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ON THE COKERNEL OF THE THOM MORPHISM FOR
COMPACT LIE GROUPS

EIOLF KASPERSEN anpD GEREON QUICK

Abstract

We give a complete description of the potential failure of the
surjectivity of the Thom morphism from complex cobordism to
integral cohomology for compact Lie groups via a detailed study
of the Atiyah—Hirzebruch spectral sequence and the action of
the Steenrod algebra. We show how the failure of the surjectivity
of the topological Thom morphism can be used to find examples
of non-trivial elements in the kernel of the induced differential
Thom morphism from differential cobordism of Hopkins and
Singer to differential cohomology. These arguments are based
on the particular algebraic structure and interplay of the tor-
sion and non-torsion parts of the cohomology and cobordism
rings of a given compact Lie group. We then use the geometry
of special orthogonal groups to construct concrete cobordism
classes in the non-trivial part of the kernel of the differential
Thom morphism.

1. Introduction

The Thom morphism 7: MU — HZ from complex cobordism to integral singu-
lar cohomology is of fundamental importance for the study of the stable homotopy
category. A special feature of 7 is that it encodes both deep algebraic and geometric
structures. This is a common theme of the present paper and is reflected in the fol-
lowing two ways T may be described. On the one hand, 7 interpolates between two
extreme ends of the spectrum of oriented cohomology theories which may be classified
by their formal group laws, as 7 corresponds to the unique morphism from the uni-
versal formal group law to the additive one (see [I, II Example (4.7)]). On the other
hand, 7 may be described geometrically in the following way. Let X be a smooth
manifold. By Quillen’s work in [23], classes in MU*(X) can be represented by proper
complex-oriented maps g: M — X. The Thom morphism sends the cobordism class
[g] to the pushforward g.[M] of the Poincaré dual [M] of the fundamental class of M.
Thus, roughly speaking, a cohomology class is in the image of 7 if it can be expressed
by a fundamental class of an almost-complex manifold. Hence the question whether
T is surjective or not is directly connected to concrete geometric phenomena (see also
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[25]). In cohomological degrees i =0, 1,2, the Thom morphism is surjective for all
spaces, since the Eilenberg—-MacLane spaces K(Z,1) are torsion-free for i =0, 1,2. In
cohomological degrees i > 3, however, 7 may fail to be surjective, even though the
coefficient ring of MU is much larger than the one of HZ. It is well-known that the
Atiyah—Hirzebruch spectral sequence

EP = HP(X; MUY) = MUP*9(X)

both provides a way to show that 7 may be surjective and that its differentials may
yield obstructions to the surjectivity of 7 (see [2]). However, the image of the Thom
morphism has not been studied for many types of spaces.

The purpose of the present paper is to give a complete description of the potential
failure of the surjectivity of the Thom morphism for compact connected Lie groups
which provide an important class of examples of smooth manifolds. Our first main
result is the following:

Theorem 1.1. Let G be a compact connected Lie group with simple Lie algebra.
Then Table 1 below shows the minimal cohomological degree q for which the Thom
morphism 7: MUY(G) — HY(G;Z) fails to be surjective.

In fact, for each minimal cohomological degree where 7 fails to be surjective, we
provide concrete non-torsion classes in H*(G;Z) which are not in the image of 7.
The methods to prove Theorem are described in sections and and the
study of the individual types of Lie groups occupies section [3] We note that gen-
eralised cohomology groups for some types of compact Lie groups are well-known,
for example for complex K-theory from [10], for exceptional Lie groups and Morava
K-theory from [13], 20], and in Brown—Peterson cohomology from [28), [29], [30] (see
for example also [14), [15]). Some of our computations could have been deduced from
these results. However, in order to give a unified and self-contained picture we provide
direct proofs for all groups we consider. In [16] we study the case of classifying spaces
for exceptional Lie groups and of certain gauge groups.

Remark 1.2. In sectionwe recall why 7 is surjective whenever H*(G; Z) is torsion-
free. However, we point out that this argument is not sufficient to explain the cases
in Table 1 where 7 is surjective. The pattern we observe in Table 1 indicates that Lie
groups of type a, and ¢, tend to have a surjective Thom morphism, while groups of
type b, and 9, do not have a surjective Thom morphism in sufficiently high dimen-
sions. The exceptional Lie groups on the other hand show a clear pattern. We note,
however, that the behaviors of F; and Eg are slightly different from the one of the
other groups (see section. We do not know of a general geometric explanation for
why 7 is surjective or not surjective for a given Lie group. In section [4], however, we
use the geometry and cell structure of special orthogonal groups to construct concrete
geometric elements in MU*(SO(n)).

Remark 1.3. We note that in the cases where 7 fails to be surjective in cohomological
degree 3, the generator e3 € H3(G;Z) which is not hit by 7 is not in the image of the
homomorphism

ku*(G) — H3(G;Z)

from connective complex K-theory ku either. This is due to the fact that the Mil-
nor operation @; and the Steenrod operation Sq® provide obstructions which are
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Table 1: Summary of the results of Theorem

Lie Algebra | Lie Group Surjective Min. degree where
surjectivity fails
SU(n) yes -
On
SU(n)/Ty not for 4 | n and | 2" — 1 where r € Z
1 =2 (mod 4), is max.st. 2" | n
yes otherwise
Sp(n) yes -
Cn
PSp(n) not for n even, 271 — 1 where r €
yes for n odd Z is max.st. 2" | n
Spin(n) not for n > 7 3
SO(n) not for n > 5 3
bn7 al'l
Ss(n) not for n > 4 3if 8| n; 7 else
PSO(n) not for n > 8 3if 8| n; 7 else
92 G2 no 3
fa Fy no 3
FEg, simply-connected no 3
€6
Es/T'3, centerless no 3
FEr, simply-connected no 3
¢z
E; /Ty, centerless no 3
es Eg no 3

differentials in the Atiyah—Hirzebruch spectral sequence
EY? = HP(G;ku?) = kuPT(Q).

This applies to several of the groups of type b, and 9, and to all exceptional Lie
groups (see Table 1 for the specific groups). In the other cases, however, surjectivity
may not fail for ku but only on a higher stage in the tower of cohomology theories
MU — -+ — MU(2) - MU(1) = ku — MU(0) = HZ.

A concrete motivation for our study of the Thom morphism arises from the theory
of generalised differential cohomology theories for smooth manifolds developed by
Hopkins and Singer in [12]. For a rationally even spectrum E and a smooth manifold
X, the differential E-cohomology groups are denoted by E(g)™(X). The most inter-
esting choice of degrees is n = ¢. The group E(q)?(X) then sits in several short exact
sequences as described in [12], diagram (4.57)]. In particular, the natural homomor-
phism E(q)?(X) — E%(X) is surjective. Hence the Thom morphism 7: MU — HZ
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induces a commutative diagram

H(q)"(X) ——= H(X;Z)

in which the horizontal maps are surjective. Thus, if 7 is not surjective, then 7 fails
to be surjective as well. We note that Grady and Sati study in [7] the surjectivity
of the differential analog of the map from complex K-theory to cohomology using a
differential version of the Atiyah—Hirzebruch spectral sequence.

However, the failure of the surjectivity of 7 also allows us to find non-trivial ele-
ments in the kernel of 7. For every rationally even spectrum E, E(q)?(X) sits in a
short exact sequence of the form

0— ETYX)®R/Z — E(9)(X) — AL(X) =0

where the group A% (X) is defined by the following pullback square in which the
group O*(X; 7. E ® R)Y, denotes closed forms on X of total degree ¢:

AL(X) — O (X; 7 E @ R)Y,

l !

EF1(X)—— HYX;m.EQR).
The Thom morphism 7: MU — HZ induces a map of short exact sequences

0 ——> MU (X) 0 R/Z ——> MU(g)(X) —> A%, (X) —>0

o ! |-

00— H1™}(X;Z) @ R/Z — H(g)"(X) ——> A%(X) —> 0.

Recall that the kernel of the Thom morphism always contains the ideal
MU*<Y. MU*(X) of MU*(X), since T is a natural transformation of oriented coho-
mology theories. We therefore use the following terminology:

Definition 1.4. We say that an element in the kernel of g /7 or 7 is non-trivial if it
is not contained in the respective ideal generated by MU*<Y.

