™(MU(m,1); Vs),

which in light of Propositions 3.2 and 3.3 are compatible in the sense of the ensuing
proposition. Let Uc be the Mathai-Quillen Thom form of C;.

Proposition 3.5. We have iy Umis1 = Umi and jmy Umsiy = Ui @ Uc. O

Now we are ready to define forms on MU(m,l) which will induce a fundamental
cocycle. We set

Gt = Unma Ao K (Vi) € A2 (MU (m, 1); Vs) (22)

where 7,11 Ym.i — Grp,(C™H) is the projection. Combining Propositions 3.5 and 3.2
we conclude:

Proposition 3.6. The forms ¢, satisfy the equalities
it G = Gmt and oy Gmird = my @ Uc. O
3.8. Thom spectra and the map A

We recall that MU is the spectrum obtained from the spaces MU (m, 1) via the struc-
ture maps

S, = Th(M) and  @pm = Th(jTJ)
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in the following way. First define the colimit MU (m) = colim; MU (m, 1) along the maps
Gm,- Then we get maps

S = Collim St XEMU(m) — MU(m + 1)

and so we get a sequential spectrum with spaces MUs,, = MU(m) and MUs;41 =
SMU(m). Let MU — QMU be the fibrant replacement of MU with spaces

QMU, := colim QF MU, k.

For the following definition we write @,,; for the canonical map MU (m,l) — MU(m),
by for the canonical map Q¥ MU (m) — QMUsy,—, and

UF: Map, (2% X,Y) = Map, (X, Q"Y)

for the homeomorphism

VE(f) = (@ (t e f(z,1)))
of the adjunction X* 4 QF.
Definition 3.7. We define

A: Map, (2% X, MU(m,1)) — Map(X, QMU,,)

by

A(g) = by 0 VF(@py 0 9)|x-

Now we assume that X is a smooth manifold. In particular, since X is finite di-
mensional, we get as a consequence of Freudenthal’s Suspension Theorem, as stated in
[25, Corollary 3.2.3], that A induces a bijection on homotopy classes, provided m,[ are
sufficiently large compared to dim X. Hence from the perspective of homotopy theory
we need only concern ourselves with the image of A, which we now give an alternative
description of.

Definition 3.8. Let MapA(X, QMU,) be the space of maps g: X — QMU, such that
g = A(g') for some ¢': X* X, — MU (m,I).

Let g: ¥¥X, — MU(m,l). We note that if ¢’: ¥¥¥2X, — MU(m + 1,1) satisfies
A(g") = A(g), then ¢’ = s, 0 g X idc. Similarly, if ¢”: $* X, — MU(m, [ + 2) satisfies
A(g") = A(g), then ¢"” = g o g. Hence we consider systems of maps {gm,} where
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gm1: XX — MU(m,l), with 2m = n + k, such that for all sufficiently large m,l we
have

Gm,1 © m,l = Gm,i+1, and sy, 0ide X Gm, = Gm41,1-

We say that two such systems {gm,} and {g,,,} are equivalent if g;, , = g, for all
sufficiently large m,[. From this discussion we conclude:

Proposition 3.9. There is a bijection between maps g € MapA(X, QMU,) and the set of
equivalence classes of systems of maps {gm.,}. O

3.4. Geometric fundamental forms and a new model

Let (X,F*) € Manp. We will now take smoothness of maps into account. Let
Map$™(X¥ X, MU (m,1)) denote the space of pointed maps XX, — MU (m,l) which
are smooth on the preimage of v, ;.

Definition 3.10. We define Map®™ (X, QMU,,) as the set of maps g: X — QMU,, such
that ¢ = A(gsm) for some gg, € MapS™ (XF X, , MU (m,1)). We define a map

ATl MapS™ (SF X, MU (m, 1)) — A*™(2FX 3 V.)a

by gsm = Gin®Pm,i- For n + k = 2m, applying the integration map fzk X /X provides a
form in A™(X;V,).

Lemma 3.11. We have a well-defined map
» s Map™ (X, QMU,) — A™(X; Vi),
given by
9= Algn) > [ Gin(Oma).
SRX /X

Proof. We will use Proposition 3.6 to show that ¢ (g) is independent of the choice of
gsm With A(gsm) = g. By Proposition 3.9, it suffices to show

g:m¢m,l = / (qm,l © gsm)*¢m,l+1 (23)
SRX, /X ShXL /X
g:m¢m,l+1 = / (Sm,l o E2gsm)*¢)7n—i-1,l~ (24)

TRX /X ThH2X | /X
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We first note that, since ¢m, = Th(im,), (23) holds even before applying [, X./X by
Proposition 3.6. Next observe that the map s, ; 0 £?gsy is characterized by restricting
t0 Jm.i © (gsm|xxr* X idc) on (X x R¥) x C. Proposition 3.6 implies

((Sm,l © 22gsm) ‘XX]R’“X(C)* Pm+1,1 = (Qsm‘Xx]R’C X idC)* (m*(bm-i-l,l)

= (gsm|Rrx x) Pm, ® Uc
and (24) follows, since fXxC/X Uc=1 0O
Remark 3.12. Recall the k-th standard simplex
AP ={(ty,...,tx) eRFO<t; <1, #; =1} (25)

Note that A* is a smooth manifold with corners. Recall that a map A* — S is smooth if
it can be extended to a smooth map on an open neighborhood of A* in R¥+1. We refer
to [37, §1.5] for any details.

Remark 3.13. We note that in the following argument and in the remainder of the paper
we consider the product A® x X instead of X x A®. While the latter is more common for
arguments in homotopy theory, the former has the advantage that it simplifies arguments
which involve integration over A® as defined in Remark 2.1. For, if w is a form on A! x X,
then the derivative of the integral over the fiber satisfies the formula

d w=— / dw + 1w — tiw.

