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1. Introduction

Let []P’l,]P’l]Al denote the set of self-maps of the projective line in the pointed Al-
homotopy category over a field k introduced by Morel and Voevodsky [23]. The set
[P, ]P’l]Al admits the structure of an abelian group and plays the role of the fundamental
group of the circle in motivic homotopy theory.

We briefly recall how the group operation on []P’I,IE”l]A1 is defined. The standard
covering of P! by two affine lines with intersection G,, yields an A'-weak equivalence
P! ~ S AG,,. The simplicial circle S' (or some suitable homotopy equivalent model of
it, like 9A2%) admits the structure of an h-cogroup. The h-cogroup structure on S makes
it possible to define a group operation on [S' A G,,, ]P”]Al in an analogous way that one
defines the fundamental group of a topological space. Although the construction mimics
the usual construction in algebraic topology, the set of Al-homotopy classes of maps
P! — P! is not simply the set of morphisms P' — P! modulo an equivalence relation.
It is unsettling that such an important group does not arise in some elementary way as
a set of morphisms up to a homotopy relation with some geometrically defined group
operation. The purpose of the present paper is to remedy this defect.
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Our results build on the work of Asok, Hoyois, and Wendt and the work of Cazanave.
In [12] Cazanave defines an operation @Y which turns the set [P!,P!]N of pointed
naive'! homotopy classes into a monoid and shows that the canonical map from naive
to Al-homotopy classes vp1: [P1, PN — [P, P!A" is a group completion. However,
this approach cannot yield candidates for scheme morphisms that represent inverses of
Al-homotopy classes. In [6] Asok, Hoyois, and Wendt show that the set [P1, P14 is in
bijection with an explicit set of maps modulo the naive homotopy relation by using the
larger set Smy (7, P!) of morphisms of smooth k-schemes where 7 denotes the Jouanolou
device of P!. Recall that the smooth affine scheme 7 has the concrete description as the
spectrum of the ring

klz,y, z,w]

(x+w—1,z2w—yz)

We consider J equipped with a morphism 7: J — P! that exhibits J as an affine bundle
torsor.? More precisely, the work by Asok, Hoyois, and Wendt can be used® to show that
there is a bijection ¢: [J, PN = [P, }P’l]A1 . The map £ is the composite of the canonical
map v: [J, PN — [j,Pl]Al and the inverse of the map 73, : []P’l,]P’l]A1 — [j,IP’l]A1
induced by a scheme morphism 7: J — PL. The set [7, P!V is concrete in the following
sense: it is the set of pointed scheme morphisms 7 — P! modulo an equivalence relation
generated by naive homotopies. This resolves the problem of a lack of candidates of
morphisms which may represent inverses in [IP’l,IP’l]Al. However, it is not clear at all
how the group operation on [P!, IP’l]Al or the operation @Y of [12] may be lifted.

In the present paper we define an explicit group structure on the set [7,P!N of
pointed naive homotopy classes. The construction of this group operation is indepen-
dent of the general machinery of motivic homotopy theory and only uses basic algebraic
geometry. We then show that the induced map m3j: [PY, PN — [7,PLN is a mor-
phism of monoids where [P, PN has the monoid structure from Cazanave [12, §3].
Moreover, we show that 7 has image in a concrete subgroup G and that the map
5 [P PN — G is a group completion. Hence there are canonical isomorphisms be-
tween G and []P’l,]P’l]A1 which are compatible with 7% and vpi. A key feature of the
group G is that it is defined by explicit generating scheme morphisms J — P! that are
defined in terms of very simple (2 x 2)-matrices. Hence our result provides a concrete
and simple set of scheme morphisms whose images provide generators together with their
inverses for the group [P1, Pl]Al.

We will now describe our results in more detail. Recall that Cazanave shows in [12,
Theorem 3.22] that there is an operation @&~ which provides [P, P!]N with the structure

L A naive homotopy between two pointed morphisms f, g: J — P! is given by a morphism H: J x A' —
P! for which the evident restrictions satisfy Ho = f and H; = g. We note that H must be pointed in the
sense that * x A' maps to the basepoint of P'. For more details we refer to Section 2.6.

2 See Definition 6 in Section 2.1 for the definition of .

3 We explain in Appendix A how the unpointed results of [5] and [6] imply that the canonical map
(7, PN = [T, ]P’l]Al between sets of homotopy classes of pointed morphisms is a bijection.



4 V. Balch Barth et al. / Advances in Mathematics 461 (2025) 110080

of a commutative monoid and that the canonical map [P!, PN — [P, P14’ is a group
completion. We now state our first main result:

Theorem 1. There is an operation ® which makes ([j,IP’l]N,@) an abelian group such
that the morphism m: J — P! induces a morphism of commutative monoids

ﬂ_f\}: ([]P)17]P>1]N7@N) N ([j,]P)l]N7@)
where the left-hand side denotes the monoid of [12, §3].

‘We will now outline the ideas that lead to the proof of Theorem 1. First we describe
the construction of the explicit group structure @ on [7,P!]N. Recall that a morphism
f:J — P! is determined by an invertible sheaf £ over [ and a choice of two generating
sections sg, s1 € I'(£, J). The invertible sheaf £ is the pullback f*O(1). We say that a
morphism f: J — P! has degree 0 if f*O(1) is the structure sheaf on J. As we will show
in Section 2.7, the maps J — P! of degree 0 are exactly the maps which factor through
the Hopf map n: A%\ {0} — PL. Let R denote the ring such that J = Spec R. The set
[7,A%\ {0}]N has an apparent group structure: A morphism J — A%\ {0} is given by
a unimodular row (A, B) in R?, i.e., there exist U,V € R for which AU + BV = 1. Any
such unimodular row can be completed to a (2 x 2)-matrix over R, and the product of
these matrices defines a group operation on [J, A2\ {0}]N. We describe the details of
this construction in Section 3.1. The subgroup of degree 0 maps J — P! is quite large.
In fact, the degree map fits into an exact sequence of pointed sets of the form

1= [7, A2\ {0}N = [7, PN 25, Pic(7) — 1.

Hence, in order to turn [, P!]N into a group, it suffices to define an action of [7, A%\
{0}]N on [7, PN, The key idea is that any morphism f: J — P! is given by the choice
of a line bundle together with two generating sections. We can then let a morphism
J — A%\ {0} given by a (2 x 2)-matrix act on the sections via matrix multiplication.
We explain the details of this operation in Section 3.2 and we complete the construction
of the group structure on [, PN in Section 4, see Definition 73 and Theorem 80 where
we show that there is an isomorphism of groups [7, PN % [PL PLJA"

Next we describe the main idea for the proof that 7% is a morphism of monoids.
Let u € k*. As in [12] we identify a rational function X/u in the indeterminate X
with the morphism P! — P! defined by [z¢ : 1] — [2¢ : ux1]. For u,v € kX, let
Guw: J — A%\{0} denote the morphism given by the unimodular row (z + 2w, (u — v)y)
in R?, where z, y, z, and w are the polynomial generators of the ring

R Koy 2yl

(r4+w—1,2w—yz)

defining 7 = Spec R. For the rational functions X/u and X/v we then have the identity
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Guw © T (X/0) = 7% (X[ u) (2)

which we emphasize is an identity of morphisms not just homotopy classes. In the partic-
ular case where v = 1, we have 7% (X/1) = 7 and Formula (2) reads g,,1 D7 = 75 (X/u).
This reduces computations for 7% (X/u) to computations for g, 1 and 7. The key techni-
cal result needed to prove Theorem 1 is that, for every pointed morphism f: P! — P,
we have an explicit naive homotopy

% (X/u N f) ~ gu1 @ (7% (X/1N f)). (3)

The construction of the concrete homotopy in Formula (3) is based on computations of
the resultants of certain morphisms which we provide in Section 5.1 and Appendix B.
Theorem 1 then follows from the fact that the set of homotopy classes [X/u] for all
u € k* generates [P!,P]N and a successive application of Formula (3). The details of
this argument are explained in Section 5, see Theorem 96.

Our second main result is then based on the observation that Identity (2) implies that
the image of 7} is contained in the subgroup G C [J,P!]N generated by the homotopy
classes [gy,»] for all u,v € k* and [r]. Theorem 1 and the work of Cazanave [12, Theorem
3.22] then imply that there is a unique group homomorphism : []P’l,]P’l]A1 — G such
that 1 o vp1 = m. In Section 6 we show the following key result, see Theorem 113:

Theorem 4. The monoid morphism my : [PLPYUN — G is a group completion. There is
a unique isomorphism x: G — []P’l,IP’l]Al such that the diagram below commutes, where
x and Y are mutual inverses to each other.

<. X

[Pl,Pl]N [Pl’Pl]Al

VPI

Theorem 4 gives a very concrete description of all pointed endomorphisms of P! in the
unstable A'-homotopy category in the following sense: the group G is given by a simple
set of generating morphisms, and the group operation @ in G inherited from [7, PN
is defined in basic algebro-geometric terms.

Finally, we note that the isomorphisms G =5 [Pl,}P’l]Al & [7,PYN do not imply
that G equals [7,P!]N. However, we conjecture that the inclusion G C [7, PN is an
equality and we show in Section 6.3 that this is true for all finite fields by computing
the first Milnor-Witt K-theory group KMW(F,), which is isomorphic to [P, A%\ {o}A’
and to the subgroup generated by all classes [g,.,] in [, A2\ {0}]N.

Below we provide a list of frequently used and important notation together with a
reference where the notation is first used after the introduction.



[ V. Balch Barth et al. / Advances in Mathematics 461 (2025) 110080

Acknowledgments. We thank Aravind Asok, Christophe Cazanave, Marc Hoyois, Marc
Levine, Kirsten Wickelgren, Ben Williams, and Paul Arne @stveer for helpful comments,
suggestions and clarifications. We thank the anonymous referee for many comments and
suggestions which helped improve the article.

The first-named author is supported by the RCN grant no. 300814 Young Research
Talents of Trung Tuyen Truong. The second-named author has received support from
the project Pure Mathematics in Norway funded by the Trond Mohn Foundation. The
third- and fourth-named authors gratefully acknowledge the partial support by the RCN
Project no. 313472 Equations in Motivic Homotopy. The authors would like to thank
the Centre for Advanced Study in Oslo for its hospitality where parts of the work on the
paper were carried out.

List of important notation

(ag,al N bo,bl)n

morphism J — P!

Notation Brief description First discussed
k a field Section 2.1

P! projective line over k pointed at co Section 2.1

R The ring R := k[z,y, z, w]/(zw — yz,z + w — 1) Definition 5

J the Jouanolou device J = Spec R Definition 5

j basepoint (z — 1,y, z,w) C R of J Definition 5

i basepoint (z — 1,y,z,w) C R[T] of J x A! Remark 40

P1 line bundle over J, image of (QZC g)) Section 2.1

(oF} line bundle over J, image of (z 5]) Section 2.1
[s0, s1] map J — P! < line bundle P,, with sections sq, s1 Construction 27
X/u morphism P* — P!, [z0 : 1] — [zo : uz1] Section 5.1
res(A, B) resultant of polynomials A, B Proposition 22

Definition 32

deg degree of £ of a morphism (£, sg,s1): J — P! Section 2.7
n the Hopf map n: A%\ {0} — P! Section 2.7
SLy SL, := Spec (k[a, b, ¢, d]/(ad — bc — 1)) Section 2.7
M an SLy(R)-matrix Section 2.7
¢ first column morphism SLy — A2\ {0} Definition 50
Ju,v unimodular row (m + zw, (u — v)y) in R Definition 86
Moy, v SLa(R)-matrix ( T+ W T Definition 86
(u—v)y =+ Fw
Smy the category of smooth finite type k-schemes Section 2.6
Smyp (X,Y). set of pointed morphisms in Smy Section 2.6
o~ naive homotopy relation Definition 39
(X, YN set of pointed naive homotopy classes Definition 39
7, P! 17\11 set of pointed naive homotopy classes of degree n Section 2.7
X, Y]A] set of pointed Al-homotopy classes Section 6
v canonical map [, PN — [7, ]P’l]AL Section 6
™ map [P}, PN — [7, PN induced by = Section 5
Th map [IF’l,]P’l]Al — [J,]P’l]Al induced by 7 Section 6
I3 map £ = (7h:) tov: [T, PN — []P’I,IPl]A‘ Equation (8)
[} group operation on [J, PN Definition 77
aN monoid operation on [P!, PN Section 5
oA group operation on [P, ]P’l]Al Section 6
2 group isom. ([J,Pl]N, ®) = ([Pl,]P’l]A\l,@Al) Theorem 80
degAI Morel’s A'-Brouwer degree [P?, IF"l]Al — GW(k) Section 6.1
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2. The Jouanolou device and morphisms to P!

In this section we work out the details needed about the Jouanolou device J, mor-
phisms J — P!, and the pointed naive homotopy relation. We keep the terminology
as elementary as possible and hope that the details provided help make our approach
accessible.

2.1. Definition of J, m, and &

Throughout this paper k will always denote a field. All schemes are schemes over
Speck. We denote by P! the projective line over k pointed at co := [1 : 0] € P!. The
letter R will always denote the following ring.

Definition 5. Let R denote the ring

Elz,y, z, w]

(x+w—1,zw—yz)

The Jouanolou device of P! is the smooth affine k-scheme 7 = Spec R. We consider J
to be pointed at j = (x — 1,y, 2z, w).

The ring R may be interpreted as the ring representing (2 x 2)-matrices with trace
1 and determinant 0. Namely, a ring homomorphism R — S is equivalent to a (2 x 2)-
matrix over S with trace 1 and determinant 0.

While we will discuss morphisms J — P! in more detail later, we point out that
there are two evident morphisms that exhibit 7 as an affine torsor bundle over PL. The

z w Yy w
over R are idempotent. When viewed as linear transformations from R? to R?, the image

of each matrix defines a projective module, denoted by P; and Qi respectively. Both P
and Q7 have rank 1 and so they yield invertible sheaves on 7.

matrices

Definition 6. We define the morphism of schemes m: J — P! by selecting the invertible
sheaf associated to P; and the generating sections

o= (1) = (1):

Similarly, we define the morphism of schemes 7: J — P! by using Q; and the choice of

generating sections
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We intuitively understand the map m as sending a point in J corresponding to a
matrix <ﬁ tyu) to either the point with homogeneous coordinates [z : y] or [z : w],

depending on which is defined. When both points make sense in P!, they agree, so the
map is well-defined. A similar argument shows that 7 is well-defined. Both 7 and 7
exhibit J as an affine torsor bundle over P!, hence they are A'-homotopy equivalences.
It follows that

(7)

Al Al
mat [PLPYY = [J,PY
is a bijection. We show in Proposition 131 in Appendix A that the canonical map
v: [7,PYN = [J,PYA" is a bijection because J is affine and P! is Al-naive. Thus,
the composition of the bijection v and the inverse of 73, is a bijection

e [7.P]" = [PL PN (8)

This bijection may be described as follows. A naive pointed homotopy class of maps [f]
represented by the pointed scheme morphism f: J — P is sent to £([f]) = [f o 7T71]A1,
the pointed A'-homotopy class of the zig-zag P! <~ J 1 pr.

In the following sections we will investigate the set [7, P!]N of pointed naive homotopy
classes of pointed morphisms J — P'.

2.2. Convenient coordinates for J

The map 7: J — P! encourages the choice of a convenient set of coordinate charts
for J. For P!, we use the standard notation Uy = P\ {[0: 1]} and U; = P\ {[1:0]}.
It is straightforward to verify that the preimages under 7 of Uy and U are 7= 1(Up) =
D(z)UD(z) and 7= 1(U;) = D(y) U D(w). Both of these open sets are isomorphic to A2
under the following maps.

Lemma 9. The open set D(x) U D(z) C J is isomorphic to Spec(k[a,b]) under the map
Uo: A2 — T given by x+— 1 —ab, y+— a(l —ab), z — b, and w + ab.

Similarly, the open set D(y) U D(w) C J is isomorphic to Spec k[c,d] under the map
Ui A2 = J given by x— cd, y — d, 2+ c(1 —ed), and w + 1 — cd.

Proof. The proof proceeds by studying the map locally. For instance, ¥ induces an
isomorphism of rings k[a, b][(1 — ab) '] — R[z~!] and also of k[a,b][b~1] — R[z7!]. The
open sets D(1 — ab) and D(b) cover A2, so it follows that ¥y maps surjectively onto
D(z) U D(z). The inverse map is obtained by gluing the maps that are defined on D(z)
and D(z), giving the result. A similar argument works for ¥y. O
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Remark 10. The open affine subschemes D(z) U D(z) and D(y) U D(w) of Spec R have
the odd property that their ring of global sections is not a localization of R.

2.3. Invertible sheaves on J

By [16, Theorem I1.7.1], a morphism J — P! is determined by an invertible sheaf
L on J and two generating global sections of £. We now take the time to study the
invertible sheaves on J to enable our study of the morphisms J — P!. We will assume
familiarity with the basic terminology presented in both [25, Chapter 1] and [7].

Since J = Spec R is an irreducible affine scheme, the invertible sheaves on J corre-
spond to projective R-modules of rank 1. We have already seen the projective modules
P, and Q; used to define 7 and 7 above. Since the map 7: J — P! is an A'-weak equiv-
alence and the Picard group functor is homotopy invariant, the induced map on Picard
groups is an isomorphism 7*: Pic(P!) — Pic(J). Since 7*(O(1)) = P; and Pic(J) = Z,
it follows that P; generates the Picard group of J. For future reference, we state this as
a lemma.