We will explain in section how the failure of 7 to be surjective enables us to find
non-trivial elements in the kernel of 7r /7. This leads to the following result, for which

we emphasise that the assumption applies to a large class of compact Lie groups by
Theorem [L.1k

Theorem 1.5. Let G be a compact Lie group G and q an integer such that the Thom
morphism 7: MUY Y(G) — HI7Y(G;Z) fails to be surjective on a non-torsion class.
Then the kernel of the differential Thom morphism

7: MU(q)(G) — H(9)*(G)
is non-trivial in the sense of Definition [1.7)
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The significance of Theorem is that, together with Theorem [1.1] it provides
examples of classes on smooth manifolds which can be studied using differential cobor-
dism but not using differential cohomology. We thus demonstrate by concrete exam-
ples that the generalized differential invariants of [I2] are stronger than invariants
that can be obtained by just using differential cohomology. In section 2.4 we explain
how we can use the Atiyah—Hirzebruch spectral sequence to find non-trivial elements
in the kernel of 7,7 and 7 whenever 7 is not surjective.

In section [4] we switch perspectives and give a concrete and geometric construction
of a non-trivial element in the kernel of 7 for special orthogonal groups. From Propo-
sition we know that the generator ez € H3(SO(5);Z) is not hit by 7. In section
[41] we show that the class 2e3, however, is in the image of 7 by constructing a proper
complex-oriented smooth map

g: Gra(R%) x S' — SO(5)

such that 7([g]) = 2e3 where (E};(RS) denotes the Grassmannian of oriented 2-planes
in R®. In section we prove the following result which we generalise in section
to higher dimensional SO(n):

Theorem 1.6. The class %[g] is a non-trivial element in the kernel of
7: MU(4)*(SO(5)) — H(4)*(SO(5)).

As noted in Remark we could have formulated Theorem [I.5] for ku instead
of MU as well, and the corresponding assumption would apply to the groups where
surjectivity fails for ku already. The geometric construction of Theorem [I.6] however,
and its generalisation to higher SO(n) are particular to MU. Moreover, since the
Thom morphism allows for a unified picture, we formulate our findings for 7.

Finally, we note that the phenomenon the example of Theorem detects bears
a certain similarity with the example used in [12] §2.7] to explain the behavior of a
certain partition function in mathematical physics. We refer for example to [7, Exam-
ple 48] for other interesting phenomena in mathematical physics related to the study
of the morphisms between generalised differential cohomology theories. We do not
know of a potential similar application of Theorem yet. We also hope that the
techniques to prove Theorem will be useful to shed new light on the Abel-Jacobi
invariant for complex cobordism of [9] and [11].

Acknowledgements: The first-named author would like to thank Tobias Barthel
for helpful discussions and the Max Planck Institute for Mathematics in Bonn for its
hospitality where parts of the work on this paper have been carried out. Both authors
thank the anonymous referee for helpful comments and Knut Bjarte Haus for helpful
discussions on the ideas used in section [4l

2. Obstructions and detecting elements in the kernel

In this section we explain the techniques that we use in section [3| to study the
cokernel of 7 and the kernel of 7. We assume that X is a finite CW-complex for
simplicity. We are going to say that a homomorphism between abelian groups is
torsion if its image is contained in the subgroup of torsion elements.
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2.1. The Thom morphism is an edge map
A key tool in our study of the Thom homomorphism is the Atiyah—Hirzebruch
spectral sequence

EY? = HP(X; MUY) —> MUP*I(X).

Since MU* & Z[x_2,x_4,...], this spectral sequence is concentrated in the fourth
quadrant. Since the top row of the Fs-page is the integral cohomology of X, there is
a well-defined edge map such that the composition

MUP(X) — EPY — EPY >~ HP(X:7)

can be identified with the Thom morphism. It then follows from the general theory
of spectral sequences that the Thom morphism is surjective if and only if all the
differentials starting in the top row of the spectral sequence are trivial. Since all the
differentials are torsion, the Thom morphism is surjective whenever H*(X;Z) has no
torsion.

If H*(X;Z) has torsion, the Thom morphism may still be surjective. Since the
construction of the spectral sequence is functorial, the first non-trivial differentials
starting in the top row of the F>-page are cohomology operations given by maps of
the form d: H*(X;Z) — H*(X; A) where A is a finitely generated free abelian group.
If a differential d is p-torsion, then so is the composition p o d, where p is the map
induced by the reduction modulo p homomorphism of A. Thus we can describe all
first non-trivial differentials using cohomology operations of type (Z, m; Z/p,n). These
operations correspond to the elements in the cohomology group H™(K(Z, m);Z/p).

For p = 2, the cohomology ring H*(K(Z,m);Z/2) is a polynomial ring over gen-
erators of the form Sq’(t,,), where I is an admissible sequence where the last term
is different from 1, and ¢, is the fundamental class of K(Z,m) as explained in [19]
Chapter 9, Theorem 3]. Thus, in order to prove that there are no non-trivial differen-
tials that are 2-torsion, it suffices to check that all Steenrod operations of odd degree
are trivial (except Sq!, since a non-trivial differential increases the cohomological
degree by at least 3). For odd primes p, the cohomology operations we have to study
can all be described using reduced power operations P* combined with Bocksteins 3
(see [5] for a complete description). In order to prove surjectivity it therefore suffices
to show that all sequences of reduced power operations and Bocksteins that increase
the cohomological degree by an odd number greater than 1 must be trivial. The fact
that this also works in cases where there is torsion of the form Z/p* with k > 1 can
be deduced by considering short exact sequences of the form

0—Z/p—Z/p* —Z/pF 1 = 0.

2.2. Obstructions and Bockstein cohomology

Now we explain how we can find cohomology classes which are not in the image of
the Thom homomorphism. From the description of 7 as an edge map we know that
an element x € H"(X;Z) is not in the image of 7 if there is at least one differential d
on the Es-page of the Atiyah—Hirzebruch spectral sequence with (p o d)(x) # 0 where

p: H*(X;7Z) — H*(X;Z/p)

is the homomorphism induced by reduction mod p. Suppose now we know how the
Steenrod algebra acts on H*(X;Z/p). In fact, all Steenrod operations of odd degree
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vanish on the image of MU*(X) in H*(X;Z/p) for all prime numbers p (see for
example [26], page 468], [4, Proposition 3.6], [6]). Then it remains to understand how p
acts. The tool we use to find the concrete element in H*(X;Z/p) a given x € H*(X;Z)
maps to is Bockstein cohomology, the definition of which we now recall from [8]
Chapter 3E]: The Bockstein homomorphism 8: H"(X;Z/p) — H"1(X;Z/p) is the
connecting homomorphism in the long exact sequence induced in cohomology by the
short exact sequence 0 — Z/p — Z/p*> — Z/p — 0. It satisfies 32 = 0, and thus
defines a cochain complex

el m(xszp) L B (X2 p) 2
The nth Bockstein cohomology of X denoted by BH™(X;Z/p) is defined as the nth
cohomology of this complex. We compute the groups BH™(X;Z/p) by providing
concrete descriptions of the Bockstein complex. Since X is assumed to be a finite
CW-complex, all cohomology groups of X are finitely generated. By [8, Proposi-
tion 3E.3] the relationship between H*(X;Z) and BH*(X;Z/p) is then given as fol-
lows: Each Z-summand of H"(X;Z) contributes one Z/p-summand to BH"(X;Z/p),
and each Z/p*-summand (with k > 2) of H"(X;Z) contributes one Z/p-summand
to BH""Y(X;Z/p) and one Z/p-summand to BH"(X;Z/p). The Z/p-summands of
H™(X;Z), however, do not contribute to BH™(X;Z/p). Finally, for an odd prime p,
we will also use the following obstruction (see also [15] and [22]):

Lemma 2.1. Let Q,: H*(X;Z/p) — H**?P=Y(X;Z/p) be the first Milnor operation
and let x € H(X;Z) be a non-torsion class. If Q1(p(z)) # 0, then x is not in the
image of ku'(X) — H*(X;Z) and hence not in the image of the Thom morphism.

Proof. By |27, Proposition 1.7] (see also [24] Proposition 4-4]), there is a commuta-
tive diagram
Thu(p)

ku%p)(X) — H'(X; Zp)) — kué;r)2p71(X)

| |

HY(X;Z[p) — o> H'™ =1 (X; Z/p)
1

in which the top row is exact, where k:uip (X) denotes p-local connective complex
K-theory and the map Ty, is the map which factors the canonical morphism
Tpp: BP — HZ, for Brown-Peterson theory. Thus, if Q1 (p(z)) # 0, then the image
of z in H'(X;Z,)) cannot be lifted to kufp)(X). This implies that « cannot be lifted

to ku'(X) either, and hence the assertion. O

2.3. The kernel of the differential Thom morphism

We will now explain how the failure of 7 to be surjective enables us to find non-
trivial elements in the kernel of #. We write MU*<Y. MU*(X) for the subgroup
of MU¥(X) consisting of elements of the form ~ -y where v € MU*~* with s > k
and p € MU?(X). The sum over all k defines an ideal in MU*(X) which we denote
by MU*<?. MU*(X). Since 7(MU*<%) =0, we get that 7 induces a well-defined
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homomorphism
T MU*(X)/(MU*<°. MU*(X)) —» H*(X;Z),

which we also denote by 7. Consider the homomorphism MU* — Z which sends
n-1€ MU ton €Z and v € MU*<? to 0. Then there is an isomorphism of rings

MU*(X)/(MU*<°. MU*(X)) =2 MU*(X) @yy+ Z.