AlxX/X AlxX/X

For a form w on X x Al, however, we get

d w=- / dw + (—1)3m= X (0 — 12 w)

XXAY/X XXAY/X

with an additional sign (—1)dim= X

which arises from a necessary reshuffling of the co-
ordinates. For a complex manifold X, this would not matter. Since we want to allow

manifolds in Mang, we chose to work with A® x X.

Since both the domain and the codomain of the map ¢7, are defined for every finite-
dimensional manifold, we can replace X with A* x X for any k. Moreover, Lemma 3.11
applies to A*¥ x X as well. Hence we draw the following conclusion:

Proposition 3.14. The maps ¢! induce maps of simplicial sets

oo Map™ (A® x X, QMU,) = A"(A® x X;V,)
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which fit into commutative diagrams of the form

¢n+1

sm

Mapi™(3(A® x X) 4, QMUpi1) —= A" MH(Z(A® X X) 45 Vi)a

| |

Mapi™((A* x X) 4, QMU,) A™((A* X X) 15 Vi)a

*

n
¢SI[I

where the right-hand vertical map is given by integration over the fiber. O

From the first assertion of Proposition 3.14 we conclude that we have the following
diagram of simplicial sets

Map™™ (A® x X, QMU,,) (26)

o

An(AO X X, V*)cl

FPAY(A® x X;Vi)a
where FPA"(A® x X;V,)q is defined in Definition 2.5.

Definition 3.15. Let (X, F*) € Manpg and let n and p be integers. Let MUys(p)n(X) be
the homotopy pullback of diagram (26). We set

MUy (p)(X) = mo(MUns(p)n(X)).

Recall that we identify the interval [0,1] and A! via ¢ <> (¢,1 —t). Denote by ¢} the
map

AP X AY X X 5 Al x A x X (27)
with image A! x {t} x X, and by ¢? the map
AP X Al x X 5 At x AP x X (28)

with image {s} x A! x X. Since (26) is a diagram of Kan complexes, the set
7o(MUys(p)n (X)) has the following concrete description:

Lemma 3.16. Let (X, F*) € Mang. Every element in MU (p)(X) is represented by a
triple

(g,w, h) € Map™ (X, QMU,,) x FPA"(X;V,)a x A(X x A V,)a,

such that tth = ¢% (g9) and tfh = w. Two such triples (go,wo, ho) and (g1,w1,h1) are

sm

homotopic if there is a triple (ge,Ws, he) in
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Map*™(A! x X, QMU,) x FPA™ (A" x X;V,)a x AM(AD x Al % X;V)a

which satisfies (13)*he = @7 (ge) and (13)*he = we in A"(A! x X;V.), and such that
¥ (ge,We, he) = (gi,ws, hi) for i =0,1. The latter means, in particular, (1§)*he = ho and
(t1)*he =hy. O

Remark 3.17. We note that X — MU}, (p)(X) is a Hodge filtered extension of (MU*, ¢P)
over Manyg in the sense of Definition 2.31. The structure maps Iys and Ryg are in-
duced by the maps of simplicial sets MUps(p)n(X) — Map™™ (X x A®,QMU,) and
MUns(p)n(X) — FPA™(A® x X;V,), respectively. The map ays arises from the fact
that M Ups(p)n(X) is homotopy equivalent to the homotopy fiber of the induced map of
simplicial sets

Map*™(A® x X,QMU,) — A™(A® x X;V,)/FPA"(A® x X;V,).

The induced long exact sequence of the homotopy fiber yields an exact sequence of the
form (20).

4. Comparison of homotopy models

Now we show that for X a complex manifold, there is a natural isomorphism
MU (p)(X) =2 MU} (p)(X) for every p € Z. We will show the existence of the iso-
morphism by showing that there is a zig-zag of weak equivalence between the defining
homotopy pullbacks. We restrict to X € Mang, as opposed to X € Manp, since
MUZ(p)(X) has only been defined for complex manifolds in [22]. We would expect,
however, that an extension of MU%(p)(X) to Manp is possible as well.

4.1. Notation

Let sPre = sPre(Mang) be the category of simplicial presheaves on the site Manc
with Grothendieck topology defined by open subsets. We consider sPre with the lo-
cal projective model structure. The weak equivalences are maps which induce weak
equivalences of simplicial sets on stalks. We denote the resulting homotopy category
by hosPre. Let sPre, denote the category of pointed presheaves. We denote the cate-
gory of presheaves of sequential spectra of simplicial sets on Manc by Sp(sPre,) and
consider it as a model category with the model structure induced by stabilising the one
of sPre.. We denote the resulting homotopy category by hoSp(sPre,).

For a topological space Z, we consider the simplicial presheaf Sing Z on Man¢ whose
n-simplices are continuous maps

A" x X = Z.
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Note that we have a canonical isomorphism of simplicial sets sing Z = Sing Z(pt). For
every C'W-complex Z, the simplicial presheaf Sing Z is objectwise fibrant and satisfies
hypercover descent in Manc by [8, Theorem 1.3] (see also [22, Lemma 2.3]). A continuous
map Z — Z' induces a map of presheaves Sing Z — Sing Z’. If E is a sequential spectrum
of topological spaces, the structure maps of E turn Sing F into a presheaf of spectra of
simplicial sets on Manc.