Lemma 11. The Picard group of J is isomorphic to Z and P is a generator.
Furthermore, Q; = —P; in Pic(J) as the following proposition shows.
Proposition 12. There is an isomorphism P; ® Q1 = R.

Proof. The R-module P; ® Q; is generated by

Lo Bl Ele o] el = Bl Lo o L]}

Consider the module homomorphism m: R? ® R?> — R? induced by component-wise

multiplication m ([(g] ® [2]) = {Zﬂ . We restrict m to P; ® Q1 and observe that the

image of P; ® Q1 under m is the submodule < {Z} > C R? (use z +w = 1). This is a

free R-module of rank 1. As m: P1 ® Q1 — < fi) is surjective, it follows that it is

locally an isomorphism at all maximal ideals m C R. Hence the map m itself restricted
to P1 ® Q; is an isomorphism onto its image. O

We would like to understand the tensor powers of P; and Q;.

Definition 13. Let P,, and Q,, denote the submodules of R? generated by

o {5 (5] o ) = 2] 2
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The following lemma is useful for simplifying proofs. It shows that what we prove
about P,, by symmetry holds for Q,.

Lemma 14. Define the involution 7: R — R by

Pulling back along T gives R-module isomorphisms 7P, = Q,, and 79, = P,.

Proof. To more easily distinguish between them, we give the domain and codomain of
7 different names and write 7: R — R’. Pulling back the R’-module P,,, we get the
R-module 7*P,,, where the multiplication is defined by r g p = 7(r) g p. The map
T*Pp — Q,, is defined on basis elements by

xn—iyi mn—izi
=iy = Yt |

It is easily checked that f is bijective and R-linear and hence an R-module isomorphism.

~

To see that 7Q,, = P,, we pull back the isomorphism Q,, = 7*P,,, which we just
proved, along 7 on both sides. Since 7 o 7 = id, this simplifies to 7*Q,, &£ 7*7*P,, =

Pn. O

Proposition 15. The R-modules P, and Q,, are also generated in the following way

o= ([ [5]) o o= (2] [22])

Proof. We only prove the claim for P,,, as the proof for Q,, is analogous by Lemma 14.
Containment in one direction is clear by definition of P,. Now fix n and pick a number
0 < i <n. We then have

xn—i i xn—i i
|:Zn—l,l:'j)l:| =(z+ w)n |:Zn—13)z:|

n n—i, i
Z (n) 2" y? [mn—zyl} .
= d z w

d
For each d, one of the following holds:
T {xn:zyz] = g dyiqd {xn} ifi+d<n,
w z

xn—i i . . n o
T Y| = gnodgn—igydtion | Y Ge s 1 g sy,
w* w

This completes the proof. O
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We will now show that the R-modules P, and Q,, are algebraic line bundles, that
is, finitely generated R-modules of constant rank 1. We check locally and in the process
give a description of P,, and Q,, with open patching data [25, 2.5 on page 14].

Proposition 16. The R-modules P,, and Q, are algebraic line bundles over R, that is,
finitely generated R-modules of constant rank 1, and determine invertible sheaves on J .
They are described in terms of open patching data by

Po 2 {(fa fu) € Rlo™) x Rlw™ ]| fu = (2)" 12},
Qn = {(far fu) € Rl x Rlw ]| £ = (£)" 12}

Proof. The canonical projections P, [z~!] — R[z~!] and P, [w™!] — R[w™?!] are isomor-
phisms. Since D(z)UD(w) = J, we conclude P, is locally free of constant rank 1 and is
thus an algebraic line bundle [25, Lemma 2.4]. For g € Pulz~1, w™1], one checks that

(z/z)™ f = g, which determines P,, in terms of open patching data. A similar calculation
works for Q,,. O

Remark 17. Proposition 16 shows us how to interpret an element
x"’L n .
So = aog Ln} + ay [5)"] , with ag,a1 € R

that is a global section of the invertible sheaf associated to P,,. Namely, the global
section sg restricted to D(z) is described by agx™ + a1y™, while on D(w) the section is
aopz™+a;w™. On the overlap, the two sections agree when compared using the appropriate
transition functions.

Combining Propositions 15 and 16 it follows that any tuple (fs, fuw) € Rlz 7] x Rlw™]
satisfying f,, = (2)" f. can be expressed as

[ﬁﬂ = qag [i”} +a L%n] , for some ag,a; € R.
The algebraic line bundles P, and @, may also be described as the image of an
idempotent (2 x 2)-matrix of rank 1. For n > 1, let A = Y7 " (*"~ a1 and

=0 i

B = Y2t (201 g2 1=iyi=n Then 2 A 4+ w"B = (z + w)?"~! = 1. Define
_(a"A y"B r_ (a"A "B

Proposition 19. For every n > 1, the matrices M,, and M] are idempotent of rank 1.
When viewed as linear transformations from R? to R?, the image of M, and M), is Py,
and Q,, respectively.
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Proof. It is straightforward to verify that M, is idempotent using the relation 1 =
2" A+ w"B and that Im(M,,) C P,. Note that

n|2"A n|Y'B| _  n n | |2"
o |25 e b = e 2] = |2

and similarly,

n|2"A n|Y'B| _ n n yr |y
o [2a] o [B] e ] < [1]

So P, C Im(M,), and the image is equal to P,. The argument for M, and Q, is
similar. O

Proposition 20. For every n > 1, the morphisms P, @ P1 — Pp41 and ’sz’" — P, ob-
tained from component-wise multiplication are isomorphisms. A similar statement holds

for Q.

Proof. Consider the R-module map m: R?> ® R?> — R? induced by component-wise
multiplication. By the description of the generators of the modules P,,, it is clear that m
restricts to a map m: P, ® P1 — Pr41 and this map is surjective. As both P, ® P; and
Pn+1 are algebraic line bundles, the map m is surjective locally at every maximal ideal
m C R and hence an isomorphism. Thus m: P, ® P; — Pp41 is itself an isomorphism
by [7, Proposition 3.9]. This proves the first claim. The second claim now follows by
induction. 0O

We now have a complete description of the isomorphism Z = Pic(J).

Proposition 21. Under the isomorphism Pic(J) = Pic(Pl) = Z arising from the Al-
homotopy equivalence ©: J — P, the modules P, and Q, correspond to n and —n,
respectively, while the trivial invertible sheaf O corresponds to 0.

Proof. By Lemma 11, Pic(J) = Z, and P; generates the Picard group. By Proposi-
tion 12, the inverse of P; is Q1. By Proposition 20, the modules P,, and Q,, correspond
to n and —n in the Picard group. O

2.4. Pointed morphisms P! — P! and J — P!

We will now study morphisms to P! in more detail. By [16, Theorem I1.7.1], for a
smooth k-scheme X, the data needed to give a morphism f: X — P! are an invertible
sheaf £ over X and the choice of two global sections sg,s; € I'(X, £) that generate the
invertible sheaf £. That is, at every point p € X, the stalks of the sections (s¢), and
(s1)p generate the local ring £,. We then write [so, s1] for the morphism X — P! given
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by the data above, where we usually omit the invertible sheaf £ from the notation. We
note that throughout the paper we use the terms morphism and map interchangeably.

The scheme P! is pointed at oo = [1 : 0]. A pointed morphism f: P! — P! by
definition is a morphism satisfying f(cc) = oo. A pointed morphism f: P! — P! given
by the invertible sheaf O(n) on P* with two generating sections o, o1 € k[zg, z1](n) has
the following special form by work of Cazanave [12].

Proposition 22. [12, Proposition 2.3] A pointed k-scheme morphism f: P1 — P corre-
sponds uniquely to the data of a natural number n and a choice of two polynomials,
A= Y",aX" and B = Z?:_Ol b; X" in k[X] for which a, = 1 and the resul-
tant res(A, B) is non-zero. The integer n is called the degree of f and is denoted
deg(f); the scalar res(f) = res(A, B) € k™ is called the resultant of f. We recall that
res(A, B) = det (Syl(A, B)) € k, where Syl(A, B) is the Sylvester matrix of the pair of
polynomials (A, B) which we recall in Definition 132.

Remark 23. One easily translates from the morphism f: P! — P! given by n, A, and
B in Proposition 22 to the morphism given by the invertible sheaf O(n) and the choice
of global sections o9 = > a;xhx? ™" and o0 = S bizhx? " where we understand
b, = 0. The resultant condition guarantees that these global sections generate O(n). The
condition a, = 1 is a normalizing condition to give a bijective correspondence between
morphisms and the data n, A, and B. We will find it more convenient to use the data

[00,01]: Pt — P! and O(n) to describe a pointed map in what follows.

We will now explain in detail how we can use this perspective to describe morphisms
via line bundles and generating sections in the special case J — P!.

Proposition 24. Consider a pointed map [0g,01]: P* — P with invertible sheaf O(n),
00 = Yo gaixhry”" and o = Y1 bixhay ™" The composition [0g,01] o T is the map
[s0,51]: J — P! with invertible sheaf P, and global sections

n xiyn—i n vayn—i

So = Zai |:le”_1:| and S1 = Z bi [ziw"_i] . (25)
i=0 =0

Proof. This is a straightforward calculation. The condition on the resultant ensures that

the sections sy and s; generate P,,. O

Remark 26. We note that the difference between a general map [sg,s1]: J — P! with
invertible sheaf P,, and a map J — P! which factors as f o7 with f: P! — P! is that
the coefficients a; and b; in the expressions of the sections in Equation (25) are in the
field k£ when the map factors, but in general the coefficients are in R.

We now look at the data needed to describe a general morphism 7 — P! and also
see what condition pointedness imposes.
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Construction 27. A morphism f: J — P! is determined by the following data: an in-
vertible sheaf L on J and the choice of two global sections sg,s1 € I'(J, L) that generate
L [16, Theorem I1.7.1]. Since Pic(J) = Z, the invertible sheaf L may be chosen to be
either Py, Qn, or O. We call the integer corresponding to the class of L in Pic(J) 2 Z
the degree of f.

We will now make the assignment (L, sg, s1) — [ explicit. We will study only the case
of Pn, as Q, is handled in the same way by Proposition 15. The case of O is discussed
later in Section 2.7.

For L = P, two generating sections sg,s1 € I'(J,Pn) may be chosen to be of the
form

S0 = ag |:§n:| +ax |:,g)n:| 51 = by I:lﬁn:| + by I:,g)n:| .

Define D(s;) = {p € T |(8:)p & mp(Pr)p}t. The map [so,s1] is defined on the open set
D(s;) to map into U; = {[xo,x1]|x; # 0}. Here Uy = Speck[y1] and Uy = Spec klyo],
where yo = xo/x1 and y1 = x1/xo. The map D(s;) — U; is given by the corresponding
map of rings kly;] — Pnls; '] determined by y; — s;/si. This requires some explanation
due to the description of the sheaf P, . Proposition 16 shows that the components of each
section s; describe the section on the open sets D(x) and D(w). Hence there are four
cases to consider to get a description of the map in concrete terms of affine open sets.

(1) D(x) N D(sg): Here sq is described by agz™ + a1y™ in the ring Rlx~] and sy is
given by box™ + byy™ in the ring R[z~']. Hence on D(sq) the corresponding ring
map kly1] — Rlx™1, (apx™ + a1y™) ] is given by yi — %.

(2) D(x) N D(s1): Here sq is described by agz™ + a1y™ in the ring Rlx~] and sy is
given by box™ + byy™ in the ring R[z~']. Hence on D(s1) the corresponding ring
map klyo] — Rlx™L, (box™ + byy™) Y] is given by yo — %.

(3) D(w) N D(sg): Here sqg is described by agz™ + ajw™ in the ring Rlw™!] and s is
given by boz™ + byw™ in the ring Rlw™1]. Hence on D(sg) the corresponding ring
map kly1] — Rlw™, (agz™ + ajw™) Y is given by y1 — %.

(4) D(w) N D(s1): Here sqg is described by agz™ + ajw™ in the ring Rlw™!] and s is
given by boz™ + biw™ in the ring Rlw™1]. Hence on D(s1) the corresponding ring

map klyo] — Rlw™L, (bgz™ + byw™) 1] is given by yo —

apz”"+aw”
boz™+bjw™ *

This information can be consolidated into the two maps D(x) — P! and D(w) — P!
given in terms of the pair of sections [agx™ +a1y™, box™ +b1y"]| and [agz" + ayw™, boz™ +
biw™] respectively. Written in this form, we see that a map J — P given by the invertible
sheaf P, with two generating sections sq, s1 should be interpreted as giving a map to P!
on the open sets D(x) and D(w) according to the first component of the sections so, s1
on D(x) and according to the second component of the sections sg,s1 on D(w).
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Remark 28. Recall that J is pointed at j = (z — 1,9, 2,w) and P! is pointed at oo =
[1:0]. Amap f: J — P! is pointed if f(j) = oo. If f = [s¢, s1] with line bundle £ and
generating sections sg, $1, pointedness can be verified by checking that the stalk sq(j)
satisfies s1(j) = 0 in the local ring £;. For us, it suffices to work on D(z) where our line
bundles are trivial, and verify that modulo j the section s; vanishes.

We give a concrete criterion for checking pointedness of a map f: J — P! with line
bundle P,,. The case of Q,, is similar.

Proposition 29. A map [so, s1] : J — P! with invertible sheaf P,, and generating sections

S0 = ao |:§n:| + a1 |:,3}n:| 5 S1 = bO |:ﬂzfn:| + by |:,g}n:|

is pointed if and only if by € j, i.e., by(j) = 0.

Proof. First, assume the map [so, s1] is pointed. Construction 27 gives a description
of the map in local coordinates. Note that for j to map to co € Uy, it is necessary
that j € D(sg). Since j € D(z) N D(sp), the map in local coordinates is obtained by
taking Spec of the ring map g: k[y1] — R[z7, (agx™ + a1y™) 1] which is given by
g(y1) = % The condition for pointedness is then that the preimage of j under g
is the maximal ideal (y;). This is equivalent to the condition that y; maps into the ideal
(x—1,y,z,w) C Rz, (agz™ + a1y™)~!]. By the definition of g, the requirement is that
% € (xz — 1,y, z,w), which is equivalent to bpz™ + b1y™ € (z — 1,y, 2z, w). Since
y € (x — 1,y,2z,w) and x is invertible, this condition is met when by € j. Thus when
[s0, s1] is pointed, j € D(sg) and by € j.

Now assume that by € j. This implies j € D(sp), since the sections sg,s; generate
(Pn)j, and by € j implies s1(j) = 0. Here we can use the same construction above, since
j € D(z) N D(sp). The algebra above shows that when by € j the preimage of j under s

is (y1), i-e., the map [sg, $1] is pointed. O

Proposition 30. Let f = [sg,s1]: J — P! be a pointed map with invertible sheaf P,,. If
r = 50(j), then [570, 571] : J — P! is a pointed map that is equal to f. Thus any pointed
map with line bundle P,, may be represented by a pair of generating global sections [sg, s1]
where so(j) = 1 and s1(j) = 0.

Proof. Proposition 29 has established that s1(j) = 0 and so(j) = r is a unit. We verify

that the maps [sg,s1] and [22,2L] are equal in local coordinates by Construction 27,

r

where the constants 71 cancel out in every local coordinate chart. O

Proposition 31. Let sg and s1 be the following sections in Py,

S0 = ao |:§n:| + a1 |:,g}n:| , S1= b() |:§rz:| + by |:,g)n:| .
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The sections sg, s1 generate Py, if and only if there exist Uy, V., Uy, Viy € R such that
Uz(z"ao +y"ar) + Va(2"bo + y"b1) + Uw (2" ag + w™ar) + Vi (2"bo + w"b1) = 1.

Employing similar notation, sections sg,s1 generate Q, if and only if there exist
Uy, Vi, U, Viw € R such that

Ug(z"ap + 2"ar) + Vy(2"bo + 2"b1) + Uy (y"ap + w™aq) + Vi (y"bo + w"by) = 1.

Proof. By Lemma 14, it suffices to prove this for P,. Assume sg, s; generate P,,. Then
n

there exist U,V such that Usqg+ Vs, = Bn} . The first component of this identity gives

(U(z"ao +y"a1) + V(z"bo + y"b1)) = ="

n

Similarly, there exist U’, V' such that U'sg + V's; = [3)”} This gives the relation

(U'(z"ap +w™ar) + V' (2"bg + w"by)) = w".

We need to show that the ideal (™, w™) is the unit ideal. However, the equation 1 = (z+
w)? = £ (*")2?"~iw' demonstrates that 1 can be expressed as a linear combination
of 2™ and w™ over R, since each summand (?)xzn*iwi can be written as r;z™ with
Ty = (?)x”*iwi € R or rjw™ with r} = (f_ﬁi)x”*iwi € R for ¢ = 0,1,...,n. Thus,
(z™,w™) is the unit ideal. Now we assume that there exist elements U,, V., U,V € R

such that

Up(z"ao +y"ar) + Vo (a"bo +y"b1) + U (2"ap + w"ay) + Vi (2"bo + w"by) = 1.

n
A straight forward computation yields (Uyz™ + U, z2™)so + (Voz™ + Viy2™)s1 = [zn}

n

and (Upy™ + Upw™)so + (Voy™ + Vyw™)sy = [3)"] These two elements generate P,

thus [so, s1] do as well. O
For brevity, we write maps J — P! of nonzero degree using the following notation.

Definition 32. Let n be a positive integer. Let (ag,a; : b, by ), denote the map J — P!
with invertible sheaf P,, and generating sections

n

n n n
S0 = ao [Zn] +ay |:3)n:| ,  s1="bg |::Zn:| + b |:3}n:| with ag,a1,bo,b1 € R.