By slight abuse of notation, we then also write MU*(X) @y« Z for the group
MU*(X)/(®@sMU® - MU*=%(X)). We let the graded ring MU* act on R/Z by the
map MU* ® R/Z — R/Z defined by

n® a—s na, forne MU° =7
y®a+— 0, for y € MU*<Y.
Then we get a canonical isomorphism
(MU*(X) ®mu- Z) @2 R/Z = MU*(X) @yu- R/Z.

We will now explain how the information on the cokernel of 7 helps to understand
the kernel of the induced Thom homomorphism

TR/Z: MU*(X)@pu+ R/Z — H*(X;Z) @z, R/Z
in differential cobordism.

Lemma 2.2. Let o € H*(X;Z) be a non-torsion class. Assume that the image of the
Thom morphism

7 MU*(X) — H*(X;7Z)

contains na for some integer n > 1, but not « itself or an element of the form a + vy,
where n -y =0. Let p € MU*(X) be an element such that 7(p) = na. Then

1
pe— e MU*(X) @+ R/Z
is a non-trivial element in the kernel of the induced map
oz MUR(X) @uu- R/Z — H*(X;Z) ©7 R/Z.

Proof. The element p ® % maps to 0 under 7g 7 since na @ % = a® 1 =0. However,
p® L cannot be 0 in MU*(X) @+ R/Z, since if p had been of the form nvy, then
~ would map to o or o + y. O

2.4. Detecting elements in the kernel of the differential Thom morphism

We now describe a procedure to find an element p as in Lemma using the
Atiyah-Hirzebruch spectral sequence. In section [d] we will give a geometric construc-
tion for special orthogonal groups. For the other cases, we can proceed as follows.
Assume that we have a non-torsion cohomology class o € H*(X;Z) which is not in
the image of the Thom morphism, while an integer multiple n« is in the image. We
will now explain how we can then find a cobordism class which maps to na. Since
« is not in the image of the Thom morphism, there must be at least one non-trivial
differential starting at H*(X;Z). If this differential is, say, m-torsion, then ma is in
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the kernel of the differential and survives to the next page of the spectral sequence.
Since X is assumed to be finite dimensional, the spectral sequence is bounded on
the right, and there can only be finitely many non-trivial differentials starting at any
one position. By counting how much torsion there is in cohomological degrees greater
than k, we can then determine an integer n for which na must be in the image of the
Thom morphism. Once we have reached the F,-page of the spectral sequence, the
position (k,0) contains the desired cobordism class.

3. The cokernel for compact Lie groups

The goal of this section is to determine whether or not the Thom morphism is sur-
jective for a given compact, connected, simple Lie group. Such a Lie group has a simple
Lie algebra. Given a simple Lie algebra g, we find the associated Lie groups using the
following method based on [21] 10.7.2, Theorem 4]. We first determine the unique
(up to isomorphism) compact, simply-connected Lie group G with Lie algebra g. The
center Z(@) is always finite. The other compact, connected, simple Lie groups with
the same Lie algebra are of the form G/K, where K is a subgroup of Z(G). Organis-
ing our analysis by the associated Lie algebra is justified by the following observation.
Given a Lie group G, we denote by Hf  (G;Z) the non-torsion part of the cohomol-
ogy H*(G;Z). Then there is an isomorphism H{  (G;Z) = H{ (H;Z) if G and H
are Lie groups with the same Lie algebra. We will therefore recall the non-torsion
cohomology part only once in the section for a given Lie algebra. Unless otherwise
stated, the computation of the cohomology rings can be found in one of the following
two sources: The cohomology of the groups SU(n), Sp(n), Spin(n), SO(n) as well as
all the exceptional Lie groups and classifying spaces can be found in [18], while the
cohomology of Ss(n), PSO(n), PSp(n) and the quotients of SU(n) can be found in
[3]. Finally, given a ring R we write Ag(zi,, ..., 2, ) == Rlxi,, ..., 2,/ (2? ..., 2} ),
and unless otherwise stated z;; is an element of degree i;. When the choice of ring is
clear from the context, we omit R from the notation.

3.1. Groups with Lie algebra b, and 0,

The simply-connected Lie groups that correspond to the Lie algebras of type by,
and 0, are the spin groups Spin(2n + 1) and Spin(2n), respectively. We will consider
both types of spin groups together, since their cohomology rings are similar. However,
the possible quotients are different in the odd and even cases. The center of the group
Spin(2n 4 1) is isomorphic to Z/2, which gives us only one possible quotient, the odd
special orthogonal group, denoted by SO(2n + 1).

For the even case, we know by [I8 Chapter II, Theorem 4.14] that the centers
are given by Z(Spin(4n + 2)) = Z/4 and Z(Spin(4n)) =2 Z/2 & Z/2. For Spin(4n + 2),
taking the quotient by the subgroup of order 2 yields the even special orthogonal
group SO(4n + 2), while taking the quotient by the whole center gives the projective
special orthogonal group PSO(4n + 2). For Spin(4n), the center Z/2 & Z/2 has three
subgroups of order 2. Taking the quotient by the whole center once again produces
the projective special orthogonal group PSO(4n). One of the subgroups of order 2
will again give us a special orthogonal group SO(4n). The remaining two subgroups
produce isomorphic quotient groups, known as the semi-spin group Ss(4n) (see [18|
Chapter IT, Theorem 4.15]). In total we have to consider four different types of groups.
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3.1.1. Special orthogonal groups
The non-torsion cohomology of the special orthogonal groups is given by

Aes, e e
H;;ee<50(n>;2>’f{ (ca:67:: 0 €an0), n odd

A(€37 €7,...,€2n-5, yn—l)a n even.

Proposition 3.1. For n > 5, the generator e3 € H>(SO(n);Z) is not in the image
of the Thom homomorphism.

Proof. The Z/2-cohomology of SO(n) is given by
H*(S50(n);Z/2) 2 Z/2[u1,us, . .. ,uzm,l]/(ulfl,ué%, - ,ugf,;"_’f), (1)

where m = | ] and k; is the least power of 2 such that |u¥"| > n. In order to find the
image of e3 in H3(SO(n); Z/2) under p, we need to analyse the Bockstein homomor-
phism 3. From [8], we have

B(ug;—1) = ug; and S(ug;) =0,

where we interpret ug; as u? and iterate if necessary. Assuming n > 5, we have the
following table for the generators for H*(SO(n); Z/2) in low degrees, where the arrows
denote the non-trivial Bockstein homomorphisms.

u — u? uf — uf

us uius

We see that BH3(SO(n);Z/2) is generated by u3 + uz. It follows that the reduction
homomorphism to Z/2-cohomology maps ez to uj + uz. We can then deduce that e3
is not in the image of the Thom homomorphism, since

Sq® (u? + uz) = uf +u2 # 0.
Note that u3 = 0 if n = 5, but u$ is nonzero. O

Remark 3.2. Using the same methods, we can show that any given generator esx43 €
H*+3(SO(n);Z) is not in the image of the Thom morphism for sufficiently large
n. However, we do not know of an efficient way to determine a minimal n for each
generator eqt3, apart from analysing the Bockstein diagrams on a case by case basis.
We return to this question in section [£:2}

Proposition 3.3. For SO(n) with n < 4, the Thom morphism is surjective in all
degrees.

Proof. We have the homeomorphisms
SO(1) = pt, SO(2) = S, SO(3) = RP?, and SO(4) = RP?® x S5

The Thom morphism is always surjective in degrees < 2 (see for example [26], The-
orem 2.2]). This proves the assertion for SO(1) and SO(2). For SO(3), there is no
nontrivial differential in the Atiyah—Hirzebruch spectral sequence starting in coho-
mological degree 3, since RP? is 3-dimensional. This shows that the Thom morphism
is surjective in all degrees for SO(3). Finally, H*(SO(4);Z) has torsion only if k = 2
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or k = 5. Thus, there are no differentials which start in degree > 3, increase the coho-
mological degree by at least 3, and which end in torsion. It follows that the Thom
morphism is surjective for SO(4). O

3.1.2. Spin groups

For the rest of this section, we use the following notation. Given n € N, we let ¢ be
the greatest power of 2 such that g|n, and let ¢ be the least power of 2 such that
n < t. The cohomology of the spin groups is given by

H*(Spin(n); Z/2) = A(2) ® L/2[uz, us, . .., uzm—1]/(uh?, ... us2r ),
where |z| =t — 1 and where m and the k;’s are as in ().