4.2. MUys(p) is a presheaf of spectra

First we observe that Map®™(A® x X, QMU) is a simplicial spectrum with structure
maps defined as follows: Recall that, as described in [23, page 379], a k-simplex of the
simplicial loop space Q5™P A, of a simplicial set A, can be described as a sequence

ap,...,a € Ak-‘rl
satisfying the conditions

8;@2‘ = 8;&1‘_1 (29)

* *
dpap = * = Of 10k

The homeomorphism QMU, = QQM U,+1 induces for each n a natural isomorphism
Map®™(A® x X, QMU,) =N Map®™(A® x X, QQMU,+1). The adjunction between the
suspension and loop space functors then induces a natural isomorphism Map]™ (X (A® x
X))+, QMU 1) =N Map®™ (A®*x X,QMU,+1). A pointed map Z(A*x X)) — QMU, 11
corresponds to a map Al x A®* x X — QMU, ;1 which restricts to the constant map
on both subspaces {0} x A® x X and {1} x A® x X with value the canonical basepoint
of QMU, 1. The restriction of any such map to the (k + 1)-simplices in the standard
triangulation of A x A* leads to a sequence of maps

go,---,9k: Ak+1 XX*)QMUTH-M

i.e., a sequence of (k+ 1)-simplices in Map®™(A® x X, QMU,,+1) satisfying the relations
corresponding to (29). This defines a natural map of simplicial sets

Map®™ (A® x X, QMU,) — QP Map™ (A® x X, QMU,++) (30)

which provides the sequence n — Map®™(A® x X, QMU,,) with the structure of a se-
quential spectrum of simplicial sets.

Second, we choose a concrete model for presheaves of Eilenberg—MacLane spaces.
More concretely, we will prove:

Proposition 4.1. The simplicial presheaf X — A™(A® x X;V.) on Man is weakly equiv-
alent to K(A*(Vy),n).
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We recall that the Dold—Kan correspondence is an equivalence of categories between
simplicial abelian groups and connective chain-complexes under which weak equivalences
correspond to quasi-isomorphisms. It associates to a simplicial presheaf Fy the normalized
chain complex, N(F,). There is also the Moore complex of a simplicial presheaf, M (F,),
which has n-th presheaf F),, and differentials given by > (—1)*9;, where 0; are the face
maps of F,. There is a natural map N(F,) — M (F,) which is a quasi-isomorphism by
[14, Theorem III.2.1]. Proposition 4.1 therefore follows from the Lemma 4.2 below.

Lemma 4.2. Integration over the fiber fAkxX/X is a chain homotopy equivalence

T (AR X XV T A (A X XV e AMXG Vg

fAkxx/x l fAlxx/x l idl

o k(XY e Xy, e A (X VL),

with homotopy inverse T defined below.

Lemma 4.2 is essentially [23, Corollary D.14]. However, there the homotopy inverse
is not given, and so we will give its construction. Let v; € AF be the point with ¢; = 1.
Let pi,: AF\vg — A¥~1 be radial projection onto the 0-th face,

tq tr
pk(t07"'7tk): <1t07"'71t0>'

Let g: [0,1] — R be smooth, and vanishing in a neighborhood of 0 and equaling 1 in a
neighborhood of 1. Recall that we identify Al with the unit interval [0, 1] viat < (¢, 1—t).
We can then define

hi: AM(AFL X X3V,) — AM(AF x X V,)
wi g1 —tg) - (pr x id)*w.

The map h is a contraction of the complex A"(A® x X;V,). We define 7 recursively by
70 = id: A"(X; Vi) = A"(X;Vi)al, and for k > 0,

e AVTR(XG VL) = AMAF X X5 V,)a (31)

T, =dohyoTr_1.
Let ¢t;: X — Al x X, 14(x) = (¢, ), be the inclusion at ¢+ map. Then we have
oy =d and (jor =0. (32)

Using the techniques of [23, Appendix D], one can also prove:
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Proposition 4.3. Integration over the fiber fAkxX/X restricts to a chain homotopy equiv-
alence

*

LI PP AN AR X X Vg D Dl FPAMAY X X3V, e FPAM (X V) )a

| L

L FPA™k(X:V,) 44 FPAL(X;V,) — = FPA™(X;V))a
with homotopy inverse, the restriction of T.
Now we can turn this into a concrete model for the presheaf of Eilenberg—MacLane
spectra as follows. As pointed out in [23, page 381], and analogous to the construction

of the map (30), restriction to the standard triangulation of A x AF yields a weak
equivalence of simplicial sets

s AM(A® X X3 V) o — QP ATLA® x X V,) 0.
We now introduce the notation Aj (V.) and show that we obtain {-spectra:
Proposition 4.4. The sequences
Ar (Vi) n—= AM(A®* X —; Vi)al
and, for every integer p,
FPAL (Vi) n—= FPAM(A® x —V,)a
define Q-spectra in the category of sequential spectra of presheaves on Manc .
Proof. The maps s provide the objectwise structure maps of the first spectrum. As the

filtration on forms on X is independent of the simplicial identities which define the map,
the maps s restrict to natural weak equivalences

SEPALEFP A (A® X XV, ) — QP EP AT (A X XV, )a.

Since A™(A® x X;V,)a is a simplicial abelian group and hence a Kan complex for each
n, the sequence n — A™(A® x X;V,)a is an Q-spectrum of simplicial sets for every
X. Moreover, since each of the simplicial presheaves A™(A® x —; V,)a and FPA"(A® x
—; Vi )al satisfy descent with respect to hypercovers, we obtain fibrant objects in the local
projective model structure of presheaves of sequential spectra on Manc by [9, Corollary
7.1] (see also [30]). This proves the assertion. O
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Next we check that the maps ¢, induce a natural map of simplicial spectra

Map*™ (A® x X, QMU) 22 Ar (X, V,).

Since the maps ¢7, are natural in A® x X, a sequence go, ..., gr of (k+ 1)-simplices
in Map®™™(A® x X,QMU, 1) satisfying the relations corresponding to (29) induces a
sequence ¢ (gg), ..., % (gr) of (k + 1)-simplices in A"TH(A® x X;V,)a satisfying
similar relations. Thus ¢7,, induces a natural map on the simplicial loop spaces as well.
In fact, we get a commutative diagram of the form

¢:m
Map™ (A® x X,QMU,) AM(A® x X5V,

l ol l

QSimpMapSm(A. x X, QMUn+1) _m QsimpAn+1<Ao % X§V*)c17

since both vertical maps arise from the restriction to the standard triangulation of A® x
AP

4.8. Comparison of homotopy models

Now we construct the comparison map.