Similarly, let (ag,a1 : by, b1)_, denote the map J — P! with invertible sheaf Q,, and
generating sections
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w

n n n n
so=ao | n|*ar|Znl, si=bo | u|+bi| n| with ag,a1,bg,br € R.
Y Y w
2.5. Detecting morphisms J — P! wia resultants

For later purposes, we extend the definition of the resultant to homogeneous polyno-
mials in two variables. We collect some further facts about resultants in Appendix B.
The main goal of this subsection is to prove Proposition 35. Motivated by the observation
of Remark 23 make the following definition.

Definition 33. Let R[a, (] denote the polynomial ring over R in variables « and 3, and let
R[a, B](n) denote the R-submodule of homogeneous polynomials of degree n. For every
n > 1, the map s: Rla, 8] () = P, defined by s(a’f"~) = [:13; } forall0<i<mn
is a surjective morphism of R-modules.

Definition 34. The resultant of a pair of homogeneous polynomials

(Fo, F1) = (Zaz T Zb a'gne Z) (R, B](n))*

is defined to be the resultant of the associated univariate polynomials (F#y, %) =
(Xrga; XY b, X") in the indeterminate X. That is,

res(Fo, Fy) := res(Fo, F1) = res <Za X' Zb X" ) = det (Syl(%o, F1)) ,

where Syl(%y, .%#1) is the Sylvester matrix of the pair of polynomials (%, %1) in R[X].
See Definition 132 for a definition of the Sylvester matrix.

Proposition 35. Consider a pair (Fy, F1) of homogeneous polynomials of degree n > 1 in
Rla, B](ny. If res(Fu, F1) is a unit, then the pair of sections (s(Fy),s(F1)) generates Py
and defines a morphism [s(Fy),s(Fy)]: J — PL.

Proof. Consider (Fy, F1) = (X1 a;z’y™ %, 3" bia'y" ") with unit resultant. It suf-
fices to show that (sg,s1) = (s(Fo),s(F1)) generate P, on the open patches D(x) and
D(w). On D(z), this requires showing that the ideal (Y"1 ja;z'y™ %, > biz'y" ™) is
the unit ideal in R[z~!]. The ideal is the same as the ideal (Y7 a;(£)" ", 37" o bi(¥)"%)
which corresponds to a pair of polynomials of degree m in the variable % By
Lemma 134, this pair of polynomials has unit resultant. Since the resultant is
a unit, there exists U,,V, € R[z7!] by Lemma 133 giving a Bézout relation
Uy S Oal( T+, Zz o bi(4)""" = 1. On D(w) we need to prove that the ideal

(Y aiziw™ 3 biztw™T Z) is the unit ideal in R[w~!]. The ideal is equal to
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(X pai(2)4, 3" o bi(£)"). This pair of polynomials has unit resultant by assumption.
By Lemma 133, unit resultant implies existence of a Bézout relation Uy, -1 ai(Z)" +
Vi >oi o bi(£)" = 1 in R[w™!]. This proves that [so, s1] defines a morphism 7 — P'. O

w

Remark 36. Let [0g,01]: P! — P! be a pointed map given by invertible sheaf O(n),
and sections og = Y1 awbr} " and o = Yo bizpx? ", Then the pair of ho-
mogeneous polynomials Fy = Y% ja;0" " and Fy = Y. (b;a"'B" in Rle, B](n)
has unit resultant. By Proposition 35, the pair (s(Fp),s(F1)) defines a morphism
[s(Fy),s(Fy)]: J — P! This morphism is equal to the morphism [sg, s1], constructed
from [0, 01] in Proposition 24.

Remark 37. We note that there exist pairs of polynomials (Fy, F1), (F§, Fy) such that
(s(Fo),s(F1)) = (s(Fp), s(Fy)), while res(Fy, F1) # res(Fj, F]). An example is given by
(xa+ 28, 8) and (a, B). We calculate

(staat 28)50) = (| 7]+ 4] 4] ) = ([2]-[4]) = tsten.stom

The resultants are
res(za + 20, 8) = ¢ £ 1 =res(q, B).
2.6. The pointed naive homotopy relation

Naive homotopy theory for schemes is a generalization of the homotopy theory of rings
in classical algebra, see [15] for a definition. Naive homotopy classes of maps between
schemes do not generally have the good properties one expects from a homotopy theory.
In our case, however, the work of Asok, Hoyois, and Wendt in [6] shows that naive homo-
topy classes behave sufficiently well. We denote by Smy, the category of smooth finite type
k-schemes. We denote the set of morphisms between objects X,Y € Smy, by Smy (X, Y).
If X and Y are pointed, we denote by Smg(X,Y). the set of pointed morphisms in Smy.

Definition 38. Let X and Y be smooth schemes finite type k-schemes. For a € k, let
i = idx xa be the map obtained by taking the Cartesian product of idx and the
inclusion map a: Speck — A! given by the ring map k[t] — k sending ¢ to a. An
elementary homotopy between two morphisms f: X — Y and g: X — Y is given by a
morphism H(T): X x Al — Y satisfying H(0) = f and H(1) = g, i.e., H(0) = H(T) o
and H(1) = H(T)oi;. We say that f and g are elementarily homotopic and write f ~ g.

The relation of morphisms being elementarily homotopic is symmetric and reflexive,
but not transitive. To obtain an equivalence relation on the set of morphisms Smy (X, Y),
we take the transitive closure of ~. That is, we define two morphisms f, g € Smy(X,Y) to
be naively homotopic if there is a finite sequence of elementary homotopies H;(T): X x
Al - Y, for 0 < i < n with Ho(0) = f, Hy(1) = g, and for all 0 < i < n H;(1) =
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H;_1(0). We write f ~ g in this case. The relation ~ is now an equivalence relation on
Smy(X,Y), so we can study the set of naive homotopy classes of morphisms from X to Y.

For our constructions, we will work with pointed maps and pointed naive homotopies.
We define the latter next.

Definition 39. If X and Y are smooth k-schemes, pointed at k-points x and y respectively,
we say that an elementary homotopy H(T): X x A' — Y is pointed if the generic point
of {x} x A! maps to y. Said another way, the points z and y correspond to morphisms
x: Speck — X and y: Speck — Y, and we require that H(T) o (x x idg1) = yop1
where p;: Speck x A — Speck is the projection onto the first factor.

As in the unpointed case, the relation on the set of pointed morphisms Smy (X, Y).
given by pointed elementary homotopies is not an equivalence relation. We say that
pointed morphisms f,g € Smg(X,Y ). are naively homotopic, and write f ~ g, if there
is a chain of pointed elementary homotopies from f to g. The naive homotopy relation
is an equivalence relation on pointed morphisms. We write [X,Y]N = Sm;(X,Y),/ ~
for the set of equivalence classes.

Remark 40. For us, the most important case is when X = J = Spec R with basepoint
j=(z—1,y,z,w). This ideal extends to j = (z — 1, y, z,w) C R[T]. The condition that
a homotopy H(T): J x A =Y be pointed is simply that H(T)(j') = y, where y is the
basepoint of Y.

We now formulate a criterion which will help us to construct homotopies of the
form J x A' — P! Let p;: J x A' — J denote the projection to the first factor.
Similar to Definition 33, we will use the following notation. Let (R[T])[c, 8] be the
polynomial ring over R[T] in variables a and 3, and let (R[T])[c, 5](,) denote the R[T’-
submodule of homogeneous polynomials of degree n. For every n > 1, we consider the

map s: (R[T])[a, B(n) = piPn, defined by s(a’f"") = {xiyn:i] for all 0 < i <n.

2w
Proposition 41. Let Fy, F1 € (R[T])[c, B](n) be a pair of homogeneous polynomials of
degree n > 1 over the ring R[T). If res(Fy, Fy) is a unit, then the pair of sections
(s(Fo), s(F1)) generates the line bundle piP,, and defines a morphism [s(Fp), s(F1)]: J x
Al — PL.

Proof. The proof is analogous to the proof of Proposition 35 after replacing the ring R
with R[T]. O

2.7. Morphisms J — A2\ {0}

We write deg: [J, PN — Pic(J) = Z for the map that sends a map f to f*O(1).
Our choices thus far set deg(m) = 1 and deg(#) = —1. Write [J,P!]N for the set
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of naive homotopy classes of maps J — P! with degree n. Our goal for this section
is to describe the maps J — P! of degree 0. We consider the scheme A2\ {0} =
Spec (k[to, t1]) \ {(to, t1)} to be pointed at (to —1,t1) and write n: A%\ {0} — P! for the
Hopf map given by the trivial algebraic line bundle Ox2\ (o} with the choice of sections
no = to, M = t1. A scheme morphism J — A2\ {0} is given by a morphism J — A2
that does not have {0} in the image. Thus, a morphism J — A2\ {0} is given by a pair
(50,51) € R? such that the ideal (s, s1) generates R, i.e., there are U,V € R for which
soU + 51V = 1. In other words, a morphism J — A2\ {0} is given by unimodular row
(s0,51) in R2.

Proposition 42. Consider a map f: J — PL. Then we have deg(f) = 0 if and only if f
factors through the Hopf map n: A%\ {0} — P*.

Proof. First, since Pic(A? \ {0}) = 0, it follows that any map that factors as J —
A2\ {0} & P! has degree 0. Second, assume that the morphism f: J — P! satisfies
deg(f) =0, i.e., f*O(1) = Og. We recall from Construction 27 that then f is given by
global sections sg, s1 € R =T'(J,Og) that generate Og, i.e., the ideal (sg, s1) generates
R. As we explained above, this shows that (sg,s;) determines a morphism J — A2\
{0}. Since 7 is given by the trivial bundle, the composition J Losn), g2 \ {0} & P!
corresponds to the trivial algebraic line bundle Or on J with global sections s, s7.
Thus, the composition (sg, $1) o 1 equals f which finishes the proof. O

Corollary 43. Let f: J — P! be a pointed map of degree 0. Then there exists a unique
pointed map f': J — A%\ {0} such that f = f'on.

Proof. Let (sg,s1): J — A2\ {0} be a factorization of f through the Hopf map. Note
that r = s¢(j) need not be 1, although  is a unit of k. Instead, the map f' = (%80, %51)
is pointed and satisfies f = f' o).

To show uniqueness, let (s}, s;): J — A2\ {0} be another pointed map that factors
f through n. That is, we assume [sg, $1] = [s(, s1]- Note that in this case, D(sg) =
D(sy) = D(f*zo) and D(s1) = D(s}) = D(f*x1). Working locally in D(s1) = D(s}),
we have so/s; = s)/s) in R[s;'] by construction. We may write sj = coso for ¢p =
s} /s1 € R[sy ). Similarly, in D(sg) = D(s}), we obtain s} = ¢1s1 for ¢; = s)/so. In the
intersection D(sg) N D(s1) we have s{/s} = so/s1, which implies sj/so = s}/s1. This is
exactly the equation ¢y = c¢;. The elements ¢; € R[sy '] and ¢y € R[s; '] therefore glue
together to an element ¢ € R. Hence c satisfies s, = csg and s; = cs1. Observe that
c(sou’ 4+ s1v") = 1, that is, ¢ € R* = k™. The pointedness assumption forces ¢(j) = 1,
hence, ¢ = 1 with which we conclude (sg, s1) = (s3,$1). O

Remark 44. The previous proposition says, in other words, that a map J — A2\ {0} is
equivalent to a unimodular row (A, B) of length two in R. Furthermore, a pointed map
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J — A%\ {0} is equivalent to a unimodular row (A, B) of length two in R that also
satisfies A(j) =1 and B(j) = 0.

Pointed elementary homotopies between maps of degree 0 can also be lifted to a
pointed elementary homotopy of maps J — A%\ {0}.

Proposition 45. Let H(T) = [so(T),s1(T)]: J x A* — P! be a pointed elementary homo-
topy between maps H(0) and H(1) which have degree 0. There is a pointed elementary
homotopy H'(T): J x At — A2\ {0} between the lifts H'(0) and H'(1).

Proof. Since H(0) and H(1) have degree 0, the homotopy H(T) is degree 0 too, that is,
the line bundle it determines is the trivial one Oz, 1. We can use the two generating
global sections so(T'),s1(T) € R[T] to build a map (so(T), s1(T)): J x Al — A%\ {0}.
Note that since so(T") and s1(T) generate R[T], there are u(T),v(T) € R[T] for which
so(T)u(T)+s1(T)v(T) = 1. Since H(T) is pointed, s1(T)(j') = 0 in R[T]/j’. This implies
that so(T)(§")u(T)(§') = 1 in R[T]/j'. The ring R[T]/j’ is easily seen to be isomorphic to
k[T]. Hence r = so(T)(j’) is a unit of k[T, and the units of k[T are exactly the units of
k. Thi shows that the map (£s0(7T), L5:(T)) : J x A' — A2\ {0} is a pointed homotopy
between H'(0) and H'(1). O

Let SLo denote the affine scheme Spec (kla, b, ¢, d]/(ad — be — 1)) pointed at the ideal
(a — 1,b,¢,d — 1). Intuitively, this is the scheme of (2 x 2)-matrices with determinant
1, pointed at the identity matrix. Let (A, B) be a unimodular row in R. That is, there
exist U,V € R for which AU + BV = 1. Thus the data of a map J — A2\ {0} can be

used to produce a matrix <g _UV) € SL2(R), in other words, a map J — SLo.

Lemma 46. A pointed map (A,B): J — A%\ {0} can be lifted to a pointed map

A =V .
A =V . . . .
B U, e an arbitrary lift of (A, B). Note that A(j) = 1, B(j) = 0, and

Ui1(j) = 1, but Vi(j) = v for some v € k. For any d € R, we can construct a different lift
by setting Uy = Uy + Bd and V5 = V; — Ad. Set d = v. Then Us(j) = 1, and Va(j) = 0,

S0 <g _UZQ> is pointed. O

Proof. Let

Remark 47. The pointed lift of Lemma 46 is not unique in general. For example, the
unimodular row (1,0) lifts to the pointed maps

(07) = (1)
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However, we now show that any two pointed lifts of a pointed unimodular row (A, B)
are naively homotopic.

Lemma 48. Let (A, B): J — A%\ {0} be a pointed map. Any two lifts of (A, B) to a
pointed map J — SLg are naively homotopic.

Proof. Let
- A -V

for i € {1,2} be two pointed lifts of (A4, B). A pointed elementary homotopy between f;
and f5 is given by

(A —(TVi+(1-T)V
= (n dan)

which proves the claim. O
Proposition 49. Every pointed elementary homotopy
H(T) = (so(T),s1(T)): T x A' — A%\ {0}

can be lifted to a pointed elementary homotopy

so(T) —V(T
(25 ) 0w

Proof. Recall j = (z — 1,y, z,w) must map to the basepoint for the homotopy H(T) to
be pointed. The sections so(T") and s1(7T") generate the unit ideal, hence there exist u(T")
and v(T) in R[T] for which so(T)u(T) + s1(T)v(T) = 1. The pointedness assumption
gives the relation among ideals (so(7) — 1,$1(T")) € j’ C R[T].

With these data, we construct the matrix

(g‘;gg _&(Tj;)) € SLy(R[TY).

This matrix determines a map J x Al — SLy that lifts the unimodular row (so(7T'), s1(7T'))
we started with. This homotopy need not be a pointed homotopy. However, for any choice
of d(T) € R[T], the matrix

<50(T) —o(T) + sO(T)d(T))
si(T)  w(T) + s:1(T)d(T)

is also a lift of (so(T),s1(T)). We will now show that, for d(T) = v(T), the map
this matrix determines is a pointed homotopy. Write ua(T) = u(T) + s1(T)v(T) and
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v2(T) = v(T) — so(T)v(T). Our assumption that (so(7'),s1(7T")) is pointed gives us
(so(T) — 1,s1(T)) C j C R[T]. We must show that (v2(T),uz(T) — 1) C j’ too. Since
(so(T) — 1) € §/, we have v3(T) = —v(T)(so(T) — 1) € j’. Observe that ua(T) — 1 € j
if w(T)—1 € j since s1(T) € j'. Since so(T)u(T) + s1(T)v(T) = 1, it follows that
so(T)u(T)—1 € j'. This can be rewritten as so(T)u(T) —1 = (so(T) — D)u(T) +u(T) —1.
Since so(T) — 1 € j' it follows that u(T) — 1 € j’ too. O

Definition 50. Let ¢: SLo — A%\ {0} be the morphism determined by the ring map
f1 k[to,t1] — kla,b,¢,d]/(ad —bc — 1) given by f(tg) = a and f(t1) = c. Intuitively, this
is the morphism that extracts the first column from a matrix in SLy. As given, this map
has codomain A%, but it is clear from the relation ad —bc = 1 that ¢ maps into A2\ {0}.

Proposition 51. The maps ¢: SLy — A%\ {0} and n: A%\ {0} — P! induce bijections of
naive homotopy classes of pointed maps

[7,SLa]™ 255 [7, A%\ {0} 25 7, P

Proof. The map ¢, is surjective by Lemma 46, and ¢, is injective by Lemma 48. Corol-
lary 43 shows that 7, is bijective on the level of pointed morphisms. This shows that 7,
is surjective. To show that 7, is injective, it suffices to show that a pointed elementary
homotopy H(T): J x A! — P! between degree 0 maps lifts to a pointed elementary
homotopy H'(T): J x Al — A2\ {0}, which is done in Proposition 45. O

3. Operations on naive homotopy classes of morphisms
3.1. Group structure on maps of degree 0

We may now define a binary operation on naive homotopy classes of morphisms 7 —
A2\ {0}. This is analogous to Cazanave’s naive sum of pointed rational functions. The
group structure is obtained by lifting maps f,g: J — A2\ {0} to f,§: J — SLo,
multiplying the two resulting maps using the group structure on SL,, then mapping
back down to A%\ {0} via the map ¢: SLy — A2\ {0}.