Proposition 3.4. For n > 7, the generator e3 € H3(Spin(n);Z) is not in the image
of the Thom morphism. For n < 6, the Thom morphism is surjective in all degrees.

Proof. For n < 7, there is no torsion in the integral cohomology of Spin(n), and it
follows that the Thom morphism is surjective. However, for n > 7, the generator
e3 € H3(Spin(n); Z) maps to uz € H3(Spin(n);Z/2), for which

SqPuz = u? # 0.

Thus, es is not in the image of the Thom morphism for n > 7. O

3.1.3. Semi-spin groups
The cohomology ring H*(Ss(n);Z/2) of the semi-spin groups with coefficients in Z/2
is isomorphic to

Z)2[v]/(v) @ A(2) @ Z/2[uz, s, - - -, Ug_1s - - Un_1,Uzq_2)/(ub?, ... ,uﬁi}l,ugé‘i’;),

where |v] =1 and |z| =t — 1. The Steenrod operations are given by
; k
s/ () = ()

wherever it makes sense, with the exception that Sq'(uz) = v*t!, if ¢ > 8 and k =
4 — 1. Recall that, for semi-spin groups, n must be a multiple of 4. Hence we do not
need to separate the cases for even and odd n. Note also that the class ugq—o will
only be included if 2¢ — 2 < n.

Proposition 3.5. For Ss(4), the Thom morphism is surjective in all degrees. For
k > 2, we have: If 8 | n, then the generator e3 € H3(Ss(4k);Z) is not in the image of
7. If 84 n, then the generator e; € H'(Ss(4k);Z) is not in the image of T.

Proof. For n = 4, the cohomology ring together with its Steenrod operations of Ss(4)
is isomorphic to the cohomology ring with Steenrod operations of SO(4). It then
follows from Proposition that the Thom morphism is surjective for Ss(4).

Now we assume n = 4k and k& > 2. There are three cases to consider:

Case 1: n = 8 (mod 16) In this case we have ¢ = 8, and the Z/2-cohomology ring
is given by

H*(Ss(n);Z/2) =2 7.)2[v]/(v®) ® A(2) ® Z/2[us, . . ., Ur, . . . un_l,u14]/(u§3, ),
where |z| > 7 since t is at least 8. Since ¢ =8 and Sq'(uz) = v**!, we conclude
that Sq'(us) = v*. The other Sq's are easy to work out. The non-torsion generator
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e3 € H3(Ss(n); Z) maps to v® + uz € H?(Ss(n); Z/2), and we can check that Sq* does
not act trivially on this class as Sq°(v® + us) = v + u3 # 0.

Case 2: n = 0 (mod 16) Since g is greater than 8, the Bockstein homomorphism
acts trivially on us. Moreover, the Bockstein cohomology in degree 3 is generated by
ug alone. This implies that es is sent to ugz, and we see that ug is not in the image of
the Thom morphism.

Case 3: n =4 (mod 8) We have ¢ =4 and n > 12, which means that the Z/2-
cohomology is given by

H*(Ss(n); Z/2) = Z/2[v]/(v*) @ A(2) @ Z/2[us, ug, wr, g, - - -, un_1]/(uls,..),

where |z| > 15. We get the Bockstein diagram

v — v? v? Us vusg —— v2ug vdus

SR

Ug vug — vV Ug

Uy vy

where the two arrows starting in vus indicate that the Bockstein is given by a sum, i.e.,
B(vus) = v2us + vug. Hence, in this case, e3 is in the image of the Thom morphism
since its reduction v® does not survive any Steenrod operation. However, we can find
a suitable class in degree 7. From the Bockstein diagram we see that ez is sent to
either u; or uy + v2us + vug, and we can check that both classes survive Sq?’:

7
Sq®(uy) = <3> up = u2 # 0, Sq*(ur + v2us + vug) = u2 # 0. O

3.1.4. Projective special orthogonal groups

The Z/2-cohomology ring H*(PSO(n);Z/2) of the projective special orthogonal
groups is given by

~ ) o1 kag-
Z)2[v]/(vY) @ Z/2[ur, Uz, - - o TUg—1s -+ s Un_1, Uzg_2]/(uk*, ... ,uﬁfll,uﬁf;),

where |v| = 1, with the Steenrod operations acting by

. k
Sqluy = (j) Ukt

whenever it makes sense, except when j =1, k = £ — 1 and ¢ > 8. In the latter case
we have Sq'(ug) = ugr1 + v*+!. Note that ugq—2 is only be included if 2¢ — 2 < n,
as for the semi-spin groups. If n is odd, then PSO(n) = SO(n). Hence we will focus
on the case that n is even.

Proposition 3.6. Letn > 8 be even. If8 | n, then the generator ez € H*(PSO(n); Z)
is not in the image of T. If 81 n, then the generator e; € H'(PSO(n);Z) is not in
the image of T.

Proof. We have to consider the following cases:
Case 1: n = 8 (mod 16) We have ¢ = 8 and note that Sq'(u3) = uf + v*. We get
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the following diagram of Bockstein homomorphisms:

v — 3 2 3 o4
u3 VU3
. 2 3 wd
Uy — uj uj —— uj
U U3
2 2 293,
vy —— vy viuy

vud —— v?ud

vu

The non-torsion class e3 € H3(PSO(n);Z) maps to either the element v3 + u$ + u3
or v3 +uf + uz + v2u; +vu? in H3(PSO(n);Z/2), and we have

S (v +ud 4+ uz) = v +u +ud#0
Sq® (v + u? + uzvug + vu?) = 08 4+ ub + ul + vtu? +v%ul £0.

Case 2: n = 0 (mod 16) In low degrees, this is almost the same as the previous
case, with the exception that Sq'(us) = u} since ¢ > 16. This gives us the diagram

v —— 0?2 v} — vt
uy vuy

u —— u? u} b uf
urug
vy — UZUI ’U3u1

mff —_— 1721@

vud.

Then e3 € H3(PSO(n); Z) maps to u} + ug or u? + uz + v2u; + vu?, for which
Sq® (u + us) = ub + 2, Sq®(u 4 us + v2u; + vud) = ub + ul + v 4 v2uf

which are both nonzero.
Case 3: n =4 (mod 8) Assume n > 12. In this case we have ¢ = 4, and conse-

quently the class ug does not exist. The Bockstein diagram has the form

v — '1,2 ”3
u —r u% ll"]i > Uf u‘? > u(ii UT g U?
Uz vur
2 3
us uyus — uius ujus
ug uiug —— uiug
v vurus — vudug
\Uzu"i \2 urus
VUG \zm,lm,
v2ug
viug
urur
vug — vud vu§ —— vuf vy —— vuf vu]

vy —— v?ud viud —— vl v2u) —— v*u§
Usll] e 'U:Sll‘f Usu:lj —_— UBU.‘I1 ’USU?.
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We see that the class e; can reduce to several different classes in H'(PSO(n);Z/2)
depending on our choice of isomorphism H7(PSO(n);Z) = Z & Z3. We know that ez
maps to u7 + u1 or uy + u1 plus any of the classes u%U5 + uyug, v2us + vug, vu? +

v?u}, v3ub. We have Sq®(ur + ul) = ujo + ulo # 0. We then note that applying Sq®

to any of the torsion classes uus + ujug, v2us + vug, vu$ + v2uf, v3uf cannot yield
u19. Hence they cannot cancel out the nonzero contribution we got from Sq®(u7 + ul).
This proves that e; and e; plus torsion are not in the image of the Thom morphism.

Case 4: n =2 (mod 4) Assume n > 10. Since ¢ = 2, there is no class u;, but

instead a class us. The cohomology and Bockstein diagrams are therefore
H*(PSO(n);Z)2) = Z./2[v]/ (v*) ® Z./2[ug, us, us, . . ., un_1]/(us?,...)

v Us Vg L u3 ul

us vuz uzu; VUU3 u2“/,u2“‘

Uy vy

/ u3 vuj uyul

The class e7 is sent to either u; + u%ug, or uy + ’LL%U;} plus one or both of the classes
vu3, vu3. As above, we may use Sq® as an obstruction, but the computation is easier
for Sq”. We get

Sq” (uy + uduz) = u? + ujul # 0, Sq” (vud) = v?us = 0, Sq” (vu?) = v?uj = 0.
Hence ey is not in the image of the Thom morphism. Note that uZ = 0 if n < 14, but

uju? is nonzero. O

Proposition 3.7. For PSO(2), PSO(4) and PSO(6), the Thom morphism is sur-
jective in all degrees.