The map MU — QMU induces a map Sing (MU) — Sing (QMU). We then obtain a
map sing(MU) — Sing (QMU) by precomposing with the isomorphism of simplicial sets
sing(MU) = Sing (MU)(pt). It follows from [22, Proposition 3.11] that this map induces
an isomorphism on stalks and so is a weak equivalence. Let Map®™™(— x A®,QMU) —
Sing (QMU) be the map of presheaves of spectra induced by forgetting smoothness.
This is an objectwise weak equivalence, since every continuous map is homotopic to a
smooth map by Whitney’s approximation theorem. We also note that this is a map
between fibrant objects by [22, Lemma 3.12]. Let H(A*(V.)) — A (Vi) be the map
of presheaves of spectra which for the n-th spaces is given by the map 7 defined in
Lemma 4.2. Its homotopy inverse is induced by integrating over the fiber. Similarly,
let H(FPA*(V.)) — FPA; (V.) be the map of presheaves of spectra induced by the
restriction of 7. Again, this map has a homotopy inverse which is induced by integrating
over the fiber. In total, we have a diagram of presheaves of spectra
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H(FPA* (Vi) — H(A*(V))) sing(MU) (33)
~ ~ ~ o~ Sing (QMU)

T:

FPAL(Vs) Afs(Ve) <—— Map™(A® x —, QMU).

Definition 4.5. We write M Uys(p) for the homotopy of the bottom row of diagram (33).

Remark 4.6. Recall that the homotopy pullback of the top row of diagram (33) is MUp(p)
by definition. We note that in [22, §4] the complex of holomorphic forms Q*(X; V) is used
instead of smooth forms to define M Up(p). However, since the canonical maps Q*(V,) —
A*(V,) and Q*2P(V,) — FPA*(V,) are quasi-isomorphisms the homotopy pullback of
(33) represents Hodge filtered cobordism groups which are canonically isomorphic to the
ones of [22, Definition 4.2].

Theorem 4.7. The homotopy pullbacks MUp(p) and MUys(p) are isomorphic in the ho-
motopy category hoSp(sPre.) of presheaves of spectra on Manc.

Proof. The assertion is a consequence of the observation on homotopy pullbacks in model
categories formulated in the following lemma. O

Lemma 4.8. Let C be a proper simplicial model category. We consider the following dia-
gram

Cl I Bl B — Al (34)

-

~ ~ o~ ~ Ay

A

CQH'BQHAQ

in which all vertical maps are weak equivalences and in which the left-hand squares
commute. We also assume that Ay and Ao are fibrant. Then the homotopy pullbacks
C1 x%l Ay and Cs x%z Ay of the top and bottom row, respectively, are weakly equivalent.

Proof. First we take the homotopy pullback Ay xfgo Ay of the right-hand vertical maps.
The two induced maps A, XZO Ay — A; and Ay X’}lo As; — Ay are weak equivalences.
Hence the induced maps on homotopy pullbacks
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Cl X%l (Al Xi}lo Ag) — Cl X%l A1 and 02 X%Z (Al XZO Ag) — CQ X%Q A2
are weak equivalences. Thus it remains to observe that the homotopy pullbacks C X%l
(A;x ZO As) and Cy X 792 (A xff‘o As) are weakly equivalent. This follows from the following

diagram

Cl H‘Bl %Al XZO A2

4

02 H—BQ %Al XZO A2

in which the right-hand square commutes up to homotopy and the vertical maps are
weak equivalences. O

As a consequence of Theorem 4.7 we get that the respective cohomology groups rep-
resented by the two homotopy pullbacks are isomorphic. This enables us to prove the
following result:

Theorem 4.9. Let X be a complexr manifold and n,p be integers. Then there is a natural
isomorphism of groups

MUB(p)(X) = MU (p)(X).

Proof. By Theorem 4.7 it remains to relate the groups MU (p)(X) of Definition 3.15 to
MUys(p)-cohomology. Each of the presheaves of spectra in the bottom row of diagram
(33) satisfy levelwise hypercover descent and the structure maps are objectwise weak
equivalences. Hence each of the presheaves of spectra in the bottom row is an Q-spectrum.
Hence the n-th space MUys(p), of MUyps(p) represents M Uyg(p)-cohomology, i.e., there
is a natural isomorphism

HomhoSp(sPre*) (Zoo (X+)7 Z”L-Z\4ths (p)) = HomhosPre(Xa MUhs (p)n)
Moreover, we can compute the simplicial presheaf MUys(p),, levelwise as the homotopy
pullback of the nth spaces of the presheaves of spectra in the bottom row of (33). By

[31, Proposition 2.7], we can compute this homotopy pullback objectwise in the sense
that there is a natural isomorphism

Homypespre (X> MUy (p)n) = 71'O(A]\4ths (p)n(X))

Since we have MU (p)(X) = mo(MUns(p)n (X)) by definition of the left hand side, this
proves the assertion of the theorem. O
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As we pointed out in section 2.9, the functor MUp(p) is a Hodge filtered cohomology
extension over (MU*, $P) on Manc. We conclude this section with the observation that
the isomorphism of Theorem 4.9 is one of Hodge filtered extensions.

Remark 4.10. Let Ip, Rp and ap denote the structure maps of MUp(p) as a Hodge
filtered extension of (MU*,¢?) in the sense of Definition 2.31 and Example 2.33. We
observed in Remark 3.17 that MU, (p) is a Hodge filtered extension over (MU*, ¢P).
Now it suffices to observe that the zig-zag of weak equivalences we constructed be-
tween M Up(p) and MUys(p) actually is a zig-zag between the homotopy fiber sequences
that induce the respective structure maps. Hence we conclude that the isomorphism
MU (p)(X) = MU (p)(X) of Theorem 4.9 is an isomorphism of Hodge filtered exten-
sions of (MU*, ¢?) over Manc.