A morphism f: J — SLg is equivalent to the data of a matrix M € SLa(R). A matrix
M € SLy(R) corresponds to a pointed morphism if upon evaluation at j, the resulting
matrix is the identity matrix. The set of pointed maps corresponds to a subgroup of
SLs(R). The operation of matrix multiplication respects the naive homotopy relation for
pointed maps and therefore defines a group operation on [J,SLs]Y, the set of pointed
naive homotopy classes of morphisms. It suffices to prove the following proposition,
given that the naive homotopy relation is the transitive closure of pointed elementary
homotopies.

Proposition 52. Let M(T) € SLa(R[T]) be a pointed elementary homotopy between the
matrices My = M(0) € SLa(R) and My = M(1) € SLa(R) corresponding to pointed
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morphisms. Let M'(T) € SLy(R[T]) be another elementary homotopy where similar no-
tation is employed. The pointed morphisms corresponding to My - M} and My - M{ are
elementarily homotopic.

Proof. All that needs to be verified is that the morphism corresponding to the matrix
product M (T") - M'(T) is pointed. Since both M (T") and M'(T') are pointed, evaluation
at j' gives the identity matrix in SLo(k[T]). It’s clear then that the product M (T)- M'(T)
will evaluate to the identity matrix at j’ too. O

Definition 53. Consider two pointed naive homotopy classes [(4;, B;): J — A2\ {0}] for
i = 1,2 represented by the unimodular rows (A;, B;) € R?. Pick completions of the uni-
modular rows to matrices corresponding to pointed maps, as guaranteed by Lemma 46:

Al —V1 A2 _V2
(8 ). (& ) estaim

We define [(A1, B1)]@®[(As2, B2)] to be the naive homotopy class [(As, B3)] where (A3, Bs)
is the unimodular row obtained from the matrix product

A V3 _ (A Vi) (A2 -V

By Us | \B1 U By Uy /-
Proposition 54. The operation & of Definition 53 is well-defined and gives the set [T, A%\
{0} the structure of a group.

Proof. We first show that the operation does not depend on the particular completion to
a matrix in SLa(R). Let M7 and M7 be two pointed completions of (Ay, By ), and similarly
let Ms and MY be two pointed completions of (Aa, Bs). There are two representatives for
the product [(A1, B1)] @ [(As, B2)] from these choices. They are (As, Bs), taken from the
first column of M - My and (A%, BS), the first column of M7 - M. Any two completions of
a unimodular row to a matrix in SLo(R) are homotopic by Lemma 48, hence [M7] = [M{]
and [Ms] = [M}] in [7,SLg]N. By Proposition 52, the products Mj - My and M - M}
are homotopic as maps J — SLo. Extracting the first column of this homotopy gives a
homotopy between the resulting unimodular rows defining the resulting map.

‘We now show that the operation does not depend on the representative of the naive
homotopy class chosen. Let (A1(T), B1(T)) and (A2(T), Ba(T)) be pointed elementary
homotopies. These can be completed to matrices M;(T) € SLo(R[T]) and Mo(T) €
SLo(R[T]) by Proposition 49. The first column of the product M;(T) - My(T) provides
the homotopy between the two possible representations of the product. We conclude that
the operation is well-defined on the set [, A2\ {0}]N of pointed naive homotopy classes.

The identity for the operation is given by the unimodular row (1,0): 7 — A2\ {0}.
Associativity of @ follows from the associativity of matrix multiplication. Finally, let
(A,B): J — A?\ {0} be given by the unimodular row (4, B) € R? and complete it to a
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matrix (g _UV> € SL2(R) giving a pointed map. The inverse of this matrix in SLa(R)

is the matrix (_UB ‘//1 , and the first column of this matrix represents the inverse of

(A,B) in [7,A%\ {0}]N for &. That is, —[(A, B)] = [(U,—B)]. O

Lemma 55. The map ¢: SLy — A2\ {0} induces an isomorphism of groups

o

¢u: [T, SLa]™ = [7, A%\ {0}]™.

Proof. The map ¢, is a group homomorphism by our definition of & on [7, A%\ {0}]N
in terms of matrix multiplication. We have shown in Proposition 51 that ¢, is bijective,
hence the result. O

For the next result, we recall that the cogroup structure of P! = S'AG,, in the pointed
Al-homotopy category endows [P1, X ]Al with a group operation for any motivic space
X. It is a simple exercise to produce an A'-weak equivalence P! ~ S' A G,, using the
standard covering of P! by two affine lines with intersection G,,. The simplicial circle
S1 (or some suitable homotopy equivalent model of it, like A?) admits the structure
of an h-cogroup, or just a cogroup in the homotopy category. Explicitly, the pointed
simplicial set 9A? ~ S admits two maps: a pinch map p: S — S* v S and an inverse
map S' — S'. These operations fit into homotopy commutative diagrams that give
the expected algebraic properties, like associativity and the definition of the inverse [24,
Chapter 2]. These two observations together allow us to define a group operation on
[ST A Gm,IP’l]A1 as follows. Given two maps f,g: S* A G,, — P! in the A'-homotopy
category, the composition below represents the sum f @A’ g of the maps f and g.

STA G e (S1V S A Gy — (SYAG) V (S'AGr) 5 P1 (56)

Note that the morphism fV g exists by the universal property of wedge sums. One must
take the time to verify that the operation defined above does indeed make [IP’l,IF’l]A1
into a group, but the pleasant properties of the A'-homotopy category make this doable.
We refer to the operation A" as the conventional group structure.

Definition 57. Let &: [J, A%\ {0}]N — [P1, A%\ {()}]Al denote the composition of the
natural map vo: [7,A2\ {0}]N — [J,A2\ {0}]4" and the bijection (mha) "t [T, A%\
{0}A" — [P, A2\ {0}]*" that is given by the inverse of the bijection ma1- We note that
1p is a bijection by Proposition 128 since A%\ {0} is Al-naive.

Theorem 58. The map & is an isomorphism of groups between the group [J, A%\ {0}
with operation & and the group [P1, A%\ {0}]Al with the conventional group operation.

Proof. Let &: [7,SLa)N — [P!,SLyJA" denote the composition of the canonical map
[7,SLo]N — [7,SLy]A" and the bijection [7,SLaJA" — [P!,SLy]A" which is given by
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the inverse of the bijection m},. Since both groups [P!,SLyJA" and [P, A2\ {0}A"
inherit their operation from the cogroup structure of P!, the A'-weak equivalence SLy 2,
A2\ {0} induces an isomorphism of groups ¢,: [P!,SLyJA" — [P, A2\ {0}]A". By
Lemma 55 the map ¢.: [, SLa]N — [, A2\ {0}]Y is a group isomorphism. We then
have the following commutative diagram.

17, A%\ {0}N —2 [P1, A2\ {0}

mTu :Tm

7, SLa]Y ——— [P, SLyJA'

Hence, in order to establish that &y is a group isomorphism, it suffices to show that
&) is a group isomorphism. Since J is affine and SLy is Al-naive by [6, Theorem 4.2.1],
we know that &/ is a bijection by Proposition 128. Hence it suffices to show that & is a
group homomorphism.

Again, because SLy is Al-naive, the canonical map [J, SLa]N — [7, SLQ]Al is a bijec-
tion by Proposition 128. This bijection is a group isomorphism because the operation on
both sets is defined using the same construction, that is, the sum of two maps is given
by

T2 7% T L9 SLy x SLy ™ SL,

where m: SLo x SLy — SLs is the multiplication on SLs. In other words, the group
structure is induced by the group object structure on SL,.

Similarly, the set [P?, SLQ]Al also obtains the structure of a group using that SLo is
a group object in the pointed A'-homotopy category. The Eckmann-Hilton argument
given in [24, Proposition 2.25] can be applied in this scenario to show that this group
structure coincides with the conventional group structure, see also [2, Proposition 2.2.12].
Hence we may assume that the group operation on [P1, SLg]A‘1 is induced by the group
object structure on SLs. Combining these observations shows that the composition

(7, SLo]N — [7,SLoJA" — [P, SLyA"
is a group homomorphism. This is the map &) which proves the assertion. O
Corollary 59. The group [J,A?\ {0}]N is abelian.

Proof. Since [7,A2\ {0}] is isomorphic to [P1, SLy]4", the Eckmann-Hilton argument
shows that this group is abelian. O

Remark 60. Morel shows in [22, §7.3] that the group [P, A2\ {0}]4" is isomorphic to
KMW(k), the first Milnor-Witt K-theory group of the field k (see Definition 118 below).
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In short, the computation [22, Theorem 7.13] and the Al-weak equivalence between SLy
and A%\ {0} gives ﬂ‘fl(Az \ {0}) = K3™W. The contraction of this sheaf evaluated at
Spec k then computes [P, A2\ {0}]A":

[PY, A2\ {0}]* = 7l (A%\ {0})_1(Speck) = (K3™)_1(Speck) = KMW (k).

Hence our results show that there is an isomorphism [7, SLo]N = KMW (k). We make
this isomorphism explicit in Section 6.3.

Remark 61. For any two pointed matrices M, M’ € SLy(R), which represent pointed
morphisms 7 — SLo, there is a chain of elementary homotopies connecting M - M’ and
M' - M. We do not know of a general algorithm to construct this chain of homotopies
explicitly.

The following explicit naive homotopies will be used in the later sections.

Lemma 62. Consider a matriz M = <é _l}/) € SLy(R). Then M and (M~)T are

nagvely homotopic. Thus, the unimodular rows (A, B) and (U, V') are naively homotopic.

1-177 =T

Proof. Consider the matrix H = <T(2 _T?) -T2

) € SLo(R[T)). The matrix H

defines an unpointed homotopy from the identity matrix to <(1) 61 > It is straightfor-

ward to verify that the product HM H~! is a pointed homotopy between M and (M ~1)T
as claimed. O

Lemma 63. Consider a matriz (é _UV> € SLy(R) and let uw € k*. Then there is an

elementary homotopy

(g _UV> l’(uéB _“LJ‘V) (64)

Thus, the unimodular row (A, B) is naively homotopic to the unimodular row (A, u?B).

Proof. The matrix on the right-hand side of Equation (64) can be written as the following

(& #)=0 )G 7)6 ),

The diagonal matrices can be decomposed to a product of elementary matrices, which

product

gl= O

are all homotopic to the identity. O
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3.2. Action of degree O maps on degree n maps

Recall that we write [, P1]I¥ for the set of naive homotopy classes of maps J — P*
with degree n. We define a group action of [7,A? \ {0}]N = [7,SLy]N = [J,P1]Y on
[T, PLN for all n # 0. We start by first defining an operation on actual morphisms, and
then show that the operation respects the naive homotopy equivalence relation.

Definition 65. Let M : J — SLs be a morphism with corresponding matrix

()

and consider a map [sg, s1]: J — P! determined by n € N, the algebraic line bundle P,
or Q,, and generating global sections sg, s1.

We define M & [sg, s1]: J — P! to be the morphism determined by the same algebraic
line bundle with the generating global sections M @ [sg, s1] = [Asg — Vs1, Bsg + Usi]
which are obtained from the following matrix multiplication

A -V S0\ ASO - V81
B U s1)  \Bsg+Us1 /"

Proposition 66. Given a map [so, s1]: J — P with algebraic line bundle L (either P,
or Q,) and a map M: J — SLa, the construction M & [sg, s1] is a morphism from J
to P1. If both maps are pointed, the result is also pointed. Furthermore, the operation of
Definition 65 defines a left group action of [J,SLa]N on the set Smy(J,P1).

Proof. The morphism M: J — SLs is described by a matrix

(g V) € SLy(R).

We observe that U(Asqg—V's1)+V (Bsg+Us1) = sp and —B(Asg—Vs1)+A(Bsg+Usy) =
s1. By assumption, the sections sg, s; generate the algebraic line bundle £. Hence the
pair of sections Asg— V's1, Bsg+ Usy generate L as well. This proves the first assertion.

That the map [sg, s1] is pointed means that s; € j C R, or equivalently, s1(j) = 0
in R/j. That M is pointed means M (j) is the identity matrix. To verify M & [sq, s1] is
pointed, we must check that B(j)so(j) + U(j)s1(j) = 0, but this is clear as B(j) = 0 and
$1(j) = 0 from our assumptions.

The fact that the operation is a left group action follows from the associativity of
matrix multiplication and the definition of the group structure on maps J — SLo. O

The next theorem employs the notation of Definition 32 for morphisms J — P*.

Theorem 67. Let f: J — P! be a map of degree n. Then there exists a matriz M €
SLa(R) such that f = M @ (1,0:0,1),,.
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Proof. We prove the assertion for n > 0. The proof for n < 0 is similar. Let f = (ag, a1 :
bo, b1), with the notation introduced in Definition 32. For ¢,¢’,d,d’ € R, consider the
matrix

n n ./ M. M)
M:(a0+yc+wc a; —x'c zc> (68)

by —y"d —w™d" by + z"d + 2"d’

The matrix M can be written as the sum
fay a1 yrc+wd  —x"c— 2"
M= (bo bl) + <y”d —whd  ztd+ d )

By definition of @ and the notation in Definition 32 we compute

e+ whd  —x"c— 2"
(—yy"d —wtd  z"d+ 2"d ) ®(1,0:0,1)n
I'VL
| yre+wd —z"c— 2" 2"
= _ynd_wnd/ $nd+2’nd/ yn
wn
n noy | T om.an y"
B (y"c+w c){zn]—i-( x"c— ") w

<
3 3
Il
—
oo
[E—

g

(—y"d — w"d') [ﬁ:} + (2"d + 2"d")

The last equality follows from the relations y" Bn} = z" [5}4 and w" {xn} =

n
2" [3)"} . Hence, for any choice of ¢,c,d,d" € R, we have

wotosns e [£] (2] o[£ o [ 0 [£] 0 2]

= (ao,al . bo,bl)n.

We now show that there always exist ¢, ¢, d, d’ such that M € SLs(R). The determinant
of M is given by the formula

det(M) = agby —arbo+c(x™bo+y"by )+ (2" bo+w"by ) +d(z"ag+y" a1 )+d (2" ag+w"ay).

Since (ag, a; : by, b1), determines a morphism of schemes, it follows from Proposition 31
that the ideal I := (z™ag+y"a1, 2"ag+w"ay, by + y™b1, 2"bg +w™by) is the unit ideal.
Thus 1 — agb; — a1bp is in I, and there exist elements ¢, ', d,d" such that det(M) = 1.
This shows there exists M € SLy(R) satisfying f = M @& (1,0: 0, 1), as desired. O
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Theorem 67 implies that the action @ is transitive. More concretely, the theorem has
the following consequence:

Corollary 69. Let f,g: J — P! be two morphisms of degree n. Then there exists a matriz
M € SLo(R) such that M & f = g.

Proof. By Theorem 67, there exist M’ and M" such that M’ @ (1,0 : 0,1),, = f and
M" & (1,0:0,1),, = g. The desired matrix is given by M = M” - (M')~1. O

Remark 70. The SLo(R)-matrix M constructed in the proof of Theorem 67 is not al-
ways pointed, even if the map f we started with is pointed. For example, following the

construction for the map f = (1,1:0,1); yields the matrix M = <(1) }) which is not

pointed, since M (j) is not the identity matrix.

Remark 70 shows that we have to improve our argument in order to get an action on
pointed homotopy classes. We will now prove the necessary adjustments.

Proposition 71. Let f: J — P! be a pointed map of degree n # 0. Then there is a pointed
naive homotopy between f and a map of the form M @& (1,0 : 0,1),, for some pointed
matrizc M € SLa(R).

Proof. Let f = (ap,as : by, b1)n, where we may assume ao(j) = 1 by Proposition 30. By
Theorem 67 we can find a matrix M’ € SLy(R) such that M'&(1,0:0,1),, = f. However,
M’ may not be pointed. We can replace M’ with a pointed map M as follows. Assuming
M’ is of the form given in Equation (68) we get b1(j) + d(j) = 1. Moreover, this implies

that there is an element e € k such that M’(j) = <(1) i) and e = a1(j) — c(j). Define M

1
0

The assertion now follows from the fact that the morphism (ag—T'ebg, a; —T'eby : bg, b1)n

to be M = ( _16> M’'. We compute M @ (1,0:0,1),, = (ag — ebo, a1 — eby : by, b1 )n.

is a pointed homotopy between M & (1,0:0,1), and f, where T denotes the parameter
for the homotopy. O

Corollary 72. Let f,g: J — P! be two pointed morphisms of degree n. There exists a
pointed map M : J — SLo such that M & f is pointed naively homotopic to g.

Since the line bundle corresponding to the morphisms M & f and f are the same by
definition of @, it is clear that & preserves degrees of morphisms. Hence we make the
following definition.

Definition 73. Let [(A, B)] € [7,A%\ {0}|Y = [7,P!]Y be a pointed naive homotopy
class represented by the map with unimodular row (A, B) in R. Let [f] € [7,P!]Y be a
pointed naive homotopy class of degree n with n # 0 represented by a pointed morphism
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f:J — PL. We define [(A4, B)] @ [f] := [M @ f] where M is a completion of (A, B) to a
matrix in SLy(R) corresponding to a pointed map.

It remains to show that & respects naive homotopy classes.