Proof. The isomorphism PSO(2) = SO(2) implies that the Thom morphism is sur-
jective for PSO(2), by Proposition We recall that the integral cohomology of the
group PSO(4) = S0O(3) x SO(3) is given by

Z, k=0,6
7)2, k=4

H*(PSO4);Z2) = 7/297/2, k=25
ZOLOL/2, k=3
0, else.

Since the differentials in the Atiyah—Hirzebruch spectral sequence increase the coho-
mological degree by at least 3, the only differentials which start at a non-trivial
cohomology group to a group with torsion are

ds: H(PSO(4);Z) — H*(PSO(4);Z)
ds: H*(PSO(4);Z) — H®(PSO(4); 7).

However, since the Thom morphism is surjective in degrees < 2, these differentials
must also be trivial. Thus we can conclude that the Thom morphism is surjective for
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PSO(4). For the group PSO(6) = PU(4) we have
Hftee(PSO(6)7Z) = A(e?)? €7, y5)
H*(PSO(6);: Z/2) = Z[v]/(v*) ® Z/2[uz, us, us]/ (u3, u3, u3),

and the following Bockstein diagram in which the top numbers denote the degree of
the respective elements

1 2 3 4 5 6 7

vy w3 - y v}

vidus wdus
wus  vadus udus vudus

usly  Vuslly  UgUzls  VUUIUs vuduzus  udusus .

The elements that correspond to non-torsion classes in H*(PSO(6);Z) have been
circled. This yields the integral cohomology groups

Z, k=0,38,15
Z/4, k=214
7/2, k=4,6,11
H*(PSO(6);Z) = 2o 7/2, k=5,10,12
Z/A®Z)2, k=9
ZOLIADTL)2, k=T
0, else.

It is now straight-forward to check that all Steenrod operations of odd degree greater
than 1 act trivially on the image of the reduction homomorphism H*(PSO(6);Z) —
H*(PSO(6);Z/2). This shows that all differentials in the Atiyah—Hirzebruch spectral
sequence are trivial. Thus the Thom morphism is surjective. O

3.2. Groups with Lie algebra ¢,
The integral cohomology of the simply-connected Lie group Sp(n) is given by
H*(Sp(n)7 Z) = A(637 €7y vy 6477,71)'
Since the cohomology is torsion-free, the arguments explained in section [2.1] imply:

Proposition 3.8. The Thom morphism is surjective in all cohomological degrees for

Sp(n). O

The center of Sp(n) is isomorphic to Z/2, consisting of the positive and negative of
the identity matrix. It follows that there is only one other compact Lie group with the
same Lie algebra which we obtain by dividing out by Z(Sp(n)) (see [3]). This group is
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known as the projective symplectic group, denoted by PSp(n). The Z/2-cohomology
of PSp(n) is given by

H*(PSp(n);: Z,/2) = 7./2[v]/ (v*?) @ A(bsg, bz, ..., bag_1,. -, ban_1),

where ¢ is the largest power of 2 dividing n. The Steenrod squares are given by
, k
Sq" (bar+3) = (j>b4k+4j+3

with all other Steenrod squares trivial, except Sql(bgq_l) = 029 when n is even. The
latter implies that we have to distinguish between whether n is even or odd. We start
with the even case.

Proposition 3.9. For all evenn > 2, the generator ea,—1 € H?371(PSp(n); Z) is not
in the image of the Thom morphism.

Proof. It follows from the Bockstein diagram that the generator ey, is mapped to
v29=1 4 by, 1 plus torsion. We deduce that Sq®1 ! (v29~1 4 by, 1) = v*72 # 0, and
hence the assertion. O

Proposition 3.10. For all odd n, the Thom morphism is surjective for PSp(n) in
all cohomological degrees.

Proof. Assume that n is odd. We have the cohomology ring
H*(PSp(n); Z/2) = Z./2[v]/(v*) @ A(bz,b11,. .. ban_1).

Thus, the only non-trivial Bocksteins are the ones that go from a term containing a
factor v to a term containing a factor v2. The non-torsion elements of H. . (PSp(n); Z)
map to elements of the form b;, - - - b;, or of the form v3b;, - --b;, in H*(PSp(n);Z/2),
while the torsion elements are sent to elements of the form v?b;, - - - b;, . We claim that
none of these elements can survive an odd-dimensional Steenrod square. Assume that
o € H*(PSp(n); Z/2) is such that Sq*" ™ () # 0. Then Sq'Sq*"« # 0, which implies
that Sq*"« is of the form vb;, -+ b;,.. Since the number of v’s cannot be changed by
a Steenrod square of even degree, the class « is a product of b;’s and precisely one
v. However, as seen in the Bockstein diagram, such elements do not correspond to
elements of the integral cohomology of PSp(n). This implies the assertion. O

3.3. Groups with Lie algebra a,
The integral cohomology of the simply-connected Lie group SU(n) is given by

H*(SU(TL)7 Z) = A(637 €55+, 6277.71);
and is torsion-free. Hence we can conclude:

Proposition 3.11. The Thom morphism is surjective in all cohomological degrees
for SU(n). O

The center of SU(n) is isomorphic to Z/n. Hence, depending on n, we can take
several different quotients of this group. The case where we divide out be the entire
center is known as the projective special unitary group PSU(n). The cohomology
groups of the various quotients are as follows. Let [ be a natural number dividing n.
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Let I'; be the subgroup of Z(SU(n)) of order I, and set G(n, 1) := SU(n)/I';. Suppose
p is an odd prime dividing [ and p” is the largest power of p dividing n. Then

H*(G(n,1);Z/p) = Z/p[y]/ (47" ) @ A(21, 23, -+ Bapr 15 s Z2n-1),
where |y| = 2. The power operations are given by

i—1
Pk(z2i—1) = < i )Z2i—1+2k(p—1)> and 5(22;3“171) =yP

Similarly, if p =2 and 4 | [, then
H*(G(n,1);2)2) = Z.)2[y]/ (4% ) @ A(21, 23, -+ -, Bart1 1, -+ Z2n—1),

r—1

with
i—1 r—1
Sq* (22i-1) = ( k >22i—1+2k7 and Sq'(z2r-1) = y*

and all other odd-degree Steenrod operations are trivial. Finally, if [ =2 (mod 4),
then
r+1

H*(G(n,1);7Z/2) = 7./2[21]/ (21>

with the Steenrod operations

)®A(2’3,Z5,...,/2\2r+1_1,...,22n,1), (2)

1—1 .
Sq2k(221‘—1) = < i >22i—1+2k and Sql(zzr—l) = Z% .

Although there is significant torsion in the cohomology of G(n, ), the Thom morphism
is only non-surjective in specific cases.

Proposition 3.12. Let n,l > 1 be integers with 4 | n and | = 2 (mod 4). Then the
generator ear_1 € H* ~Y(G(n,1); Z) is not in the image of the Thom morphism.

Proof. The cohomology of G(n,l) is as in , with r > 2. The Bockstein diagram
yields that e 1 € H? ~1(G(n,1); Z) maps to z;2 ~! + z9- 1 (possibly plus torsion),
for which Sq? ~1(212 ! 4 290 _4) = 2127 =2 £ 0. Thus, er_1 is not in the image of
the Thom morphism. O

Proposition 3.13. Letn, | be positive integers such that 41 n orl # 2 (mod 4). Then
the Thom morphism is surjective in all cohomological degrees for G(n,l).

Proof. We will show that all the differentials starting in the top row in the Atiyah—
Hirzebruch spectral sequence for G(n, 1) must be trivial. Suppose a sequence of power
operations and Bocksteins of odd degree >3 is non-trivial when evaluated on an
element of H*(G(n,l);Z/p), where p is an odd prime. Since the only non-trivial
Bockstein is

-1

Blzopr—1-1) =y*
this can only occur if there is some z3;_1 such that
1—1
PH(z9;_1) = ( i >Z2i1+2k(p1) = Zopr-1_1 (3)

for some k. We will now show that this is impossible by showing that for any i, k,r
satisfying , the binomial coefficient is divisible by p.
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To simplify the notation, let 7 =7 — 1. The binomial coefficient (i) can be com-
puted using Lucas’ theorem, which says that if

J=Jo+pap+...dmp™, and k =ko +kip+ ... kpnp™
are the base p expansions of j and k, then
j) _ ﬁ (jt) (mod
= D).
(k: P ky

Here we use the convention that (i) = 0if j < k. From equation we see that
j=p '+ k—kp—1. (4)

We can assume that r > 1, since otherwise the only non-trivial Bockstein is 5(z1) = v,
which leads to a surjective Thom morphism. Now, let s be the smallest natural number
such that p*~! | k, but p* 1 k. From equation we see that s < r, since otherwise j
would be negative. We then get

j=k—1 (mod p*).