5. From homotopy to geometry

We are now going to use the Pontryagin—-Thom construction to define a natural iso-
morphism of groups

r: MU (p)(X) = MU"(p)(X)
for every n and p and every X € Manpg.
5.1. Representatives in the homotopy pullback

First we will represent elements of MU (p)(X) in a suitable way. Recall the map A
from Definition 3.7. Let

Map™ (X, QMU,,)

denote the set of maps ¢g: X — QMU, such that ¢ = A(gs) for some map
gn: X* Xy — MU (m,1) which is smooth on gn~!(9m.), and transverse to the 0-section
s Grp (C™H) — 4, .

Theorem 5.1. Let (X,F*) € Manp, and let n and p be integers. For every ele-
ment v € MU\ (p)(X), there is a representative (g,w,h) as in Lemma 3.16 with
g € Map™ (X, QMU,,).

To prove Theorem 5.1 we are going to use the following general fact about homotopy
pullbacks. Since it is important for the later arguments, we provide a detailed proof.

Lemma 5.2. Let go: A x X — QMU,, be a homotopy between gy = tge and g1 = L} ge.
Assume we have o triple (go,w, ho) which represents an element in MU (p)(X). Then
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there is a form hy € A™(A' x X;V.) such that the triple (g1,w,h1) is homotopic to
(QOawa hO)

Proof. The pullback along the projection mx: Al x X — X of ¢sm(go) yields a closed
form 7% @2 (go) € A"(Al x X; V,)e which is constant on Al. We set hy := ho+dsm(ge) —
7% @sm(go). The restrictions along t: A?x X — Al x X for t = 0 and ¢ = 1, respectively,

yield
t1he = t1ho + t1Psm(ge) — L1 Psm(90)
= ¢SIIl(go) + d)sm(gl) - ¢sm(90)
= ¢sm(gl)
and

LShl = Lgho + L8¢sm(go) - LST(';(QSSm(gO)
=w+ ¢sm(90) - ¢sm(90)

= W.

Hence the triple (g1,w, h1) represents an element in MU} (p)(X). Now we construct a
homotopy between (go,w, ho) and (g1,w, h1). The homotopies go and we := T w satisfy
the requirements of Lemma 3.16. It remains to find a compatible homotopy he. To
construct he we consider the map

Ge: A' x A' x X - QMU,

defined by Gs(t,z) = gs(x). We think of Go as a homotopy between the maps
Go: (t,z) — go(z) and Gy: (t,z) — gi(x). We set

he := Wzlxx(ho - W;(Qi)sm(gO)) + ¢sm(G0) € An(Al x Al x X;V*)Cl

where a1y x: Al x Al x X — A! x X denotes the projection to the two right hand
factors. Next we compute the pullbacks along the various inclusions into the copies of Al.
Recall the map ¢2 from (28). The restriction to 1 on the left most factor in Al x Al x X
yields

(D) he = (1) Tarx x (o = Tx Pom(90)) + (1) o (Go)
= hO - W;(Qbsm(gO) + ¢sm(go)
= h;.

The restriction to 0 yields
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(13)"he = (§)* ™A1 x (ho — T G (90)) + (¢5)* G (Gl)
= ho = Tx Psm(90) + Psm(go-e)
= ho — Ty ¢sm (o) + Tx Psm(go)
= hg.

Now recall the map ¢} from (27). The restriction to 1 on the middle factor in Al x Al x X
yields

(t1)*he = (11)*TA1» x (ho — Tx b (90)) + (1) Pem (G
=11 (ho — Tx Psm(90)) + Psm(ge)
= Gsm(90) — dsm(90) + Psm(ge)
= dsm(ge)-

The restriction to 0 yields

(16)"he = (1) TAs s x (ho — T bam(90)) + (1) " Psm (G
= LS(hO - 7T§<¢sm(go)) =+ ¢sm(90~0)
=W — ¢sm(90) + ¢sm(90)

= W.
Thus the triple (ge, 7% w, he) is & homotopy between (go,w, ho) and (g1, w, h1). O

Proof of Theorem 5.1. Let v € MUZ(p)(X) and (g,w,h) be a representative as in
Lemma 3.16. By Freudenthal’s Suspension Theorem there is a map ¢': X, —
MU (m,l) such that A(g') is homotopic to g. Since smooth maps are dense among
continuous maps, we can by Thom’s transversality theorem find a map gn: L¥X, —
MU (m, 1) which is smooth on ggl(fym,l), homotopic to g’ and transverse to ty, ;. Then
Algn) € Map™(X, QMU,,) is homotopic to g. By Lemma 5.2, there exists an hy such that
(A(gm),w, h1) represents an element in MU (p)(X) and a homotopy between (g,w, h)
and (A(gs),w, h1). Hence the latter too represents the class v in MU[L(p)(X). O

Definition 5.3. We denote by MUJ! (p),,(X)o the subset of triples (g, w, h) in M Ups(p)n(X)o
such that g € Map™ (X, QMU,,).

5.2. A geometric Pontryagin—Thom map

We will now define a geometric Pontryagin—-Thom map

n

pv: Map™(X,QMU,) — ZMU (X).