Theorem 74. The operation of Definition 73 is well-defined and for each n € Z provides
the set [T, PYN with a left-action by the group [T, A%\ {0}]N.

Proof. First, consider a pointed map f = [sg, s1]. We show that [(4, B)] @ [f] is inde-
pendent of the choice of completion of (A4, B) to a matrix in SLy(R). So let

(A -V (A =V
=5 )= (5 )
be two completions to matrices in SLy(R) which correspond to pointed maps. Then the

o _ /
naive homotopy H(T') = (é Q(ﬂzf}v—&-—’—(l(l— T?()]‘//

H(T) @ f is a pointed homotopy between M @ f and M’ @ f.
Now we show that [(A, B)] @ [f] is independent of the choice of the representing
unimodular row (A, B). Suppose we have a pointed elementary homotopy (A(T'), B(T))

) is pointed independently of T, and

between two unimodular rows. Proposition 49 shows that we can lift it to a pointed

elementary homotopy M(T) = (gg:% _Uv(g?;)) € SLy(R[T]). Then M(T) @ f is a

pointed homotopy between (A, B) @ f and (A’, B') @ f. Now we consider a unimodular

row (A, B) and let M = g v be a lift to a matrix in SLa(R). Let fo, f1: J — P!

be two pointed morphisms which are homotopic via a pointed naive homotopy. Let
f(T): J x A* — P! be a pointed naive homotopy. We let £’ denote the line bundle
J x A' which corresponds to the morphism f(7'). We define the map H(T) := M @
f(T): Jx Al — P! with the same algebraic line bundle £ on J x Al and global sections

(A V) . (SO(T)) _ (ASO(T) —V31(T)>

We note that H(T) thus defined is in fact a morphism J x A! — P! since we have
U(Aso(T) — Vs1(T)) + V(Bso(T) + Us1(T)) = so(T), and —B(Aso(T) — Vs1(T)) +
A(Bso(T) + Us1(T)) = s1(T). By assumption, the sections so(7T'), s1(T) generate the
line bundle £'. Hence (Aso(T) — Vs1(T), Bso(T) + Us1(T)) generate L' as well. This
shows that H(T') defines a morphism. We now verify that H(T') is pointed by showing
Bso(T)+Us1(T) € j'. Pointedness of [so(T), s1(T")] means that s1(T)(j') = 0 in R[T]/§'.
Pointedness of (A, B) means M (j) is the identity matrix. We calculate

B(i)so(T)J") + U({")s1(T)() = 0 so(T)(i") +1-0=0
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which completes the verification. This shows that @ is independent of the choice of
representatives in both naive homotopy classes and completes the proof of the first
assertion. The second assertion then follows from Proposition 66. O

Remark 75. There are several variations to the operation given in Definition 73 that
produce valid group actions. For M € SLa(R), the operation in Definition 65 is given
by the matrix multiplication M - (s s1)T. We could have taken equally well either
M7T - (59 s1)T or M~1 - (89 s1)T, although this would give a right-action rather than a
left-action on maps. Up to homotopy, the latter two choices in fact agree, since M7 is
homotopic to M~! by Lemma 62. Thus there are two natural choices for this action,
one of which applies the inverse operation to the morphism in SLy(R) before acting. In
Appendix C we will use real realization to check which of these operations can represent
the group operation on [J ,Pl}Al induced from Morel’s group structure on []Pl,IP’l]Al
via 73,. In fact, in Examples 149 and 150 we show that only the choice of Definitions 65
and 73 can be compatible.

4. The group structure on [J, PN

4.1. The definition of the group structure

In this section we define an explicit group structure on [7, P!]N. We will then discuss
some alternative approaches and open questions.

Definition 76. Let —[id] denote the additive inverse of [id: P! — P!] under the con-
ventional group structure on [P!, P1]A". Define —x: J — P! to be a morphism which
represents the Al-homotopy class —[id: P! — P1] € [IP’I,IP’l]Al under the bijection
¢ [T, PN — [P, PYA" of Equation (8). More generally, for any integer n, let nw de-
note a morphism nw: J — P! which represents the Al-homotopy class nlid: P* — P1]
under the bijection ¢: [7, PN — [P, P1]A’

We are now ready to define a group operation on [7, P1]N.
Definition 77. Let f: J — P! and g: J — P! be morphisms of degrees n and m

respectively. By Corollary 72 there are degree 0 maps fo: J — P! and go: J — P! for
which f ~ fo @ nm and g ~ go @ mmw. We define the sum of [f] and [g] to be

(/1@ [g] = ([fo] @ [n7]) © ([g0] ® [mr])
([fo] @ [g0]) @ [(n + m)x].

The term [fo] @ [go] is calculated by matrix multiplication via Definition 53. The group
action of Definition 73 is used to compute (fo & go) ® (n + m)m.
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Remark 78. It follows from Theorem 74 that the operation @ of Definition 77 is well-
defined. We also note that, for n > 0, the proofs of Theorem 67 and Proposition 71 may
be used to write down a concrete algorithm to find a map fy such that f ~ fo & nrw for
any degree n map f.

Remark 79. For n > 0, we may construct morphisms nm by using Cazanave’s group
operation on morphisms [P! PN and lift it to an element in [J,P!N. A recursive

description of the maps nw for n > 0 can be given as follows: Set Gg = 1 and G; = {j} .

For n > 0, we define G, 41 recursively by setting

2
Gn+1 - |:§:| . Gn - |:5}2:| . anl

where we recall that multiplication of sections is induced by component-wise multiplica-
tion in R. For n > 0, the morphism nr is given by sections

6. [1] 6]

We note that [(1,0:0,1),] is in general not equal to [nx] for n > 1. We will explain this
observation in Remark 104 using Morel’s motivic Brouwer degree and the work of Kass
and Wickelgren.

We are now ready to prove the following important result.

Theorem 80. The operation ® turns the set [T, PN into an abelian group. Moreover,
there is an isomorphism of groups ¢: ([J, PN, ®) = ([Pl,Pl]Al,@Al).

Proof. We observe that the set {[n7] : n € Z} inherits the structure of an abelian group
from Z. In Definition 77 we construct the group ([j , PN, @) as the direct product of
the two groups {[n7] : n € Z} and [J, A%\ {0}]N. Both are abelian by Corollary 59. This
implies the first assertion.

By definition of the operation @, the group ([J,]P’l]N,EB) fits into the short exact
sequence displayed in the top row of Diagram (81) below. By the work of Morel in [22,
§7.3], the group ([IP’I,IP’l]Al, EBA1> fits into the short exact sequence displayed in the
bottom row.

| — [T, A\ {0} —— (7, PN 7 (81)

&o \L = % o
Y
deg

1 —— [PLA2\ {0}}A —= [PLPA —2Z ——>1
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By Theorem 58, the vertical map &y on the left-hand side is an isomorphism. The vertical
map g on the right-hand side is an isomorphism as well. We define ¢ to be the unique
group homomorphism satisfying ([7]) = [id] and ¢([fo]) = &o([fo]) for all [fo] € [T, A%\
{0}]N. The diagram commutes by our definition of ¢. Since £, and the right-hand vertical
map in Diagram (81) are isomorphisms, ¢ is an isomorphism of groups as well by the
five-lemma. O

4.2. Open questions and potential alternative approaches

Recall the map &: [7,P!N — [P, P!]A" which is the composite of the canonical
map v: [J,PN — [j,]P’l]A1 and the inverse of the induced map 7y, : []P’l,IE”l]A1 —
[T ,IP’l]Al. Unfortunately, Theorem 80 does not imply that the bijection £ is a group
isomorphism. However, since £ restricts to an isomorphism on the subgroups [J,A? \
{0}]N and {[n7]|n € Z}, we do believe that the bijection ¢ is a group isomorphism,
which we state as a conjecture below.

Conjecture 82. The bijection &: [T,PHN — [IP’l,IP’l]Al is a group isomorphism and
equals .

One obstacle to prove Conjecture 82 is that, for n < 0, we do not know which mor-
phism J — P! is sent to n[id] under £. In particular, we do not know which morphism
J — P! is mapped to the motivic homotopy class —[id : P! — P1]. A potential candi-
date for —7 may be the map 7 = (1,0: 0, —1)_; determined by the line bundle Q; and

generating sections
T z
S0 = <y) and s; = — (w) .

Question 83. Is 7 the inverse of 7 for @, i.e., is 7 naively homotopic to —7?

In Appendix C we present further evidence for Conjecture 82. We use the real real-
ization functor for fields £ C R and Morel’s theorem which states that the signature of
the motivic Brouwer degree equals the topological Brouwer degree under real realiza-
tion. This provides a potential obstruction to the compatibility of @A and the action
of [7,A%\ {0}]N on [J,P]N. We then compute concrete examples and show that other
choices for the action of [7, A2\ {0}]N on [7,P!]N are not compatible with &', while
our choice of operation in Definition 73 is compatible with ®A" after real realization in
the chosen examples.

In Proposition 103 we show that the naive homotopy class of 7 is mapped to the
class ((1),1) in GW (k) xjx /px2 k™ as expected if £ is a group homomorphism. Based on
the computations in Appendix C we prove in Theorem 105 that the image of [7] under
the motivic Brouwer degree is the class —(1) in GW (k). This brings us very close to a
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positive answer to Question 83. We are, however, not able to compute the resultant, i.e.,
the image of 7 in k*.
We end this section with comments on potential alternative approaches:

Remark 84. Since 7 is an Al-weak equivalence, it induces a bijection m,: [T, T ]N —
[7,P1N. Hence there is a bijection between [P!,P1]A" and the set of pointed naive
homotopy classes [J, J|N. In [11, page 31] Cazanave speculates whether [7,J]N can
be used to study the group structure on [P?!, Pl]Al. A morphism J — J corresponds
to a ring homomorphism R — R, or equivalently, the data of a (2 x 2)-matrix with
entries in R and with trace 1 and determinant 0. For every map f: J — P! we can
find a map F': J — J such that f = 7o F. We will refer to such a map F as a lift
of f. There is a particularly nice way to construct a lift in the case f: J — P! has
degree 0. Assume that f is given by a unimodular row (A, B). Let U,V € R be such that

(g —UV> has determinant 1. Then F is given by the matrix (ﬁg gg) which has

trace 1 and determinant 0. Composing the map with 7 yields the J — P! map given
by either [AU : BU] or [AV : BV], whenever they are defined, which coincides with the
map corresponding to the unimodular row (A, B). If f has non-zero degree, there is also
a concrete procedure to find a lift of f, which we leave to the reader.

Since morphisms J — J can be represented by matrices, it may seem plausible that
one can find a suitable operation on [, J|N which may help to describe the group
([P!,P1A", @&A"). However, neither addition nor multiplication of matrices equip the set
[7, TN with an operation which is compatible with the conventional group structure on
[P, IP’l]Al. We have verified in examples that composition of maps in [J, J] descends
to the operation o on [P, PN of [12, Definition 4.5]. As pointed out in [12, Remark
4.7] the latter does not distribute over the conventional group structure on [P!, ]P’I]A‘l.
We were not able to make a reasonable guess which other operation on [7, J]N might
work. We have therefore not pursued this path further.

Remark 85. An alternative approach to construct a group structure on [7, J|N may be
the following. One can hope to construct a cogroup structure on 7. However, this is not
so easy, even though Asok and Fasel have done much of the work to make thwssible.
In [3], Asok and Fasel give an explicit construction of a smooth scheme J V J that
is Al-weak equivalent to the wedge sum J V J. We have constructed an explicit map
J — JV J that conjecturally represents the pinch map P! — P! Vv P!. We also have
a candidate for a map representing the inverse map J — P!, but unfortunately both of
these claims have proven too difficult to verify. We therefore decided not to include this
construction in this paper.

5. Compatibility with Cazanave’s monoid structure

The goal of this section is to show that the map
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% (PLPYN,8N) = ([7, PN, @)

is a morphism of monoids, where @~ denotes the monoid operation defined by Cazanave
n [12]. We will achieve this goal in Theorem 96.

5.1. Compatibility with certain degree 0 maps

We first study an important family of degree 0 morphisms and their compatibility
with @, &, and 7.

Definition 86. For u,v € kX, we write g, for the pointed morphism J — A2\ {0} given
by the unimodular row (x + 2w, (u — v)y) in R. This unimodular row can be completed
to the SLa(R)-matrix

- T+ Tw o etz
WY (u—v)y T+ Lw

We now prove some basic properties of the maps g, , which will be necessary to show
that Y is a monoid morphism.

Lemma 87. For all u,v,s € k™, we have the identity gu,v ® gv,s = Gu,s. In particular, we
have Gu,v >, Gvu = (]-a 0) and Gu,v © Gv,1 = Gu,1-

Proof. A direct computation, using zw = yz, shows

B 2 + uv;;vsmw + ’LU UUS;U{IJZ + —v;s-l;uvzw
m My,s ( D) 2

u—s):r:y—i—(u—s)wy a® 4 WS gy + Ly

and since x + w = 1, this simplifies to the matrix m, s. Then g, v ® go,u = Ju,u = (1,0)
and gy.» @ gv,1 = gu,1 are special cases for respectively s =w and s =1. O

Lemma 88. Let u,v,c € k™. Then [gu.v] = [gc2u.c20]-
Proof. By Lemma 63, we have

Guo = (x + %w, (u— v)y) ~ (x + %w, c2(u - v)y) = ge2y,c2p. O
Lemma 89. Let u,v € k* and let v be a square. Then we have [gy.1] ® [gv.1] = [Guv,1]-
Proof. Lemma 88 and Lemma 87 imply

Gu,1 @ Gv,1 = Gu,l S2) 91,1/v = Gu,1/v = Guv,1,

and hence the claim. 0O
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Now we study the relationship of the maps g,, , with @ and 7{;. We adopt the following
notation from Cazanave [12]: For u € k*, we identify a rational function X/u in the
indeterminate X with the morphism P — P! defined by [z¢ : 21] + [20 : ux1]. We then

() [E]) ow )-[o[2]

as maps J — P!. Our next goal is to prove Proposition 92. To do so, we need some

have

preparation.

Lemma 90. For every u € k*, we have g, ®m =75 (X).

Proof. A direct computation using the facts that z LZI/}] =y [i} and z {g)} =w [ﬁ]
shows
4+ %w =z x Y
QUI@W_((uly x+uw>@Hz}’[w”
1 x u—1 Yy 1 Yy
;U—l—aw St ) |w ,(u—1)y + (z + uw)

and hence the result by definition of the maps involved. O

Lemma 91. For all u,v € k*, we have the identity

© X L (X
o DT | — | =75 — ).
Gu, NS N\

Proof. Using Lemmas 87, 90, and Definition 77 we get

(X (X
Gu,v SR\ ? = (gu,v 3] gv,l) b= Gu,1 OrT=my ;
and hence the result. O

We are now ready to prove a key result for the compatibility of 7§ with the monoid
operations.

Proposition 92. Let u € k* and f: P! — P! be a pointed morphism. Then there is a
pointed naive homotopy

™ (% o f) >~ Gu1 P <7Tf{1 (% eN f))
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Proof. We begin by clearly describing the maps under consideration before defining our

naive homotopy. A pointed morphism f: P! — P! of degree n can be expressed as a

n n—1
rational function 4 = X tan 1 X0 +400 where res(A, B) is a unit by Proposition 22.

br_1 X"~ 14 +bo
If we define

(FOa Fl) = (a’ﬂ + a’nflan_lﬁ +...+ aoﬁnvbnflan_lﬁ +...+ boﬁn) € (R[Ck, B](n))2 s

then 73 (f) = [s(Fb), s(F1)] with respect to the invertible sheaf P, by Proposition 35
and Remark 36. Note res(Fp, 1) = res(A, B) is a unit. Write fo = s(Fp) and f; = s(Fy),
so that 7 (f) = [fo, f1] to simplify the notation.

The map 7§ (% aN f ) is described as the following matrix product by the calculation
of Cazanave [12, Example 3.3] when interpreted in the notation of Remark 36:

sy )

Note that here we use the isomorphism P, ® P, =N Pr41 of Proposition 20 to identify
the product of a pair of column vectors with its image in P, 41, where we recall that
multiplication of sections is induced by component-wise multiplication of elements in R.
The pair of generating sections that determine the morphism g, 1 ® (7r* (% N f)) is
given by the matrix product

(X)) (et s
9“71@<7TN<T€B f>>_<(u—1)y r+uw )’

Note that we have the following equality of matrix products

SESEIRS IS
|
(an)
g
—_
7 N
s
=Oo
N———

x y E iy [y
(w—i—lw u_—12) Py _[w] z] —(r+ ) w
(u—1)y z+uw y 0 oY (1—u)y Yy
w | w
. Ty
_| Lz o w (1 “T‘ly>
ul? 0 0 1
_w_

This motivates the definition of the matrix h(7") defined by the following product.

WT) = m K [3] (L T (fo
um 0 (0 ! )(f)
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fo m + 4T h H —h 5;]
lo | 4] + vt |

We claim that the rows of the matrix h(T) provide generating sections of the line
bundle piP, 1 on J x Al where p1: J x Al — J is the projection to the first factor.
This implies that h defines a morphism h: J x A' — P! and that h is a pointed
homotopy from h(0) = 7% (% ®N f) to h(1) = gu1 ® (7§ (% oN f)).