Since k # 0 (mod p®), we get j, < k, for some v < s, and it follows from Lucas’
theorem that (i) = 0 (mod p). This proves that there are no non-trivial differentials
of odd torsion. It remains to show that there are no nontrivial differentials of 2-torsion
in the remaining cases. There are two such cases: when n and ! are both multiples
of 4 and when n =2 (mod 4). In the former case, the only non-trivial Bockstein
is Sql(z?_l) = yzr_l, and the surjectivity of the Thom morphism follows from the
same argument as with the odd torsion, by setting P* = Sq%. In the latter case, if
n =2 (mod 4) and | = 2 (mod 4), the cohomology ring is

H*(G(n,0);2/2) = Z/2[21]/ (1) ® A(zs, 27, . 220-1),

and the only Bockstein is Sq'(z1) = 2?. The surjectivity of the Thom morphism then
follows from the same argument as in the case PSp(n) with n odd. O

3.4. Groups with exceptional Lie algebras

We will now consider Lie groups with exceptional Lie algebras. It turns out that
the cases g,, f, and ¢¢ follow the same pattern, while we can say a bit more on e,
and eg. We will therefore split our analysis into three subsections.

3.4.1. Groups with Lie algebra g,, f, and e¢.
The free cohomologies of the exceptional Lie groups G2, Fy and Eg are given by

Hiyoo(G23 Z) = Aes, e11),
Hiyoo(Fi; Z) = Aes, €11, €15, €23),
Hpoo(Eo; Z) =2 Aes, eg, €11, €15, €17, €23).
The center of Eg is isomorphic to Z/3 (see [18]). Hence there is another group with

Lie algebra eg, which we refer to as the centerless Eg and denote by Eg/T's.

Proposition 3.14. For Go, Fy, Eg and Eg/T's, the generator es in integral cohomol-
ogy is not in the image of the Thom morphism.
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Proof. The Z/2-cohomologies of G, F, and Eg are given by

H* (G2 2/2) = Z/2[ws]/ (w3) ® A(ws),
H*(F4,Z/2) = Z/Q[ﬁg]/(ﬂfé) X A(I5,I15, 1323)7
H*(EG;Z/Q) = Z/2[J}3]/($§) & A($5,$9,.’L‘15,$17, 1‘23).

In each case, the generator eg in integral cohomology reduces to 3 in Z/2-cohomology
and ng(:cg) = 22 # 0. Hence e3 is not in the image of the Thom morphism. Since
neither the free cohomology nor the cohomology with coefficients in Z/2 are altered
by dividing out by a subgroup of order 3, the same argument as for Fg applies to the
quotient Eg/T's. O

Remark 3.15. We note that the other generators in the integral cohomology groups of
Gq, Fy, Eg and Eg/T'3 are in the image the Thom morphism. As we will see in Propo-
sition and the behaviors of the cohomology of the groups corresponding to
the Lie algebras ¢, and eg are different.

Remark 3.16. The integral cohomology of the exceptional groups, except for G,
also have 3-torsion, and we could have used a computation at p = 3 to show non-
surjectivity.

3.4.2. Groups with Lie algebra ¢,.
The free cohomology of the group FE7 is given by

* .
Hioo(E7; Z) = Ales, e11, €15, €19, €23, €27, €35).

The center of F; is isomorphic to Z/2 (see [18]), and hence there is another group
which has the Lie algebra E7;. We will refer to this group as the centerless E7 and
denote it by E7/Ts.

Proposition 3.17. For E; and E7/Ts, the generators es and eys in integral coho-
mology are not in the image of the Thom morphism.

Proof. We use the Z/3-cohomology of E; which is given by
H*(E7;Z)3) & Z/3[xs]/(z3) ® A(zs, x7, 211, T15, T19, T2z, T35),

with Plzg = a7, P3x7 = 219, and Bxy = x5. Moreover, we know that the reduction
homomorphism p: H3(E7;Z) — H3(E7;Z/3) sends e3 to 3. Let Q1 denote the first
Milnor operation. We then have

Q1(xs) = P'B(z3) — P (z3) = P'(0) — B(z7) = —s,

and conclude that es is not in the image of 7 by Lemma Since dividing out by
a subgroup of order 2 changes neither the free cohomology nor the Z/3-cohomology,
we deduce that e3 € H3(E7/T'3;7Z) is not in the image of 7 either. To see that the
generator ey is not in the image of 7 we will use 2-torsion. The Z/2-cohomologies of
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Er and E7 /T are given by

H* (E77 Z/2) = Z/Q[xi?n x5, xg]/(xga xév 333) ® A($15, 17,223, .1327),
H*(E7/T2;2/2) = 7./2[x1, x5, 20) / (21, 25, g) ® Awg, 15, 217, T3, T27).
In low degrees we get the following Bockstein diagram for Fr:

x3 a3 3

5 T3T5 235 235

Tg T3y

The generator e;5 € H'®(FE7,7Z) reduces to x15 + 1319 or x15 + 25 in HY(Er;Zs).
While Sq®(x15) = Sq'Sq?(215) = Sq* (z17) = 22, Sq* acts trivially on both z3zg and
x3. Hence we get

Sq3(:1:15 + x%mg) = Sq3(x15 + :Bg) = :1:3 £ 0.

Thus, e;5 € H'®(FE7;Z) is not in the image of the Thom morphism. For E;/T'y, the
relevant part of the Bockstein diagram is:

T5T9 T1T5T) — TITHTY

(IT%(L‘G

Z15 T1215.-

It follows that ei5 € H15(E7/F2;Z) reduces to either x15 + xgzg or 15 + o3 in the
group H'(FE;/T4;7/2). Since Sq* acts trivially on zgzg as well, we get again that
Sq® (215 + z629) = Sq* (215 + 22) = 23 # 0. This proves the assertion. O

3.4.3. The group Ej
The free cohomology of the group Fg is given by
Hi oo (Es; Z) = A(es, e15, €23, €27, €35, €39, €47, €59),
while Z/2-cohomology of Eg is given by the isomorphism
H*(Es;Z/2) = Z)2[x3, x5, %9, x15) / (230, 25, 25, 215) @ A(w17, 223, Ta7, T29).
Proposition 3.18. The generators es, e15, €23, €27 € H;Tee(Eg;Z) as well as the sum

of any of these generators with a torsion class in the same degree are not in the image
of the Thom morphism.
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Proof. In low degrees, we have the following Bockstein diagram for p = 2:

3 4 5 6 7 8 9
x5 375
T9

The class e3 € Hp

ree

10 11 12 13 14 15 16
fgfs/' 1,-;{15/
22 T332 w3t
7
319 2329
ad
T5T9
15

(Es;7) reduces to the class x3 € H3(Eg;7/2), for which Sq® is

non-trivial. For the other degrees, we start in degree 27 and work our way down. The

Bockstein diagram continues as follows:

17 18 19 20 21 22 23 24 25 26 27 28
x§ z] 2§ 9
2wy 23w 5wy alas
zizg imy 23wy a§xg
T3T5Tg ‘1;21' Ig "L'S.T Ig 1}4‘1;'1}
3T5L9 30529 30529 30529
2 3 4
T3T15 /‘3115 T3T15 /13115
/ / 2
T5T15 T3T5T15 T3T5T15
2 2
TET1s T3TET1s
TT1s \ T3T9T15
i 3wl \ 23xd \
22wy w3xizg gggmga/ riazy (5)
5 )
%15 /;315
‘L'gf[g .'1/'3172.'1}(_)
/ / e zﬂﬂ%
2 3
17 T3T17 /13117 /111117
T5T17 T3T5T17 T3T5T17
T23 L3To3
2.2
x2ad
2
1511/
3
%m
ToT17
T523
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From diagram (5]) we see that under the reduction map H?"(FEg;Z) — H?"(FEg;Z/2)
the class ea7 4 (torsion) is sent to either

To7 + acg:rn +L or xor+ xg + L, (6)

where L is some linear combination of the classes

x%xg, xg, xgxg + xgmg, and xéxw + xéxé
The square Sq® acts on x27 by Sq*(z27) = Sq'Sq?(z27) = Sq* (z29) = x2;, while Sq?
applied to any of the other terms in @ does not yield an 235-term. Thus, z%- cannot
get cancelled out, and it follows that e; and e; plus torsion are not in the image of
the Thom morphism. For the class es3, we get four alternatives for its reduction to
Z/2-cohomology:

To3 + T5TE, Toz + T5T5 + T3TE, Toz + rixi7, and Toz + xixy7 +x37s.  (7)
The square Sq* acts on these classes by
Sq* (23 + 2523) = o7 + 28, Sq* (203 + L5232 + T37E) = Toy + x5 + 23,
Sq* (w23 + w3w17) = o7 + Ti217, Sq" (T23 + T3217 + T3TE) = To7 + TRT17 + 23,
We see that each cohomology class in is mapped to a class in @ by Sq*. It
follows that es3 reduces to a class on which Sq'Sq?Sq* is nonzero. This shows that

€23 plus any torsion is not in the image of the Thom morphism. Finally, there are
four possibilities for the mod-2 reduction of e;5 plus torsion, given by

T15 + T3xg, T15 + T3T9 + 13, w15 + 23, and @15 + 23 + 3. (8)
The square Sq® acts on these classes by
Sq® (215 + 2320) = 23 + T3T17, S (215 + 3T + 13) = a3 + T3T17 + T3T,
Sq8(m15 + 23) = 293 + 2522, qu(aclg, + i + 23) = w03 + w512 + 2325,

Hence all classes in have a nonzero image under Sq'Sq?Sq*Sq®. This shows that
e1s plus torsion is not in the image of the Thom morphism. O

4. Geometric examples for special orthogonal groups

In this section we switch perspectives and give a concrete and geometric con-
struction of certain cobordism elements for special orthogonal groups. We begin with
SO(5) and will then generalise to higher dimensional SO(n).