K.B. Haus, G. Quick / Advances in Mathematics 431 (2023) 109244 47

Given g4 : ¥ X, — MU(m,I) which is smooth on
Ugy = (g0) " (ym1) € X x R¥ C £F X,

and transverse to t,,;, we consider the following commutative diagram:

7 L‘Z_ Gr,, (Cm-ﬁ-l) (35)
¢ Ym,l

gnlu
Fom / l

Uy, —— MU(m,1)

QMUZm

T

X

The square is cartesian, Z = (g) 1 (Gr,, (C™*)), and  is the restriction to Uy, of the
projection X x R¥ — X. The derivative of g4 induces a real isomorphism

Dgi: N(i) = (gnlz)" N(tm,) =: Ng,

where N (7) is the normal bundle of 4. This gives fy, = 7 o4 a complex orientation. It is
easy to check that fy, is proper. We get a connection on Ny, by

Von = (90]2)" Vi
We then define
pv.mt(90) = (Fgns Now V) € ZMU” (X),
and for g = A(gn), we define
pv(9) = pv.m.i(gn) € ZJT/ITJn(X).
Proposition 5.4. The map pv : Mapm(X, QMU,) — Z/J\\iTJn(X) is well-defined.
Proof. Let gy, € Map! (XX, MU (m,1)). By Theorem 3.9 it suffices to show

PV keym 1 (91) = PV kmoi+1(Gm.1 © )

P9 kem 1 (90) = PV ket2,m+1,0(Sm.1 © 22gm)-
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We use the notation of diagram (35). The first identity follows from the following com-
mutative diagram, where all squares are cartesian:

qu,z ogm

Z l

9 Gryp (CHHY) Ugan

Lo E

GI’m((Cm+l) Ugm Ym,l+1

<

Vg ot

For the second identity, we first note that s, ; o X2gy is characterized by

($my1 0 2%0m) [x xRrxC = Jma © (9] xxrr) X idc).

It is clear that (gp|xxrr) X idc is transverse to {0} x Gr,,(C™*), with inverse image
{0} x Z,,. We then consider the following commutative diagram, where all squares are
cartesian squares of manifolds:

ZSNL,ZOEng
{0} x Z,, Grppy1 (CTHHD C x Uy,
Grpp (C™H) CxU,y, Vim41,1
g Xidc /
0Dtm,1 4
Q S ’Ym,l Jmt X

It is now clear that the map {0} x Z,, — Z,,  ox24, is an isomorphism of geometric
complex oriented maps over X. This proves the assertion. O

In order to better understand the current ¢(pv(g)), we define fundamental currents
by

90y = (tm )« K (Viny) € 2™ (MU (m,1); V,.). (36)

The cartesian square of diagram (35) yields by Theorem 2.27 the formula of currents
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(g0lv,,, ) G0 = 1K (V).

Pushing this down to X, we obtain an expression for ¢(py(g)) in terms of ¢y, ,:

B (Algn)) = (F)-K(Vg,) = 7. (g1l ) 69,0 (37)
Remark 5.5. We now have a map
¢ o py = ¢v: Map] (X,QMU,) — 2"(X; V)

of presheaves on the site of manifolds and local diffeomorphisms. Applying this with
X = ym, and g the canonical inclusion 7y, ; — MU (m,1) = v, U {oo}, we deduce that

— . Ym 1 XC —x o
m,l ¢Vm,,z+1 - (bvm,z and (W%Z,z ) Im,l ¢Vm+1,l = ¢Vm,l'
*

We will now compare the fundamental forms ¢y, ; of (22) with the fundamental cur-
rents ¢y, , of (36). The Thom isomorphism is induced by integration over the fiber,
which we have defined to be the restriction and co-restriction of the currential pushfor-
ward. Since fMU(m,l)/Grm((CmH) Upm, =1, we have

7r;kn,l}'((vm,l) A Um,l = K(vm,l)

MU (m,l)/Gry, (C™1t)

by the projection formula for the currential pushforward f.(T A f*w) = f.(T) Aw. We
also have

(T« ((tm,0)« K (Vi 1)) = K(Vin,1)
since T, 1 0 Lym,1 = idGrm(C"'L+l)~ This establishes the identity
[ma] = [¢v,,,] in H2™ (MU (m, 1); V.). (38)
It follows that there are currents
QA € D" HMU (m,1); Vy)

such that

domy = ¢v,,, — Gmy in P> (MU(m, 1); Vs). (39)
Since W F(dom,1) = WF(¢v,,,) C N(tm,), we can by Lemma 2.26 furthermore assume

WE(a) C N(tm)-

This implies, in particular, that g*, ; is defined whenever g i ¢y, ;.
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Remark 5.6. Suppose o/ € 22"~ (MU (m,1);V,) also satisfies do/ = ¢v,,, — dm,i. We
get

d(am,; —a') =0.

Since H?>™~Y(MU(m,1); Vi) = 0 we can find a current 8 in 2*™~2(MU (m,1); V) such
that df = o, — o’. We will eventually only need a,; modulo exact currents, and as
such we see that o, is well-defined.

From Proposition 3.5 and Remarks 5.5 and 5.6 it follows that modulo exact currents,
we have

im,l*am,l—&-l = 0m,l and (ﬂ'm,l)* (jm,l*am-i-l,l) = Qm,l,

where 7, 11 C @ Vi, — Ym,i is the projection. Hence by Proposition 3.9 we may define
a map

F,: Map™(X,QMU,) — 2*(X;V.)/Im (d)
by the setting
Fa(g) = (=1)*muga* amy

for any gy € Map™ (¥ X, MU (m, 1)) with A(gs) = g, where 7: X x R¥ — X is the
projection as in diagram (35). The sign is here to counteract the sign appearing as d
passes through m, in the computation

dFa(g) = (=1)*dmgn™(am.1)
= medgn™ (Qm,1) (40)
= gt (0, — Pm.1)
= ¢(pv(9)) — oin(9);

where the last equality uses (37).
5.3. Construction of the map K

For the following definition recall the notation MU{! (p),(X)o from Definition 5.3 and
the group ZMU"™(p)(X) of Hodge filtered cobordism cycles from Definition 2.13.