Define H(T) by
wn =5 50) (0 =) (#)

_ Foa + %yTFla — %Floz
uFoB + (u — 1)yTFi8

Since res(Fy, F1) is a unit, Lemma 135 implies that the pair of polynomials (Fo—l-“T*lyTFl,
F1) over the ring R[T] has unit resultant. Lemma 136 then implies that the resultant

-1 1
res <F0a + u—yTFloz — —Fa,uFyf+ (u— 1)yTF15>
u u

is a unit as well. Finally, Proposition 41 shows that h is a morphism and thus the desired
pointed naive homotopy. O

To give a concrete example of the homotopy constructed in the proof of Proposition 92,
we look at the special case f = X/1:

Example 93. For every u € k*, the morphism H defined by

o [[E] e 2] - ) [5] < [2]

(1)~ (u— 1)y) [g]]

is a homotopy between H(0) = g,1 @ 7% (£ @Y &) and H(1) = nf (£ &N £).
5.2. The map my; is a monoid morphism

We will now prove that the map 7% : ([P!, PN, @N) — ([7,P!]N,®) induced by 7
is a morphism of monoids.

Lemma 94. We have
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where there are n summands on both sides.

Proof. Since vp:1 (%) = idp1 and vp: is a morphism of monoids by [12, Proposition 3.23],
we have the equality n[id] = [£ &N --- @V 2] in P!, PYA". Thus, (£ eV N X

is naively homotopic to nw. By definition, [7] & --- @ [x] = [n7], hence the result fol-
lows. O
Proposition 95. For uy,...,u, € k* we have

™\ Y w wn )~ N ) N ™\, )

Proof. Since both @ and @ are commutative and & is associative, we may apply Propo-
sition 92 and Lemma 94 to compute

X X X X X
™ (—@Nm@Nu—) ~ Guy1 BT (T@N—@N-~@N—)

U1 U2 Un
X X X X
>~ Guy 1 © Guy 1 O Y (1 @NT@NU*:S@N"'@N un>

~ Jui 1 D D Gu, 1 O NI

= (Gur1 © ) © (Gus,1 D7) D -+ D (Guy 1 D7)

(X « (X
~ TN u_1 D--- Dy )
n

The final step follows from Lemma 90. O

Theorem 96. The map mf: ([PY, PN, ®N) — ([7, PN, @) induced by 7 is a morphism
of monoids.

Proof. Let f,g: P! — P! be two pointed morphisms. By [12, Lemma 3.13], [P, P!]N is
generated by elements in degree 1. Hence we can assume f ~ % eV % eN...oN uﬁ and
g~ Uﬁl N 5(—2 eN...oN % for some uq,...,Un,V1,...,0yn € k. Then Proposition 95
implies the identity

and hence the result. O
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6. Group completion

The morphism 7: J — P! induces the following commutative diagram of solid arrows.

17, PN T (7, PYA (97)

A
ol T e

[]PI’]PA}N []P’I,JP’I}Al

V]P’l

Recall that £ = (73.) "' ovy denotes the bijection ¢: [, PN — [P!, ]P’l}Al of Equa-
tion (8).

Lemma 98. We have the identity of morphisms & o = vp1.

Proof. Since the outer square in Diagram (97) commutes, we have (75,) ' ovg omf =
vpi. Since & = (13,) "' o vy by definition, this shows

§omy = vp
as desired. O

In [12, Theorem 3.22] Cazanave proves that the canonical map vp1: ([P!, PN, oN)—

([Pl, Pl]Al,@A1> is a group completion. Hence there exists a unique group homomor-
phism

w: ([Pl,Pl]Al,@Al) N ([j,Pl]N7€B)

making the lower triangle in Diagram (97) commute.

We will show in this section that 7§ has image in a certain subgroup and induces a
group completion. Together with Cazanave’s result this implies that we have a canonical
isomorphism between the two group completions induced by 7y and vp1, respectively.
The main result is proven in Theorem 113.

6.1. Motivic Brouwer degree

In [21] Morel describes the analog of the topological Brouwer degree map in Al-
homotopy theory. For pointed endomorphisms of P! it defines a homomorphism

deg® : [PL,P1A" — GW (k).

We recall that by the work of Cazanave [12, Corollary 3.10] and Morel [22, Theorem
7.36] the map given by
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£ (deg™ (), res(f)).

where res(f) denotes the resultant of f as in [12], which we recalled in Proposition 22,
induces an isomorphism of groups

p: [PLPYUAY 25 GW(E) X e k7. (99)
Since our definition of deg is compatible with the notion of degree of a rational function
used by Cazanave in [12], the work of Cazanave and Morel implies that, for every pointed

morphism f: P' — P! we have

deg([]) = rank (deg™'([f]))

where rank denotes the homomorphism GW (k) — Z induced by the rank of a quadratic
form. For a pointed morphism g: J — P! with £([g]) = [f], we have

de([g]) = rank (deg*'(€[g])) -

Hence we have the commutative diagram

[T, A2\ {0}¥ (7, PN

o \L = 19 l bijection ~

Pic(7)

q

1 —— [PLA2\ {0}]*' —— = [PL,P1A" — =% . pic(Pl) —

S

1 ——> GW(k)o Xpx e kX ——= GW(k) X o oz B —os

(100)
where GW (k)o Xjx /x> k™ denotes the kernel of the rank homomorphism.
Proposition 101. The map 7 is injective.

Proof. By Lemma 98 we know £ o 7y = vp1. Since £ is a bijection, it suffices to show
that vp1 is injective. The isomorphism p fits into the commutative diagram

vp1

(P!, PN (P!, P1A

i: :ip

MWS(]C) ka/kX2 kx — GW(]C) ka/kX2 k>
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where MW?(k) denotes the stable monoid of symmetric bilinear forms as in [12, Defini-
tion 3.8] and ¥ is the group completion induced by the group completion v: MW?(k) —
GW(k). Since the vertical maps are isomorphisms by [12, Corollary 3.10] and [22, §7.3],
vp1 is injective if and only if © is injective. To show that © is injective, it suffices to show
that the group completion v: MW?(k) — GW (k) is injective. Since MW? (k) satisfies the
cancellation property by the definition of MW?* (k) in [12, Definition 3.8], respectively by
Witt’s cancellation theorem, the map v is indeed injective. This proves the assertion. O

Proposition 102. Let u,v € k*. If u # v, then [gy.1] # [gv.1]-

Proof. Assume that u # v € k™. By Cazanave’s work [12, Corollary 3.10], this implies
[X/u] # [X/v]. By Proposition 101 this implies 75 ([X/u]) # #%([X/v]). By Proposi-
tion 92 we have 75 ([X/u]) = [gu1] ® 7 and 7% ([X/v]) = [gv1] & 7. Since [T, PN is a
group, this implies [gy,1] # [gv1]. O

Proposition 103. For every u € k* we have

(e (€lmie (/) res(Elms (X/w)]) ) = ({u), w) in GW(R) X e B

In particular, for m{(X/1) = n, we get

(aeg™" (¢ln]), res(€[r])) = ((1),1) i GW(K) X iz K™

Proof. By Lemma 98 we know &[n5(X/u)] = vpi([X/u]). In [12, 3.4] Cazanave shows
that the image of vp1 ([X/u]) in GW (k) Xjx /x> k> is ((u),u) by assigning it to the rank
1 symmetric matrix [u], which has determinant u and corresponds to the quadratic form
(u). O

Remark 104. We note that, since [(1,0 : 0,u),] = X™/u, the work of Kass and Wickelgren
1

in [18, Lemma 5] implies that we have deg® (£([(1,0 : 0,u),)])) = (u) + 2-1(1,-1) for

n odd, and degAl(f([(l,O :0,u),)])) = 5(1,—1) for n even. On the other hand, by the

choice of the morphism nz in Definition 76 we have degAl(g([mr])) = degAl(n[id]) =
n(1l). In particular, this implies that [(1,0: 0,1),] and [n7] are in general not equal for
n > 1 which explains our comment at the end of Remark 79.

In light of Question 83 we would like to show that p(£[7]) is the class (—(1),1) in
GW (k) Xjx x> k. We are not able to confirm this yet, since we do not know how to
compute the resultant of £[7]. We can, however, show the following fact based on the
computations of topological degrees in Appendix C. We thank Kirsten Wickelgren for
mentioning to us the idea to use the arguments of [8] and [9] to reduce the computation
to the Grothendieck—Witt group of the integers.
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Theorem 105. For every field k, we have
1 ~ .
deg® (¢[7]) = —(1) in GW(k).

Proof. First we assume k = Fy. By [12, Lemma 3.13], [P!, P!]Y is generated by elements
in degree 1, i.e., the class of X/1 generates [P!, P!|N. Since vp:: [P1, PN — []P’l,IE”l]A1
is a group completion, this implies that degﬁ1 : [P, ]P’l}Al =N GW(F3) = Z is an isomor-
phism, where we refer to [20] for the Grothendieck group GW (F2) of symmetric bilinear
forms over Fy and the isomorphism GW (F3) = Z (see [9, Lemma B.5], [20, IIT Remark
(3.4)]). Since the right-hand side of Diagram (100) commutes, the fact that we have
deg ([7]) = —1 implies deg® (£[#]) = —(1) in GW (k).

Next we let k be a field of characteristic 2. Then the canonical morphism Speck —
Spec Fs induces a commutative diagram of group homomorphisms

1 1
LR — [P R

1 1
degfe, l l degj

GW(F,) GW (k).

Since 7 is defined over Iy and degﬁl (&[7]) = —(1) by the first case, this implies
degft’ (€[7]) = —(1) in GW(k).

Now we assume that k is a field of characteristic # 2. The proof for this case is also
based on the fact that 7 is already defined over Z and not just k. To make the argument
work, however, requires a bit more effort. For a ring S, let SH(S) denote the stable
motivic homotopy category over Spec S. Let KOy € SH(k) denote the motivic spectrum
over Spec k which represents Hermitian K-theory. It is equipped with a unit morphism
ep: 1y, — KOy in SH(k). Let s: []P’l,]P’l]Al — ﬂz’O(Spec k) denote the homomorphism
defined by stabilization and note that there is a canonical isomorphism K Og’O(Spec k)=
GW (k). We then define the homomorphism ¢ as the following composition:

§5: [PYPUA 5 199(Speck) <5 KO (Speck) = GW (k).

We claim that the homomorphism § can be identified with the motivic Brouwer degree
deg‘,?1 over k. To prove the claim we follow the argument of Levine and Raksit in [19, proof
of Theorem 8.6, page 1845]. By Morel’s computation [22, Theorem 6.40], the isomorphism
GW(k) = lg’o(Spec k) sends (u) € GW(k), for u € k%, to s(vp1[X/u]), the image of the
class of X/u: Pt — P}, [zo : 21] = [v0 : uzy], in 17°(Speck). Hence the classes
s(vp1[X/u]) for all u € k* generate ﬂg’O(Spec k). Thus, in order to prove the claim it
suffices to show that é(vp1[X/u]) = (u) in GW(k), since deg’sl([X/u]) = (u) € GW(k).
That is, we need to show ey (s(vp1[X/u])) = (u). This follows from [1, Corollary 6.2]
which proves the claim.
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In [8, §3.8.3] Bachmann and Hopkins construct a motivic spectrum KOy € SH(Z)
with a unit morphism €%, : 1z — KO7, and write KOj, and ¢, for the pullback of KOy,
and €7, to SH(k) along the canonical morphism Spec k — Spec Z. Since the characteristic
of k is not 2, there is an equivalence of ring spectra KOj, ~ KOy, by [8, Lemma 3.38 (3)],
which induces an isomorphism (KO})%%(Spec k) = KO%O(Spec k). Thus, there is an iso-
morphism (KO})%(Spec k) = KO;"°(Spec k) which fits into the following commutative
diagram.

99(Speck) —= (KO})*(Speck)
KOg’O(Spec k)

By the above, we may therefore identify deg‘,’?1 over k with the composed homomorphism

P, PYA" 5 199 (Speck) 4 (KO')OO(Speck) KO} (Speck) = GW (k).

Furthermore, by [8, Lemma 3.38 (2)], there is an isomorphism 7 o(KO7) = GW(Z),
where GW(Z) denotes the Grothendieck—Witt group over Z defined in [20, Chapter
11]. Let [P',P!]4" denote the set of endomorphisms of P! in the pointed unstable A’-
homotopy category over Spec Z. We now define the homomorphism deg%1 : [P, IP’W%I —
GW(Z) as the composition

degh': [PL,PYA" %2, 190(SpecZ) 2 (KOY)™(SpecZ) = GW(Z).

The canonical homomorphism Z — k then induces the following commutative square

1 deg%l
[P, PYs GW(Z)
| :
(P!, Pa —— GW(k)
deg‘,f

where by: GW(Z) — GW(k) denotes the change of coefficients homomorphism. As
a consequence we see that if [f] € [P1,P!]A" is in the image of the homomorphism
[PL,PYA" — [P PYA" then

degs ([f]) = bx(degs ([f]))- (106)

By [9, Lemma 5.6] (see also [20, Theorem I1.4.3]), GW(Z) is generated over Z by the
classes (1) and (—1). For a class w € GW(Z), let wc and wr denote the images of
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w in GW(C) and GW(R), respectively. Then w € GW(Z) is uniquely determined by
the integers rank(wc) and sgn(wgr), given by the rank and signature of w¢ and wg,
respectively, via the formula

" rank(w(c);— sgn(wr) a) + rank(wc)g— sgn(wr) (—1) € GW(Z). (107)

Since J and both morphisms 7 and 7 are defined over SpecZ, we can now apply
the above observations to prove the assertion of the proposition. Since 7 is an A'-weak
equivalence over Spec Z as well, we can form the pointed A'-homotopy class &z ([7]) :=
[For~ 1A' ¢ [P, Pl]‘gl defined by the zig-zag P2 <~ Jz I P}. The class &z ([7]) is sent
to & ([7]) under base change. Thus, by the above arguments, to determine deg‘,’?1 (&[x]) in
GW (k) it suffices to compute the rank and signature of deg‘%1 (&z[7]) after base change
to C and R, respectively. Since the right-hand side of Diagram (100) commutes, the
fact that we have deg ([7]) = —1 implies rank(degél (&[7])) = —1. In Appendix C and
Example 148 we show that the signature of degﬁ1 (&[7]) over R is —1. Thus, by Formula
(107), we get deg‘%1 (&z[7]) = —(1) in GW(Z). By Equation (106) we can therefore

1

conclude that degf (£[7]) = —(1) in GW(k). O
6.2. Group completion of naive homotopy classes

We will now describe the homomorphism 1: ([Pl,Pl]Al,@Al) - ([7,PN, @)
induced by the universal property of the group completion vp: in more detail. By
[12, Lemma 3.13], [P!,P1]N is generated by elements in degree 1, i.e., it is generated
by the set of classes [X/u] for all w € k*. Hence, since vp: is a group completion,
every element in [IP’l,IF’l]Al of degree 0 can be written as a sum of the differences
Yuw = vp1([X/u]) — vp1 ([X/v]) for suitable u,v € k*. Thus the set of classes v,
for all u,v € k* generates the subgroup [IF’17]I”1]0A1 of degree 0 elements. Because of
this we would like to understand the image of the ~, , under . Since ¥ is a group
homomorphism, we know 9 (vy,,) ® ¥ (vp1 ([X/v])) = ¢ (vp1([X/u])). Since Yovpr = 7y,
this implies ¥(vun) ® ([ X/v]) = 75([X/u]). By Lemma 91, the map g, ., satisfies
[Gu.0) & 5 ([X/v])) = 7% ([X/u]). Hence, since [J, PN is a group, we get

Y (Yu,w) = [Gu,] In [j»]l)l]N‘
This motivates the following definition of the subgroup G C [, P!]N.
Definition 108. Let Gg := ([gu.]|u,v € kX) C [J,A%\ {0}]N denote the subgroup
generated by the homotopy classes of the maps g,.. Let G C [, P1]N be the subgroup

generated by Gg and [r].

We note that by Lemma 87, we have —[gy] = [gv,u], while [gy,] is the neutral
element, and we therefore have —([gy,»] ® £n[7]) = [gv,u] B Fnl[r] in G.
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Remark 109. By Lemma 87, we have [gy.] @ [gv,1] = [gu,1] for all u,v € k*. Thus, every
element in Gg is a sum of differences of elements in the submonoid of [7,A? \ {0}]N
generated by the set of homotopy classes [gy,1] for all w € k*. This implies that the
inclusion of the submonoid of [7, A2\ {0}]N generated by the set of homotopy classes
[gu,1] for all w € k* into Gy is a group completion.

Lemma 110. The morphism of monoids 7% : [P, PYN — [7, PN has image in G.

Proof. By [12, Lemma 3.13], [P!,P!]N is generated by elements in degree 1, i.e., it is
generated by the set of classes [X/u] for all v € k*. Hence it suffices to show that
7% ([X/u]) is contained in G. This follows from Lemma 90. O

Proposition 111. The morphism of monoids 7% : [P, PN — G is a group completion.

Proof. Let H be an abelian group and p: [P!,P!]N — H be a morphism of monoids.
We will show that there is a unique homomorphism of groups p: G — H such that
Lo = [

We set i([n]) := p([X/1]). By Lemma 91, we have [gy,,] & 75 ([X/v]) = 75 ([X/u]) in
G C [J,P!N. Hence compatibility with u forces the definition

Fil(gu.o]) = p([X/ul) = p([X/0]).

By definition of G this induces a unique group homomorphism f, once we have shown
that it is well-defined.

Now we show that j1 is well-defined. Because G = Gg @ Z, all relations in G amongst
the generators arise from relations of the classes [gy,,]. Consider a relation of the form

[gul,vl] D...P [gusﬂ)s} =0. (112)

We must then show that >, i ([gu, +,]) = 0 in H. Since G is a group and by Lemma 91,
we have

Zgul,vl@wN (X /vy]) Z?TN X /ui]).