4.1. A geometric cobordism class on SO(5)

Recall from Proposition [3.1| that the generator es € H{, .(SO(5); Z) = A(es, e7) is
not in the image of 7. However, we will now show that the element 2e3 is in the image
of the Thom morphism. We will prove this by geometrically constructing an element of
MU3(SO(5)) which is mapped to 2e3 € H3(SO(5); Z) under 7. To do so we make use
of the fact that SO(5) is a 10-dimensional compact manifold. Let 2é3 € H7(SO(5); Z)
denote the image of 2e3 under the isomorphism H?(SO(5); Z) & H7(SO(5); Z) defined
by Poincaré duality. By [23] Proposition 1.2], elements in MU?3(SO(5)) can be rep-
resented by proper complex-oriented maps of the form M — SO(5) where M is a
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7-dimensional manifold. Thus, in order to show that 2e3 is in the image of 7, it suf-
fices to find a proper complex-oriented map g: M — SO(5) such that g.[M] = 2é3
where [M] denotes the fundamental class of M in H7(SO(5);Z).

To compute the homology group H7(SO(5);Z), we recall the cell structure of spe-
cial orthogonal groups using maps from products of real projective spaces from [8],
Proposition 3D.1]. Let v be a nonzero vector in R”. We define the linear transfor-
mation r(v): R" — R™ to be the reflection across the orthogonal complement of v.
We may use this map to define an embedding from RP*~! to SO(n) for k < n as
follows. Representing elements of RP*~! by vectors in R* and embedding into R" in
the canonical way if k& < n, we define the map

RP*1 — SO(n), [v] — 7(v) - r(e1)

where e, ..., e, are the standard basis vectors. We extend this to a map defined on
products of real projective spaces by taking compositions, i.e.,

firo iyt RP X . x RP'™ — SO(n)
([Ul]a cee [Um]) — r(v) - r(er) - r(vm) - r(er).

For SO(n), there is a k-cell for each sequence (iy,...,%,) which satisfies both n >
i1 >...> 4y, > 0and iy + ...+ 4, = k. The characteristic map is given by

DF — =4 Dt x ... x Dim — RP" x ... x RP\m — SO(n),

where the second map is the product of the characteristic maps for the top cells of
each real projective space. There is a single 0-cell, namely the identity of SO(n). This
gives us all the information we need to construct the cellular chain complex of SO(5).
The differentials are determined by the differentials in the cellular chain complexes
of real projective spaces, as well as the product formula

d(e’ x ef) = d(e') x el + (—1)%e" x d(e?).

The cell structure yields that H;(SO(5);Z) = Z where the generator is induced
from the cell (4,3) with characteristic map

fa3: RP* x RP? — SO(5).

However, since RP? is not orientable, the map fa,3 does not represent a bordism class.
In fact, we know from the algebraic obstruction that the image of e3 under H7(SO(5))
cannot be hit by a bordism class on SO(5). We will now show that we can replace
RP* x RP? with an orientable smooth manifold M and the map fs,3 with a smooth
map g: M — SO(5) with the same image as f4 3.

To do so, we first observe that the cell decomposition implies that every element
of SO(5) can be expressed as a composition of reflections in R®, where every pair
of reflections leaves a 3-dimensional subspace fixed and performs a rotation in the
remaining 2-plane. Let Gra(R®) be the Grassmann manifold of oriented 2-dimensional
planes in R%. We will write elements of C,}\rg(R5) in the form (L, o), where L is a plane
and o is an orientation of L. We then define

g: Gra(R%) x S' — SO(5)

to be the map that sends ((L,0),e) to the element of SO(5) which rotates the
plane L by the angle t according to the orientation o. More precisely, given a point
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((L,0),€') € Gra(R®) x S, let r1, ,4 be the rotation of L by the angle ¢ along 0. Let
L+ denote the orthogonal complement of L in R® with the respect to the standard
inner product. Then we can write v € R® in a unique way as v = vy + vy such that
vy € L and vy € L. The transformation g((L, o), e®) € SO(5) is then defined by

g((L,0),e™)(v) = Lot (V1) + va.

Lemma 4.1. The map g admits a complex orientation. In particular, g is a proper
complex-oriented smooth map and represents an element in MU?(SO(5)).

Proof. The element g((L,o),e) varies smoothly with (L, o) and ¢ in Gra(R5) x S1.
The fact that g admits a complex orientation follows from the facts that S L s stably
almost complex, Gra(R%) = SO(5)/(SO(2) x SO(3)) is almost complex, and SO(5)
is a compact Lie group. O

Lemma 4.2. The images of the maps fa3 and g in SO(5) are equal, i.e., the image
of the map g: Gra(R5) x ST — SO(5) is the cell (4,3).

Proof. To simplify the notation we write f = f43. We begin with showing that we
have Im f C Im g. Let (u,v) € RP* x RP?. We will show that there exist two elements
in Gra(R%) x S which map to the element f(u,v) € SO(5). When showing this we
will assume that u and v are both different from +e;. However, otherwise the argu-
ment is similar. The 4-planes e;- and u™ intersect on a 3-dimensional subspace of R®
which remains fixed under the map r(u) - r(e1). We will call this subspace M,,. Like-
wise, we let M, denote the 3-dimensional subspace fixed by r(v) - r(e1). We observe
that both M, and M, are contained in Span{es, €3, €4, €5}

We first consider the case where u = v. Then M,, = M,, and it follows that f(u,v)
is a rotation in the plane L = M. For each of the two possible orientations of L,
there is precisely one angle in S which gives the rotation corresponding to f(u,v),
which shows that there are two elements of @(Rs) x S1 which map to f(u,v).
On the other hand, if u # v, we get that M, N M, is a 2-dimensional subspace of
Span{es, e3, €4, e5}. Let N = (M, N M,)*. We observe that f(u,v) € SO(5) maps N
to N. Since N is 3-dimensional, a 1-dimensional subspace of N is left fixed by f(u,v),
and we call this line 7. We have now seen that f(u,v) leaves T @ (M, N M,) fixed.
The remaining 2-dimensional subspace of N is then our choice of L, in other words

L:=(T® (M,NM,))".

Having found the plane where the rotation takes place, we may combine orientations
o and elements of S1 as in the case u = v to get the desired element of SO(5). This
proves that Im f C Img.

We now show that Im g C Im f. Let

((L,0),e") € Gry(R®) x S™.
Our goal is to find vectors u and v such that f(u,v) = g((L,0),e). We can first
observe that L NR?* is at least 1-dimensional. We then choose v’ to be any unit

vector in this intersection and note that v’ represents a point in RP?. Next, we need
to find a suitable u € RP* such that

r(u) - r(v') = g((L,0),e").

To ensure that L is fixed by both r(u) and 7(v’) we need that u is in L. Furthermore,
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the angle between u and v’ is uniquely determined by ¢ to yield the desired rotation. In
fact, the angle must be ¢/2 or t/2 + 7, depending on which representative we choose
for the point in RP*. With the exception of the cases t = 0 and ¢ = 7, this leaves two
options for u, which we choose between by making sure the rotation r(u) - r(v') goes
in the right direction according to the orientation o. The composition r(v’) - r(e1)
has a unique inverse, which is given by 7(v) - (e1) for some vector v in RP*. We then
have

flu,v) =r(u) -r(er) r(v) r(er) = r(u) - rler) - [r(v') - r(er)] ™"
(e1) -r(er) - r(v') = r(u) - r(v")
= g((L,0),e").
This proves that Im f =Img. O

=r(u

~—

<

We can now show the main result of this section.