Definition 5.7. We define the map

ki MUL(p)n(X)o — ZMU™ (p)(X)
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(@ k) = | pole), w, Fulg) + / h
Ax X/ X

Lemma 5.8. For (g,w,h) € MU (p),(X)o we have
k(g,w,h) € ZMU"(p)(X).

Proof. We work within the context of diagram (35), within which we defined both py
and F,. Since (g, w, h) has the form described in Lemma 3.16 we have

d / h=1th—15h =L (9) — w.

sm

AlxX/X
Using (40) we compute

Rik(g:w, 1) = 6 (pw(9)) — dFalg) — d / h
AlxX/X

= ¢(pv(9)) = (¢(pv(9)) — dsm(9)) — (Fam(9) —w)

= w.
Since w € FPA™(X;V,), this shows that x indeed is a map to ZMU"(p)(X). O

Our next goal is to prove that x takes homotopic triples to cobordant Hodge filtered
cycles. We first establish two lemmas:

Lemma 5.9. Let X € Mang, and let 1;: X — R x X be given by vi(x) = (t,x). Then for
v € MU"(p)(R x X) we have

Uy =y =a / R(7)
[0,1]xX/X

in MU™(p)(X).

Remark 5.10. This lemma, and the ensuing proof, is inspired by [4, Lemma 5.1]. As in
differential cohomology, this is a general result applying to all Hodge filtered cohomology
theories.
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Remark 5.11. The corresponding formula for differential cohomology provides a formula
relating f(y) to fi(y) for homotopic maps fi,fo: X — Y. To get that implication
in our context, we need the homotopy f, to preserve filtrations, i.e., we would need
fEFPA*(Y) C FPA*(R x X). This is a severe restriction on permissible homotopies, and
certainly it is not always the case that homotopic holomorphic maps can be connected
by such a homotopy. In fact, it is not even always possible to connect two homotopic
holomorphic maps by a homotopy through holomorphic maps.

Proof of Lemma 5.9. Let 7: R x X — X denote the projection, and let 8 € A"~}(R x
X;Vy) be a form with df € FPA"(R x X;V,) for which

v =7"(5(7)) + alf].
Note the identity
1y — w0y = altB =l (41)

We also have

from which we get

[0,1]xX/X [0,1]xX/X

=1 —pf mod Imd.
Together with (41) this finishes the proof. O
Let g: Y — X be a smooth map. We denote by
Map™ (2% X, MU (m,1)) € Map? (SF X, MU (m, 1)) (42)
the subset of maps g4 such that g o XFq € Mabp[kh (ZkYJr, MU (m, l))

Lemma 5.12. py is natural in the sense that for q: Y — X a smooth map, and g €
Map ™ (F X4, MU(m,1)) we have:

po(Algn 0 X¥q.)) = ¢*pe(A(gn)) € ZMU ().

Proof. It is well-known that given smooth maps fi: M; — Ms and fo: My — Mjs such
that fo M S C Ms, we have f; h (f; *(S)) if and only if (f2 0 f1) h S. From this we
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see that ¢* is defined on py(g). Now the assertion follows from the following cartesian
diagram

Zy — ZX %— Gl”m ((Cm+l)

iy \L ix l \LLMJ
idxq gnluyx
U

y Ux Yl
le lﬂx
y 1. x

with Zx = Z, = (9) " *(Gr,,,(C™H)), Zy = (¢ x id) "' Zx and

Ux =g "(ymi) C X xRF C £F X,
Uy = (g x id)_l(UX) CY xRFc Z’“YJF, 0

Definition 5.13. We denote by MU}TS’q(p)n(X)O the subset of triples (g,w,h) in
MU}Ts(p)n(X)o such that g = A(gn) for a map gg in Mapf’q (E’“XJ” MU (m, l))

Using the notation of Definition 5.13 the pullback for MUy along a morphism ¢: Y —
X of Manpg is induced by the map

¢ MU (p)n(X)o = MUR(p)n(Y)o
(A(gn),w, h) = (A(gn 0 Z¥q1), ¢*w, (idar x q)*h) .

Lemma 5.14. For (g,w, h) in MU}TS’q(p)n(X)O, the following diagram commutes:

*

MU (p) (X))o ——= MU (p)n(Y)o

ZMUg (p)(X) ZMU" (p)(Y).

*

q

Proof. Let g = A(gq) for gn: X*X — MU (m,1), and write (W)E(X)* for the pushforward
map 2*(2X) — 2*(X). Using Lemma 5.12 and the push-pull formula for currents of
Theorem 2.27, we compute:

q"k(g,w,h) =q" | pv(9),w, Fu(g) + / h
AlxX/X
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* * * k *
=1 ¢"pv(9).q"w.q (W;E(X)*gm () + / h

Al xX/X

= (PV(A(Qm 0¥¥%qy)), ¢ w,

(ﬂ?ky) (gt 0 BFq ) s + / (ida1 x q)*h)
A'XY/)Y

=K (A(gm 0X*q), ¢*w, (idar x q)*h) . O

We are now ready to show that homotopic triples yield cobordant Hodge filtered
cycles. We again work within the context of diagram (35).

Lemma 5.15. Let (go,wo, ho) and (g1,w1,h1) be triples in MU (p)n(X)o and assume
there is a homotopy (ge,ws, he) between them. Then

K(g1, w1, h1) — K(go,wo, ho) € BMU" (p)(X)
where BMU™(p)(X) is defined in (12).
Proof. By Lemma 3.16 we can assume that
(G, We, he) € MU (p)n (A x X)o,
and that g;(z) is constant as a function of ¢ in a neighborhood of each endpoint. We may

then extend (ge,ws, he) to an element of MU (p),(R x X)o, placing (ge,we, he) in the
domain of k. We get

K(Ge,we, he) € ZMU™(p)(R x X).