Since G is abelian, this implies

Z[gm v ZWN [X/ui]) — mx ([X/vi]) ZWN [X/ui]) — ZWKI([X/UZ]) =0.
Hence

S X i) = Y (X wi)

%
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in [P, PN, Since 7 is an injective monoid morphism, in [P*, P!|N we have the equation

Z[X/Uz‘} - Z[X/Ui]~

K3 K3

It thus follows that

" (Z[X/ui]> =y (Z[Mw]) in H.

A A

We calculate

z (Z[gm,@io = > X fui) = (X fi]) = 0,

2

as desired. This shows that u is well-defined.

It remains to show fiomy; = p. By [12, Lemma 3.13], [P, P1]N is generated by the set of
classes [X/u| for all u € k*. Hence p is completely determined by the images of [ X /u] for
all w € k*. Thus, in order to show promy, = p, it suffices to show g (7§ ([X/u])) = p([X/u])
for every u € k. This is now immediate from the definition of 1z and Lemma 91:

This shows that 7f;: [P}, PN — G has the universal property of a group completion
and finishes the proof. O

Theorem 113. There is a unique isomorphism of groups

1

x: G — [P, P12
such that x o mfy = vp1. The homomorphism x sends [gy.,] to the unique element 7y, ,
that satisfies vp. ([X/u]) = Yuw &A" vpi ([X/v]) and [x] to [id]. Moreover, x and the
homomorphism
v: [PLPYA - G C g, PN

are mutual inverses to each other.

Proof. The existence of x and its definition is a consequence of Proposition 111 and
its proof. The assertion that x is the inverse of ¢ follows from the fact that vp: is a
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group completion proven by Cazanave in [12, Theorem 3.22] and the universal property
of group completion. 0O

As a particular consequence of Theorem 113 we get the following result.

Proposition 114. The restriction xo of the homomorphism x to Gg defines an isomor-
phism of groups

Xo: Go = [P1, A2\ {0}
Proof. The elements 7, , are of degree 0, and hence they lie in the subgroup [P*, A2\

{0}]A". As a consequence, the homomorphism y and its restriction o fit in the following
commutative diagram of abelian groups.

1 Go G z 1

1 —— [PLA2\{0}A —= PLPA —~Z =1

Since the middle and right-most maps are isomorphisms, the assertion follows from the
five-lemma. O

The existence of the isomorphisms G % [P1, P1A" <2 [7, PN does not imply that
G equals [J,P1]N. However, we make the following conjecture on the a priori subgroups
Gy and G.

Conjecture 115. The inclusions Go C [J,A? \ {0}]N and G C [T, PN are equalities.

We will show in Theorem 123 in Section 6.3 that Conjecture 115 is true whenever
k =T, is a finite field. This follows from an explicit computation of Go and KW (IF,),
the first Milnor-Witt K-theory of F,.

Remark 116. It follows from the structure of the group G as a product of Gy and
{n[r]|n € Z} that in order to prove Conjecture 115 it suffices to show that the inclusion
Go C [J,A?\ {0})N is an equality, i.e., that the set of homotopy classes [g.,] for all
u,v € k* generates the group [J,A? \ {0}]N.

Remark 117. If Conjecture 115 is true, then the group homomorphism 1: [P!, P1]A" —
[7, PN, induced by the fact that vp: is a group completion, is an isomorphism and it
agrees with ¢!, the inverse of the isomorphism of Theorem 80. We note, however, that
this does not yet imply that the bijection £ = (75,) tov: [J, PN — [P PYA is a
group homomorphism.
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6.3. Milnor-Witt K-theory and morphisms in degree 0

Our final goal is to prove Conjecture 115 for finite fields. For the proof we use the
Milnor-Witt K-theory of a field which we now recall from [22, Definition 3.1].

Definition 118. The Milnor-Witt K-theory of the field k, denoted KMW (k), is the graded
associative ring generated by symbols [u] in degree 1 for v € k* and the symbol 7 in
degree —1 subject to the following relations:

(1) Foreach u € k*\ {1}, [u].[1 —u] =0.

(2) Fo r each pair u,v € (KX)?, [uv] = [u] + [v] + n.[u].[v].
(3) Foreach u € k%, n.[u] = [u].n.

(4) Le t h:=1n.[-1] 4+ 2. Then n.h = 0.

Remark 119. It follows directly from the defining relations for KMW(k) that [1] = 0
and 7.[u?] = 0 for each u € k*. See [22, §3.1] for a proof and other basic properties of
Milnor-Witt K-theory.

Recall that Go = {[gu.o] |u,v € kX) C [J, A%\ {0}]N denotes the subgroup generated
by the homotopy classes of the maps g, . In this subsection we write Go(k) and G(k)
for the groups Gy and G, respectively, to emphasize the dependency of the base field k.

Proposition 120. For every field k, there is an isomorphism Go(k) = KMW (k).

Proof. By Proposition 114, we have an isomorphism xq: Go(k) =N [P A2\ {O}]Al. As
recalled in Remark 60, the work of Morel in [22, §7.3] implies that there is an isomorphism
of groups [P, A2\ {0}]A" = KMW (k). The composition of these isomorphisms yields the
assertion. 0O

Lemma 121. Let k = F, be a finite field of odd characteristic. Let vi,va be non-squares
in FX. Then we have [v1vs] = [v1] + [va] in K™V (F,).

Proof. Since ¢ is odd, the kernel of the squaring homomorphism has two elements, —1
and 1, ie., F/F ? = 7,/27. Because 1 is a square, the set F, \ {0,1} contains more
non-squares than squares. Construct pairs (¢,1 — ¢) from elements ¢ € F, \ {0,1}, and
observe that there must exist at least one non-square t such that 1 — ¢ is also a non-
square. For the rest of the proof we fix ¢ to be one such non-square. By relation (1) in
KYW(F,), we have [t].[l — ¢] = 0. Let vy, vz be non-squares in F . By relation (2) of
Definition 118 we have

[v1v2] = [v1] + [v2] + n.[v1].[v2]
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Hence to prove the assertion of the lemma it suffices to prove 7.[v1].[va] = 0 in KMW(F,).
Since F ¢ /F<? = 7 /21, there exist units ¢; and ¢y such that ¢it = v; and ¢3(1 —t) = vs.

Hence we get

n.foi].fu] = n.[eft].[e3(1 — 1))
n.([ed] + [t])-(le3] + [1 = ])

where the second equality follows from the fact, for every non-square v and every square
%, we have [vc?] = [v] + [¢?]. Since we have 7).[c7] = 0 by Remark 119 and [t].[1 —t] = 0,
we can conclude 7.[v1].[v2] = 0 which proves the lemma. O

Proposition 122. Let k = F, be a finite field. Then KMW(F,) is a finite cyclic group of
order q — 1.

Proof. First we assume that ¢ is even. Then the squaring homomorphism is surjective,
and hence every unit is a square. Fix u to be a multiplicative generator of F . It follows
from [22, Lemma 3.6 (1)] that KMW(F,) is generated by the elements [v] for v € k*,
which are subject to the relation [vv'] = [v]+[v] for all v,v" € F . The fact that u?~" =1
yields the result that KMW(F,) is cyclic of order ¢ — 1 generated by the symbol [u].
Now we assume that ¢ is odd. Let u be a multiplicative generator of F . Using
induction and Lemma 121 we get [u"] = n[u] for all n > 1. Since F is cyclic of order
g — 1, this shows that KMW(F,) is cyclic of order ¢ — 1 generated by the symbol [u]. O

Theorem 123. Let k = F be a finite field. Then Conjecture 115 is true, i.e., the inclusions
Go(F,) C [T, A%\ {0} and G(F,) C [J,PN are equalities.

Proof. By Remark 116 it suffices to prove the assertion for G¢(F,). By Propositions 120
and 122, both Go(F,) and KMW(F,) are finite groups of the same cardinality. Since
[P A2\ {O}]Al and KMW(F,) are isomorphic and since &: [7,A%\ {0}]N — [P, A2\
{0}]A" is an isomorphism, [7,A2 \ {0}]N is a finite group of the same cardinality as
Go(F,) as well. Hence Go(F,) C [J,A?\{0}]N is an inclusion of finite groups of the same
cardinality. This implies that the inclusion Go(F,) C [7, A2\ {0}]N is an equality. O

We conclude this section with the following observation. While Proposition 120 shows
that there is an isomorphism between Gg(k) and K" (k), the proof of Proposition 122
suggests that the following map provides a concrete isomorphism. We consider this an
interesting observation about KMW (k) that arises from our work on maps 7 — A2\ {0}.

Proposition 124. Let k be one of the following fields: a quadratically closed field, a finite
field, or R. Then the assignment [u] — [gu.1] defines an isomorphism rk: KMV (k) —
Go(k).
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Proof. We will show that KMW (k) and G (k) are generated by the classes [u] and [gy.1],
respectively, and that these generators satisfy exactly the same type of relations. This
implies that k is both a well-defined homomorphism and an isomorphism. We will prove
the claim by looking at each type of field separately.

First we assume that k is a quadratically closed field, i.e., a field where every unit is
a square. The group KMW (k) is generated by the elements [u] and the relation [uv] =
[u] + [v] for all u,v € k*. To prove that & is an isomorphism we need to show that Go(k)
is generated by the classes [gy.1] subject to the relation [gyv.1] = [gu,1]D[gv,1]- Since every
unit in k is a square, we get [guo] = [gu/v,1] Py Lemma 88. Hence Go(k) is generated
by elements [g,1]. By Proposition 102 we know that [g,.1] # [gv,1] for u # v € k. By
Lemma 89 we get the relation [gy,,1] D [gv,1] = [guv,1]- Thus, the map sending [u] to [gy,1]
induces a homomorphism which is surjective and injective. Hence « is an isomorphism.

For k = F,, Proposition 122 shows that KMW(F,) is generated by the symbol [u] for
a multiplicative generator u € IFqX. When ¢ is even, every unit is a square, and in this
case k is an isomorphism. So we assume that ¢ is odd, and will now show that every
element in Go(IF;) can be written in the form m[g, 1] ® [g,2m’ ;] for some m,m’ € Z.
We will use that every square in I, is equal to an even power of the generator u € F*,
and distinguish three cases: Assume first vy, vo € IFqX are squares. By Lemma 88 we then
have [gv,,v,] = [9v, /vs,1] = [guzm, 1] for some m. Second, if v; is not a square and vy is

2m+1 for some m € Z. Then by Lemma 88 and 89 we know

a square, then vy /vy = u
[gﬂl,w] = [gu2m+1,1] = [gu,1]®[gu2”L,1]‘ Note that [gm,vl] = _[g’Ul-,'UQ] = _[gu,1]®[gu_2m,1]'
Third, assume that both v; and vz are non-squares in F ‘. Since F /IF‘qX2 =~ 7/27, we
can find an m € Z such that vy /vs = u*™. We have [gv, v,] = [guuzm o] by Lemma 88
and scaling by the square u/vy. We can now apply Lemma 87 and then Lemma 89 to

get

[gu'uzm,u] = [gu~u2"",1] S [gl,u} = [gu,l] S [9u2’”,1] S [gl,u] = [guzm,l]-

To conclude the argument we note that, for vi,vs € qu with v; + vg # 1, there
is the relation (v1) + (v2) = (v1 + v2) + ((v1 + v2)vive) in GW(F,). For s and 1 — s
in [, this gives (s) + (1 —s) = (1) + (s(1 — 5)) = (1,1). In particular, since u, s,
and 1 — s all differ by squares and hence (u) = (s) = (1 —s) in GW(F,), we have
(u) + (u) = (1,1) = (u?,1) in GW(F,). By [12, Corollary 3.10] this relation implies
[(X/u] &N [X/u] = [X/u?] &N [X/1] in [P, PYN. By Proposition 95 and Lemma 91,
this implies the equality [gu,1] ® [gu,1] = [gu2,1] in Go(Fy). Iterating this argument,
we get (¢ — 1)[gu,1] = [gus—1,1] = [91.1]. Since [gy,, 1] # [gv,,1] for v1 # va € F by
Proposition 102, this implies that Go(F,) is cyclic of order ¢ — 1 generated by [gu1]-
Hence the map [u] — [gu1] is a well-defined homomorphism which is surjective and
injective. Thus k is an isomorphism in this case as well.

Finally, we assume & = R. First we determine the generators and relations for
KMW(R). For u > 0, we have [—u] = [—1]+ [u] +7.[-1].[u] = [-1]+[u] and —[u] = [1/u].
Thus every element in KMW(R) can be written as n[—1] + [u] with u > 0 for some n € Z
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subject to the relation (n[—1] + [u]) + (m[—1] + [v]) = (n +m)[—1] + [uv]. Next we show
that Go(R) has analogous generators and relations. Assume u, v > 0. Since v is a square,
Lemmas 88 and 89 imply the identities

[gum] = [gu/v,l]a and [gfu,v] = [gfu/v,l] = [971,1] ® [gu/u,l]'

Using that v is a square, Lemma 88 yields the following identity

[9u,~v] = [Gujv,~1] = [Gujv1] @ [91,-1] = —[9-1,1] © [gusw 1]

where we have [g1 —1] = —[g—1,1] by Lemma 87. Finally, using Lemma 88 and 89 we get

[gfu.fv] = [g—u/v,—l] = [g—u/v,l] D [91771] = [971,1] D [gu/v,l} D [91,71] = [gu/v,l]'

This implies every element of Go(R) can be written as a sum n[g_1,1]® [gy,1] with u > 0
and n € Z. By Proposition 102 we know that [g, 1] # [gv,1] for u # v € R*. By Lemma 89
we get the relation (nlg_1.1] & [gu1]) & (mlg_1.] @ [go]) = (2+m){g_1,1] ® [gue,1] when
u,v > 0. Hence the map [u] — [gy,1] is a well-defined homomorphism which is surjective
and injective. Thus « is an isomorphism in this case. This finishes the proof. O

Appendix A. Affine representability for pointed spaces and homotopies

In this section, we discuss the results of Asok, Hoyois, and Wendt in [5], [6], and
how we apply them. While the definition of our proposed group operation on [ 7, PN
in Definition 77 is independent of motivic homotopy theory and the results of [6], we
use the affine representability results of [6] to compare our group operation with the
conventional group structure on [P!, ]P’l]Al. A minor technical point to overcome is that
Asok, Hoyois, and Wendt work in the unpointed motivic homotopy category, whereas
we need the analogous results in the pointed setting. The purpose of this appendix is
to explain how the pointed analogs can be deduced. To keep the presentation brief, we
use the conventions and notation of the papers [5] and [6]. We thank Marc Hoyois for
helpful comments.

Recall that we denote by Smy the category of smooth finite type k-schemes. Let
sPre(Smy) denote the category of simplicial presheaves on Smy. Let sPre,(Smy) de-
note the category of pointed simplicial presheaves on Smyg. We refer to an object in
sPre(Smy) (respectively in sPre,(Smy)) as a (pointed) motivic space. We equip with the
Nisnevich-local Al-model structure as in [6]. For a motivic space Y, let SingAly denote
the singular functor defined in [5, §4.1], see also [23, page 88]. If } is pointed by a mor-
phism y: Speck — ), then the pointed singular functor Singfly is defined as the fiber
over y. More precisely, let X be a pointed smooth k-scheme pointed by the morphism
x: Speck — X, then Singfly is determined by the pullback square of simplicial sets
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(Sing? ¥)(X) (Sing"’ ¥)(X) (125)
point = (Sing® Speck)(Speck) (Sing” y)(Spec k).

We note that, on O-simplices, x induces a map of sets z*: sPre(Smy)(X,Y) —
sPre(Smyg)(Speck,)). Hence, (Singfly)(X)O is the set sPre,(Smy)(X,Y) of pointed
morphisms X — Y. On 1-simplices, z induces a map of sets z*: sPre(Smy)(X x A, V) —
sPre(Smy,) (A, ). Hence, (Sing® Y)(X); is the set of pointed naive Al-homotopies of
pointed morphisms X — ).

Remark 126. In particular, if JJ = Y is represented by a pointed smooth finite type
1

k-scheme Y, the set mo((Sing® Y)(X)) is the set of pointed naive homotopy classes of

pointed morphisms X — Y described in Section 2.6, that is,

mo((Sing? Y)(X)) = [X,Y]™.
We recall the following definition from [6]:

Definition 127. [6, Definition 2.1.1] Let F € sPre(Smy,) and let F — F be a fibrant re-
placement in the Al-model structure on sPre(Smy). There is a canonical map SingAl}" —
F that is well-defined up to simplicial homotopy equivalence. Then F € sPre(Smy) is
called A'-naive if the map (SingAl]:)(X) — F(X) is a weak equivalence of simplicial
sets for every affine smooth finitely presented k-scheme X.

We will now show how the unpointed notion of A'-naivity of Definition 127 translates
to the pointed setting.

Proposition 128. Let Y € sPre,(Smy) be a pointed motivic space. Assume that the un-
derlying unpointed motivic space Y is A'-naive. Then, for every affine pointed smooth
finitely presented k-scheme X, the canonical map ﬂo((Singfly)(X)) N (X, VA" is a
bijection.

Proof. Let (X,z) be a pointed smooth k-scheme, and let p: X — Speck denote the
canonical morphism. Then p induces a map p*: (Sing® y)(Spec k) — (SingAly) (X) of
simplicial sets such that x* o p* is the identity on (Slng y)(Spec k). This shows that
the map z* is a Kan fibration. Since the Kan—Quillen model structure on simplicial sets
is right proper, this implies that (Singfly)(X) is the homotopy fiber of z*.