Theorem 4.3. The cobordism class represented by g maps to 2es € H3>(SO(5);Z)
under the Thom morphism.

Proof. By Poincaré duality it suffices to show that the fundamental class of the
manifold Gra(R%) x S* in homology is mapped to two times the generator é3 in
H7(SO(5); Z). By Lemma [4.2] the image of g is the cell (4,3). Hence we can consider
g as a map

Gra(R%) x 51 — (4,3).

Let g: (4,3) — (4,3)/(4,3)6 be the map that collapses the 6-skeleton of the cell
(4,3). We then get the following commutative diagram in homology

H(Gra(R5) x $%7Z) — 2 Hy((4,3);Z)

H?((4v 3)/(45 3)6; Z)

Using the homology long exact sequence of the pair ((4,3)s,(4,3)), it is straight-
forward to see that the map g. is an isomorphism. The quotient (4,3)/(4,3)s is
homeomorphic to S7. Hence by choosing an orientation we can assume that g o g is
a map between compact, oriented topological manifolds. Proving that g, is a mul-
tiplication by +2 is hence reduced to the claim that the map (qo g). has degree
£2. We will show this claim by computing the local degree of g o g at two points in
Gra(R?) x St.
Let y € SO(5) be the point corresponding to the matrix

100 0 O

010 0 0
y=10 01 0 0
000 -1 0
000 0 -1

Then y defines a rotation by the angle 7 in the plane Span{ey,es}. If we define the
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plane L = Span{ey, e5}, and let =0 be the two possible orientations of L, we get

g((La O-)a eiﬂ) = g((La _U)aeiﬂ') =Y,
and these are the only two points that are sent to y under g. Since Img = Im f by

Lemma it follows that y € (4, 3). We now define open neighborhoods of the points
((L,+0),e'™) that are mapped homeomorphically to an open neighborhood of y. Let

U = {(M,0) € Gra(R®) | M N Span{er, s, e3} = 0}.
Since U consists of two open path-components, so does the product
U x (S*\{e%}).

We denote these two path-components of i x (S*\{e’}) by " and U ~. We then have
((L,0),e™) eU™ and ((L, —0),ei™) eU~. Welet V C (4,3)/(4,3)¢ be the interior of
the cell (4,3). We observe that V' consists of the rotations of R® that do not leave any
nonzero vector in Span{eq, e5} fixed, which corresponds to the planes in ¢/. From the
proof of Lemma we deduce that g maps precisely two points of U x (S \{e"}) to
every point in V. This implies that g sends &/ and &/~ homeomorphically to V. Thus,
at each of the points ((L,=40),e'™), the map qo g has local degree +1 or —1. The
points ((L,0),e") and ((L, —0),e” %) have the same image in SO(5) under g. The
map S1 — S1, et s e~ reverses the orientation. We recall that Gra(R?) is a double
cover of the unoriented Grassmannian Gra(R®), and that Gra(R®) is not orientable.
By [17, Theorem 15.36], these observations imply that the map Gra(R®) — Gra(R?)
which sends (L, o) to (L, —o) is not orientation-preserving, since this map is the only
non-trivial automorphism of Gra(R?) compatible with the projection to Gra(R?).
Hence, the map

: Gry(R%) x 81 —» Gry(R%) x S
((L,0),e") (L, ~0),e™™)

is a product of two maps which reverse the orientation. Thus, € preserves the orien-
tation. By the construction of e, the diagram

Uur

,[ %)g)uﬁ

1%

/(q:)g)wf

commutes. Since ¢ preserves the orientation, we know that either both (qo g);+
and (g o g)j~ preserve the orientation, or they both reverse it. Thus, g o g has the
same local degree at the points ((L,£0),e'™), and we conclude that g, is given by
multiplication by £2, which completes the proof. O

U-

By Lemma Theorem implies the following result:

Corollary 4.4. The class [g] ® % is a non-trivial element in the kernel of

Tr/z: MU?(SO(5)) @mu+- R/Z — H?*(SO(5); Z) @7 R/Z.
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4.2. Generalization to higher dimensions

We will now explain how the method to prove Theorem [£.3] can be generalised to
special orthogonal groups of higher dimensions. We first show which cells provide the
generators for cohomology groups of SO(n) and then make a generalised geometric
construction. Let k > 0 and n > 2k 4 3. Then there is a non-torsion generator ey +3 in
H*+3(S0(n); Z). We can use the cell structure of SO(n) to describe ey 13 as follows.
Let (i1, ...,4m) be a sequence of integers with n — 1 > i3 > ig > ... > i, > 1. We let
(z’Al, e z/,,:) denote the image of the map

Firre: RPIUX X RP* — SO(n),

where (j1,...,js) is the sequence obtained by removing the numbers 41, ..., i, from
the sequence (n —1,n —2,...,1). We deduce from the cell structure that esx13 is

induced by the cell (216/—&—\2, 2?\4—1) Using the methods of section we can show
that for every k, the generator e4y43 is not in the image of the Thom morphism for
sufficiently large n. Determining a minimal such n is more difficult, and we have been
unable to find a more efficient method than to study the Bockstein diagrams on a
case by case basis. However, we will now show how a multiple of e4;3 can always
be constructed geometrically, whether or not ey 3 itself is in the image of the Thom
morphism. Let n > 3 be odd. We then define the map

gn: Gra(R™) x S' — SO(n)

in the same way as the map g: Gra(R%) x S* — SO(5) in section For m > n, we
will also denote by g, the composition Gra(R") x S — SO(n) < SO(m) with the
canonical embedding of SO(n) into SO(m).

Lemma 4.5. For every n > 3 odd and every m = n, the map g, admits a complex

orientation. In particular, g, s a proper complex-oriented smooth map and represents
an element in MU*(SO(m)).

Proof. This follows again from the facts that S is stably almost complex, (’}}JQ(R”)
is almost complex, and SO(m) is a compact Lie group. O

We define the map
en: Gra(R") x S — Gry(R") x S
((L,0),e") — ((L,~0),e™™).

Lemma 4.6. The maps T, gn and f;, . ;. have the properties
(1) Im gn = Im fn—l,n—Q

(ii) In ©En = gn

(iil) &, is orientation-preserving.

Proof. This follows from similar arguments as in the proofs of Lemma and The-
orem [£.3] O

We now construct the cobordism class which maps to a multiple of the element
eaprs € H*3(SO(m)). The construction depends on whether m is even or odd,
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and we start with m = 2n 4+ 1 odd. For k and m with 2k + 1 < m, let ¢ denote the
canonical embedding SO(2k 4+ 1) — SO(m). We can now define the map

hon+1,k 1= Gon+1 X Gan—1 X -+ X Gogs X U: 9)
n

I1 (GTQ(R%H) x sl) x SO(2k + 1) —SO(2n +1).
I=k+2

It follows from Lemma that the image of this map is the cell
(2n,2n—1,...,2k+3,2k,...,2,1) = (2k + 2,2k + 1).
If m = 2n is even, then we need to define one more map. Given the map
fr: RPF = SO(m),

let f/ be the composite map

S* RPF L%y SO(m),

where the first map is the canonical double cover. We can then define

honk = [on_1 X Gan—1 X gan—3 X *++ X gop4s X i: (10)
n—1
s ] ((’}E(RQZH) X Sl) x SO(2k + 1) —S0(2n).
I=k+2

Again, it follows from Lemma [4.6] that the image of this map is the cell
(2n—1,2n—2,...,2k+3,2k,...,2,1) = 2k + 2,2k + 1).

Theorem 4.7. Let k > 0 andn > k + 1. Then the Thom morphism sends the cobor-
dism class represented by the map hay 111 in MU 3(SO(2n + 1)) to 2" F ey s €
H*+3(SO(2n +1);Z). If n > k + 2, then the Thom morphism sends the cobordism
class represented by the map hay, i in MU**T3(SO(2n)) to the element 2"k ~teyy 3 €
H*+3(50(2n); Z).

Proof. The assertion follows as in the proof of Theorem [.3] from the fact that each
factor Gra(R2+1) x S! is wrapped twice around the cell (20,20 — 1). O

Corollary 4.8. For every k > 0, there is a sufficiently large integer m such that the
class [hm k] ® 2,1,% with n = || is a non-trivial element in the kernel of
)

Remark 4.9. There is a notable case where the construction of map (10) can be simpli-
fied. For SO(8), the factor S” can be replaced by RP” since this space is parallehzable
Thus, the map

fr x g7 X g5: RP x (@(R7) X Sl) X ((f}\rJQ(R5) x Sl) — SO(8)

represents an element of MU?(SO(8)) which is mapped to 4e3 € H3(SO(8);Z).
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