Let 1;: X — R x X be inclusion at ¢t. The pullback ¢} (ge,ws, he) € MU (p)n(X)o is
defined for ¢t = 0, 1. By naturality of x, we have

Lzﬁ(go7w.aho) = H(ghwtyht) € ZMUn(p)(X)
Hence we get

ﬁ(glawlv hl) - K(go,tdo, hO) = (Ll LS)(’{(QMC‘)M h'))'

By Lemma 5.9 we get
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[k(g1, w1, h1) — K(go,wo, ho)] = a We

AlxX/X

Since we € FPA"(A! x X;V,), we have Jarex/xwe € FPAY(X;V,). Since
a [FPA""1(X;V,)] is a subset of BMU™(p)(X), this proves the assertion. O

Every element in MU/’ (p)(X) can be represented by a triple in the subset
M Uﬂ;"q(p)n(X )o. This follows from Thom’s transversality theorem and Lemma 5.2. Com-
bining this with Lemmas 5.14 and 5.15, we have proven the following result:

Theorem 5.16. Let q: Y — X be a morphism in Mang and p be an integer. Then we
have ¢* o k = Kk o ¢i, where ¢* denotes the pullback in MU*(p)(—) and g, the pullback
in MU}, (p)(-)-

5.4. The map k is an isomorphism

We will now show that x is a homomorphism and that it respects the structure maps
of Hodge filtered cohomology theories. The respective long exact sequences of the two
theories will then imply that x is an isomorphism.

The addition on MU (p)(X) is induced by the following binary operation on
MU (p)(X)o:

(A(g1), w1, h1) + (A(g2),wa, h2) = (A((g1 V g2) o pinch), w; + w2, h1 + ha),

for maps ¢1, g2 € MapT(ZkXJr, MU (m,1)). Here pinch: ¥ X — ¥¥X, v ¥¥ X, is the
pinch map which collapses X x R*~! x {0}. We observe that

pe: Map™(X,QMU,) — ZMU (X)
is a homomorphism in the sense that

pv(A((g1V g2) o pinch)) = pv(A(g1)) + pv(A(g2))-

This is evident upon noting the diffeomorphism
(91 V 92) "  (Yma) = g7 Yma |_| 95 (Ymo0)-
We can deduce the following result:

Lemma 5.17. The map x: MU (p)(X) — MU"(p)(X) is a group homomorphism. O
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Next we will show that k respects the structure maps. We lift the structure maps Iy,
Ry and ays of MUys(p) as a Hodge filtered theory from the level of maps in the homotopy
category to the level of 0-simplices of the simplicial mapping space using Lemma 3.16 as
follows.

Ins: MUss(p)n(X)o — Map™ (X, QMU,)
(9w, h) =g
Rus: MUps(p)n(X)o — FPA™(X;Vs)
(g,w,h) = w,
ans: 7 (FPAMX; V)" = MU (p)n(X)o
h— (0,dh, 71 h)

where 71 is the map 7 = d o hg: A" 1(X;V,) — A"(A! x X;V,)a defined in (31).
Recall from (32) that we have ifmh = dh and i{m h = 0, so that, using Lemma 3.16,
ans(h) = (0,dh, T h) represents a class in MU (p)(X). We have a Pontryagin-Thom
map

p: Map™ (X, QMU,) — ZMU™(X),

defined by p = I o py, ie, plgn) = (fgn,Ngs). We denote the induced map
MU(X) - MU™(X) also by p. By Thom’s transversality theorem, the homotopy
classes in Map™ (X,QMU,) C Map(X,QMU,) are all of MUJ'(X), where we use the
subscript h to indicate that we mean the homotopy-theoretic M U-cohomology group
of homotopy classes of maps X — QMU,, as opposed to Quillen’s geometric MU-
cohomology groups, recalled in section 2. It is not hard to prove that p is an isomorphism.

Lemma 5.18. The map r: MUL(p)(X) — MU"(p)(X) respects the structure maps:

Ko aps = a,
lTok=poly and

ROH:RhS.

Proof. Let [h] € H"! (X ;?—;(VQ) be a class represented by an element h €
AL(X:V,), with dh € FPA"(X;V,). We have fAlxX/X 71th = h by Lemma 4.2. By

the definition of k in Definition 5.7 we get
ko aps([h]) = alh].

Compatibility with I holds by our choice of isomorphism p: MU} (X) = MU™(X).
Finally, the equality
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Rok[(g,w, h)] = [w]
was verified on the level of forms in the proof of Lemma 5.8. O

Theorem 5.19. For all integers n and p and every (X, F*) € Mang, the homomorphism
K: MUys(p)™(X) — MU™(p)(X) is an isomorphism of groups.

Proof. It follows from Lemma 5.18 that x fits into a morphism of long exact sequences:

* Qhs Ins
= H"7Y(X; 45 (V) —> MUL(p)(X) —— MUJ(X) — -

\Lid ln \LP
e HU(X AL (D,) —S MU (p)(X) ——> MU™(X) —= -

Since the outer vertical maps are isomorphisms for each n and p, the five-lemma implies
that « is an isomorphism. O

Together with Theorem 4.9 this finishes the proof of Theorem 1.2.

Remark 5.20. In fact, the proof of Theorem 5.19 shows that x is an isomorphism of
Hodge filtered extensions over (MU*, ¢) in the sense of Definition 2.31. Together with
Remark 4.10 this shows that the natural isomorphism MU (p)(X) = MU*(p)(X) is an
isomorphism of Hodge filtered extensions over (MU*, ¢?) on Manc.

Remark 5.21. Recall from [22] and section 2.8 that by taking direct sums over all n,p € Z,
both MU (x)(X) and MU*(*)(X) become bigraded rings. We are optimistic that one
can show that the isomorphism MU (x)(X) =2 MU*(*)(X) is actually an isomorphism
of bigraded rings.
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