Let Y — Ra1Y be a fibrant replacement of ) in the A'-model structure on
sPre,(Smy). After forgetting the basepoint, Rg1) is fibrant in the A'-model structure on
the category sPre(Smy) of unpointed motivic spaces. Since the singular functor preserves
A'-fibrations, SingAlRAly is fibrant and we may assume Y= SingAlRAl Y. Moreover,
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we get the following commutative diagram of simplicial sets which, by the above argu-
ment, is a morphism of homotopy fiber sequences for every pointed smooth k-scheme
(X, ).

(Sing® ¥)(X) —— (Sing® Ra1¥)(X) (129)
(Sing™ )(X) (Sing®' Ra1¥)(X)

(SingAly)(Spec k) —— (SingAlRAly)(Spec k)

Now we assume that the underlying simplicial presheaf of ) is Al-naive and that
X is affine. Since ) is Al-naive and both X and Speck are affine, the horizontal
maps in the middle and at the bottom are weak equivalences of simplicial sets. Thus,
since Diagram (129) is a morphism of homotopy fiber sequences, the top horizontal
map is a weak equivalence of simplicial sets. Hence it induces a bijection on 7. Since
ﬂo((SingflRAly)(X)) =X, y]Al, this proves the assertion. O

Lemma 130. The smooth k-schemes J and P are Al-naive.

Proof. Let Q2 be the smooth affine quadric over Z defined by xy = z(z 4+ 1). By [6,
Theorem 4.2.2], Q5 is A'-naive. The scheme endomorphism of Spec Z[z, y, 2] given by the
ring homomorphism defined by sending x — 2, y — —y, z — —x induces an isomorphism
Q2 = J. Hence J is Al-naive. By [6, Lemma 4.2.4] an affine torsor bundle over a base
space is Al-naive if and only if the base space is Al'-naive. Since J is A'-naive and an
affine torsor bundle over P!, it follows that P! is Al-naive. O

o

Proposition 131. The canonical map v: [X, PN — [X,Pl}Al is a bijection for every
affine pointed finitely presented smooth k-scheme X.

Proof. The proposition follows from Remark 126 and Proposition 128, since Lemma 130
shows P! is Al-naive. O

For X = J, the Proposition 131 yields the comparison of the sets [J,P!]N and
[T, }P’l]A1 of pointed homotopy classes that we wanted.

Appendix B. Facts about the resultant
In Sections 2.4 and 5.1 we used the following facts about the resultant for which we

now provide references or proofs. All results can be found or deduced from [10, Chapter
Iv].
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Throughout this section we let S be an integral domain and let A = a, X" +
an1 X" 14+ ... +ayand B = b, X" +b,_1 X" ! + ... 4+ by be polynomials over S
in the indeterminate X.

Definition 132. The Sylvester matrix Syl(A, B) is defined as follows

an, 0o ... 0 bn 0o ... 0
Ap—1 Qn bn-1 bn

aq a9 e (07% b1 bQ N bn

an aq N ¢ 7o | bo b1 PN bn—l

0 ag Qp—2 0 bo bn72

0 0 ag 0 0 bo

and we define res(A4, B) := det(Syl(4, B)).

Lemma 133 (Remark 4 on page IV.76 in [10]). Assume res(A, B) € S*. Then there exist
polynomials U,V € S[X] such that AU + BV = 1.

Lemma 134 (Remark 1 on page IV.76 in [10]). Let A=a,+an1X +...4+apX™ and
B=b,+b,_1X+...4+byX" be the reversed polynomials of A and B. Ifres(A,B) € S*,
then res(A, B) = (—1)"res(A, B) € S*.

Lemma 135 (Remark 5 on page IV.77 in [10]). Assume res(A, B) € S*. Let C € S[X] be
a polynomial such that deg(A) > deg(BC). Then we have res(A + BC, B) = res(A, B).

Lemma 136. Assume res(A, B) € S* and that A is monic. Then we have

1
res (AX — —B,uA) = —u -res(A, B) for allu € S*.
u

Proof. The strategy of the proof is as follows: We determine the Sylvester matrix for
the pair (AX — %B, uA) and will then use elementary row and column operations to
confirm that it has the determinant claimed.

First note that res (AX — 1B ,uA) = u""res (AX — 1B, A). Let A = Y1 ja; X",
and B = Z?:o b; Xt Let ¢; = a;_q1 — %bi for 0 <i<n+1andset aq =b,41 =0.

Then AX — %B = Z?iol ¢; X*. The Sylvester matrix for the pair (AX — %B, A) is
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chy1 O ... 0 0 0 .. 0
Cn  Cn+1 : a, 0
C1 C2 oo Cpy1 Qa1 NN Qp 0
Co C1 ce Cn apg ... QAp-—1 Qp,
0 Co Cn—1 0 ao Ap—1
0 0 ce Co 0 0 .. ap

Since ¢, +1 = 1, we can remove the first row and first column to obtain a submatrix with

the same determinant, namely

Cn+1 0 . 0 an 0o ... 0 0
Cn Cn+1 : Gp—1 Gn
Co c3 coo Cpyl a1 as ... Qp 0
(&1 Co PN Cn ap al cee Qp—1 Qp
co c1 R A 0 ag ... Gp_2 Gp_q

€o

0 0 . &1 0 0 . ap aq
0 0 “e Co 0 0 ce 0 agp

Subtracting column 1 from column n + 1 yields

ehyr O ... 0 0 0 ... 0 0
Cn Cn+1 . won (7% . .
1
C2 C3 B e | ZbQ a2 [N Qg 0
1
c1 Co ... Cp Ebl a ... Qp-1 Gp
1
Co C1 N G | abo apg ... Ap—2 Qp_1
Co
0 0 . C1 0 0 . aop aq
0 0 ce Co 0 0 oo 0 ap

Once again, the determinant of this matrix is the same as that of the submatrix where
the first row and first and column removed. We remove them and obtain
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chi1 0 0 b, a, 0 0 0
Ly
Cn Cn+1 won—1 OGn-1 Qp
1
C3 Cyq Cn+41 ZbQ as as (07%% 0
1
co c3 Cn +h1 ap  az p-1 Qg
1
c1 c2 -1 3 bo apg  ai (p—2 Gp-1
Co c1 Cn—2 0 0 ag An-3 Qp_2
Co
0 0 . C1 0 0 0 . ap ay
0 0 cee Co 0 0 0 ce 0 agp
We subtract column n + ¢ from column ¢ for each i < n, and the result is that at each
entry c¢;, we get instead ¢; — a;_1 = f%bi.
1 1
*an—‘,—l 0 0 abn (7% 0 0 0
1 1 : 1
_abn _Ebn-‘rl . abn—l ap—1 Qn
1 1 1 1
_Eb —564 _Ebn+1 Ebg a2 as Qg 0
1 1 1 1
_EbQ —;bg, N —;bn Ebl ay a9 Ap—1 (07%%
1 1 1 1
—gbl —;bz cee _Ebnfl Ebo agp ai ap—2 An-—1
1 1 1
—ub —ub1 —ubn2 0 0 ag (p-3 Qp_2
1
—1pg
—1p 0 0 0 ... a @
—Lbo 0 0 0 ... 0 ao

Then multiplying the first n columns by u and applying a cyclic permutation of the n
first columns yields the Sylvester matrix of the pair (B, A). The sign of the permutation
is (—1)"~!. Interchanging column i with n+i for all i < n yields (A, B), and this needed
another permutation of sign (—1)"~!, so the signs cancel out. 0O

Appendix C. Testing compatibility via real realization and signatures

Now we provide the additional evidence for Conjecture 82 and a positive answer to
Question 83 referred to in Section 4.

We assume that k is a subfield of R. Let H.(k) denote the homotopy category of
pointed smooth k-schemes and let H. be the homotopy category of pointed topological
spaces. By [23] sending a smooth k-scheme X to the topological space X(R) equipped
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with its usual structure of a smooth manifold extends to a functor R: H.(k) — H., see
also [4, page 14] and [13, Section 5.3].

For a smooth map f between oriented compact smooth manifolds of the same dimen-
sion, let deg™P(f) € Z denote the topological Brouwer degree of f. In [21] Morel describes
the analog of the topological degree map in A!-homotopy theory. For endomorphisms of
P! it defines a homomorphism

deg?’: [PL,P1A" 5 GW (k).

Let f: P! — P! be a morphism. Since we assume that k is a subfield of R, we can form
the real realization R(f): P*(R) — P1(R). Following Morel, the signature, denoted sgn,
of the quadratic form given by the A!'-Brouwer degree of f equals the topological Brouwer
degree of R(f), i.e

sgn (deg™' (1)) = deg"P(R(F)). (137)

We note that, in some form, this was also shown by Eisenbud, Levine, and Teissier in
[14, Theorem 1.2] for the local degree of maps between real affine spaces. The latter
approach has been incorporated into the mot1v1c theory by Kass and Wickelgren [17].
The motivic Brouwer degree map deg is a homomorphism for the conventional
group structure oA on [PL P ]A , and the signature is additive. Hence, for morphisms

f,g: P1 = P1 and their sum f @A g in [P!, P1]A", Equation (137) implies

deg™P (§R (f oA’ g)) = sgn (degAl (f oA’ g)) (138)
= deg"P(R(f)) + deg"" (R(9))-

We will now use this fact to test the compatibility of the action of Definition 73 and
thereby of Definition 77 with the conventional group structure in the following way.

The real points 7 (R) of J form a surface in R? given by the equation z(1—z)—yz = 0.
The intersection with the plane defined by y = z is the circle given by the set of points
satisfying (1 —2) —y? = 0. Its center is the point (1/2,0,0) € R®. We parameterize this
circle via the map v: St — J(R) given by

v 0 (1/2 + cos(6) /2, sin(0) /2, sin(6) /2).

The real realization of P! is the topological real projective line RP!. Hence, for a
morphism f: J — P!, we may form the composition R(f) oy which is a smooth map
S! — RP'. We can then apply the topological Brouwer degree to the composition
R(f) o ~y. Since the real realization of a naive homotopy induces a homotopy of maps
between topological spaces, this induces a well-defined map
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deg"P(R(=) 07): [T, P']N — Z
foo— deg P (R(f) 0 ).

Lemma 139. The following diagram commutes.

[T, Y (140)

deg™? (R(—)o)

v

A1 deg" P (R(=)oy

¢l [J,PY Z
* (l (W*)_l//
[IP’l Pl]Al deg"P(R(—))

Proof. To prove the assertion it suffices to show that both parts of the diagram commute.
The functor ) commutes with the canonical map v: [7, PN — [7, P!]A". This implies
that the upper part commutes. We verify in Example 146 that for 7: J — P! the
composite map R(r) oy: St — RP is an orientation preserving diffeomorphism. Now
let f: P! — P! be a morphism. Since the composition with R(7) o~ preserves degrees,
we obtain the identity

deg"(R(f o) o) = deg"P(R(f) o R(m) 0 7) = deg"P(R(f)).
This implies that the lower part of Diagram (140) commutes and finishes the proof. O

This implies the following necessary condition for the compatibility of the operations
@ and BA":

Proposition 141. Assume that £ is a group homomorphism. Then we have

degP(R(E(f @ g))) = deg"P(R(f) 0 7) + deg"P(R(g) © 7).

Proof. The assumption that £ is a group homomorphism implies

deg P (R(E(f @ 9))) = deg"P(R(E(f) @™ £(g))).

Identity (138) implies

degP(R(E(f) @ £(g))) = deg"P(R(E(f))) + deg" (R(£(9))).

Commutativity of Diagram (140) implies

deg™ P (R(E(F)) + deg! P (R(E(9))) = deg™ P (R(F) 0 7) + deg™™ (R(g) o 7).

Putting these identities together yields the assertion. 0O
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As a special case, we get the following necessary condition for the compatibility of &
with the conventional group structure:

Corollary 142. Let F': J — P! be a pointed morphism. Then, if € is a group homomor-
phism, we must have

deg“P(R(F & ) 07) = deg ™ (R(F) 0 7) + 1.
In the following section we will apply Corollary 142 in a concrete case in Example 147.
Moreover, we exclude a potential alternative to the operation @ of Definition 73 in
Example 150.
Remark 143. Let F: 7 — P! again be a pointed morphism. Assume that Question 83 has

a positive answer, i.e., assume that 7 is naively homotopic to —mw. Then Proposition 141
shows that, if £ is a group homomorphism, then we must expect to get

deg"P(R(F @ 7) o) = deg"™(R(F) o) — 1. (144)
Note that, since we do not know whether 7 is naively homotopic to —m, Equation (144)
may fail to hold for some F even though £ is a group homomorphism.
However, we confirm Formula (144) in a concrete case in Example 149.
We will now compute the topological degrees and thereby the signatures of several
maps and apply the previous observations. For the following computations we will often

identify the ring R with the ring k[x,y, z]/(2(1 — 2) — yz) where it is convenient.

Example 145. Consider the morphism g1, _1: J — P! defined by the unimodular row
(22 — 1,2y). Its real realization is the map R(g1 —1): R(J) — R(P') defined by

R(g1,-1): (z,y,2) — [22 — 1: 2y].
Precomposing with v gives
R(g1,—1) oy: 6 — [cos(8) : sin(0)],
which is the usual double cover of RP! by S! and has topological Brouwer degree 2.
As explained in Section 2.4, a morphism f: J — P! may be described by gluing
together partially defined maps on open subsets. In the following examples we will define

a morphism R(f) o y: S — RP! by gluing R(flp) o v: v 1 (R(D(x))) — RP' and
R(fIp(—z)) 0v: 7y HR(D(L —2))) — RP' on their overlaps in the respective domains.
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Example 146. The real realization of 7: J — P! is defined on R(D(z)) by
R(7lp@): (z,y,2) = [z : 9],
and on R(D(1 — z)) by
R(m|pa-z)): (#,y,2) = [z:1—z].
Precomposing with v gives

R(7|pz)) 0v: 0 [1/2 4 cos(6)/2 : sin(6) /2],
R(7|pa—zy) 0v: 0 [sin(0)/2: 1/2 — cos(0) /2],

which glue together to give a map of degree 1:

[14 cos(f) : sin(f)] 6 # ,

(R(r) 0 7)(0) = {[O N T

This shows that R(7) oy is an orientation preserving diffeomorphism and has topological
Brouwer degree 1.

In the following example we test the necessary condition of Corollary 142 in a concrete
case.

Example 147. Recall that the unimodular row g1, _1 = (22 — 1, 2y) can be augmented to
the following matrix with determinant 1:

(221 —2z
M-1=1 9y 2z-1)"

The group action of Definition 73 yields the map F := g1 &7 = (2 — 1,—2z :
2y,2x — 1)1.

Taking real realization and precomposing with v yields the map ®(F)o~: St — RP!
given by

[cos(0) + cos(20) : sin(f) + sin(20)] 0 # =,

(R(F) 0 7)(6) = {[O o T

The topological degree of this map is 3.
Hence our computation confirms that

deg"P(R(F)ony)=3=2+1= degmp(@?(g,l,l) 07) + deg"P(R(7) 0 v),

as required for the compatibility of @& with pA",
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The next example confirms that the signature of the motivic Brouwer degree of 7 has
the value —1 as expected if Question 83 has a positive answer.

Example 148. The real realization of the morphism # = (1,0 : 0,—1)_;: J — P! is
defined on R(D(x)) and R(D(1 — x)) respectively by R(D(x)) by

R(7|p@)): (x,y,2) = [z —2],
R(Apa—a)): (2,9,2) = [y: =1+

Precomposing with ~ gives

R(7|pzy) 0 v: 0= [1/2 + cos(0)/2 : —sin(0)/2],
R(F|pa1—ay) 07 0 = [sin(0)/2 : —1/2 + cos(0)/2],

which glue together to give a map of topological Brouwer degree —1.
Now we confirm that Identity (144) of Remark 143 does hold in an example.

Example 149. Consider the unimodular row F = (2z — 1,2z) which can be augmented
to the following matrix

(22 —-1 =2y
M_< 2z 21:—1)

with determinant 1. Note that F' is homotopic to g;,—1 by Lemma 62. We let I act
on 7 via the action of Definition 73. This yields the map L := F &7 = (2 — 1,2y :
2z,—2x + 1)_1. Precomposing its real realization with ~ yields the same map as in
Example 146 where we showed it has topological Brouwer degree 1.

Hence our computation confirms

deg"P(R(L) o y) = 1=2—1=deg"P(R(F) o) + deg"" (R(7) 0 ),
as required in Remark 143.
Example 150. Consider now an alternative action B of [7,P!]Y on [J,P!]N defined as
follows. For [(A, B)] € [7,A%\ {0}]N and [s¢, 51] € [J,P']Y, extend the unimodular row
(A, B) to a matrix M in SLy(R) and define

[(A, B)] B [s0, 1] := [MT . (so,sl)T}.

Again we look at the unimodular row F' = (A, B) = (22 — 1, 2z) and the matrix M of
Example 149. The action B of F on 7 yields the morphism H := FH7 = (22 — 1,22 :
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—2y,2x — 1); = (1,0 : 0,—1);. Taking real realization and precomposing with ~ yields
the map R(H) o~y: S' — RP" given by

[14 cos(f) : —sin(0)] 0 #m,

(RO 01)(0) = ¢ T T

This map has topological Brouwer degree —1. Hence our computation shows
deg"P(R(FBm)oy) = —1#3=deg"P(R(F) o) + deg" (R(r) 0 ).

Thus, by the analogous statement of Corollary 142 for H, we see that B cannot be used
to define an operation compatible with the conventional group structure.
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