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LECTURE 1

Introduction

Organization:

Lectures: Tuesdays and Thursdays, both days at 12.15-14.00 in S21 in Sen-
tralbygg 2.

Exercises: We will have some suggested exercises, hopefully on a weekly
basis. You should try to solve as many exercises as possible, not just the ones
I suggest, but also all that you find in other textbooks. We will not have an
exercise class though. But you can discuss exercises with me at any time!

Course webpage: wiki.math.ntnu.no/ma3403/2018h/start
where all news about the class will be announced. You will also find lecture notes
a few hours after class on the webpage.

Office hours: Upon request.
Just send me an email: gereon.quick@ntnu.no

Textbooks: We will not follow just one book... but there are many good
texts out there. For example, you can look at

[H] A.Hatcher, Algebraic Topology. It’s available online for free. It contains
much more than we have time for during one semester.

[Mu] J.R. Munkres, Elements of Algebraic Topology.
[V] J.W. Vick, Homology Theory - An Introduction to Algebraic Topology.
Two books that you can use as an outlook to future topics:

[Ma] J.P. May, A Concise Course in Algebraic Topology. It’s also online
somewhere.

[MS] J.W. Milnor, J. Stasheff, Characteristic Classes.



6 INTRODUCTION

There are many other good books and lecture notes out there. Ask me if you
need more.

What is required?

I will assume that you are starting your third year at NTNU (or more). You
should have taken the equivalent of Calculus 1-3 or MA1101-1103, M A 1201-
1202. So you should be familiar with Euclidean space R", multivariable calculus
and linear algebra. Ideally, you have taken TMA4190 Introduction to Topology
and/or General Topology.

You should also know a bit about algebra, like what is a group, an abelian
group, a field, ideally also what is a ring and module over a ring.

Finally, it would be good if you knew what a topoogical space is and you
would know what the words open, closed, compact, etc mean. But, in fact,
you could also just have some few examples of topologial spaces in mind, like
n-spheres, torus etc. without knowing too many abstract stuff. For, the class is
much more about the ideas and methods we develop than anything else. And
these methods are useful almost everywhere.

Nevertheless, if you want to refresh your knowledge on Topology, you may
want to have a look at the book

[J] K. Jénich, Topology.

What this class is about:

Note: If some of the following words do not yet make sense to you, no worries!
For the moment we are just waving our hands and use fancy words. We will make
sense of all this during the semester...

Very roughly speaking, topology studies spaces up to continuous trans-
formation of one space into the other.

The correct place to do this is the category of topological spaces whose
objects are topological spaces and whose morphisms are continuous maps. The
isomorphisms in this category are called homeomorphisms, i.e., a continuous
map with a continuous (left- and right-) inverse, or a continuous bijective map
with a continuous inverse.
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We can then describe topology as the science which studies properties of
spaces which do not change under homeomorphisms. You have seen many such
properties already, e.g. compactness (to be recalled in a bit).

This gives rise to a typical question in topology:

Typical question in topology

Given two topological spaces X and Y. Are X and Y homeomorphic, i.e.,
is there a homeomorphism ¢: X = V?

Let us look at a familiar example. Fix two natural numbers n < m.

e [s there a linear isomorphism (of vector spaces) R™ = R"?
Answer: No, since linear algebra tells us that isomorphic vector spaces
have equal dimension.

e Is there a diffeomorphism (bijective differential map with differentiable
inverse) R™ = R"?
Answer: No, since otherwise the derivative at 0 would be a linear iso-
morphism R™ = R™ between tangent spaces.

e Is there a bijective map (of sets) R™ = R"?
Answer: Yes. Surprisingly enough one can construct such maps, and it
is actually not that difficult.

e Is there a homeomorphism R™ = R™?

The answer to the last question is: No. But it is not so simple to show.
In fact, one of the goals of algebraic topology is to develop tools that help us
decide similar questions. For example, is there a homeomorphism between the
2-dimensional sphere S? and the torus? The answer is no. But how can we
prove that? Both spaces are compact and (in some sense) two-dimensional and
oriented...

Algebraic Topology in a nutshell

Translate problems in topology into problems in algebra which are (hope-
fully) easy to answer.

Key idea: develop algebraic invariants (numbers, groups, rings etc and
homomorphisms between them) which decode the topological problem.
This should be done such that homeomorphic spaces should have the
same invariants (that is where the name comes from).
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In particular, this implies: if we find values of an invariant that differ for X
and Y, then they cannot be homeomorphic.

Remark: We will later see that all the invariants we construct are preserved
under homotopy equivalences, a weaker notion than homeomorphisms. This
will finally lead to the idea of the stable homotopy category being the motive of
topological spaces. We will not discuss this in class, but feel free to ask me about
it. 1)

For example, the first important tool that we are going to define soon is
singular homology. It will allow us to use a simple algebraic argument to show

that there cannot be a homeomorphism R™ = R”.

Just to make you taste a little more of what algebraic topology can do:

Multiplicative Structures on R”

Let R®” x R™ — R" be a bilinear map with two-sided identity element e # 0
and no zero-divisors. Then n =1,2,4,or 8.

What we are looking for is a "multiplication map”. You know the cases
n =1and n = 2 very well. It’s just R and C = R2. These are actually
fields.

For n = 4, there are the Hamiltonians, or Quaternions, H = R* with a
multiplication which as almost as good as the one in C and R, but it is
not commutative. (You add elements 4, j, k to R with certain multiplication
rules.)

For n = 8, there are the Octonions @ = R®. The multiplication is not
associative and not commutative.

And that’s it!

This is a really deep result!
The crucial and, at first glance maybe surprising, point to prove this fundamental
result is that the statement has something to do with the behavior of tangent
spaces on spheres. That’s a topological problem. Frank Adams was the first to
solve it.

In this class we will start to walk on the path towards a proof of this problem.
Unfortunately, we won’t make it to the finish line within one semester. So, if you
like, learn more about it in Advanced Aglebraic Topology...



INTRODUCTION 9

e Before we move on, let us play a game and see an invariant in action.

The rules: Take a piece of paper and draw two crosses, i.e. spots with four

free ends.
Sto-f @S Ve s

_}__
__l__

Each move involves joining two free ends with a curve which does not cross
any existing line, and then putting a short stroke across the line to create two
new free ends. The players play alternating moves.

Aﬁw Gue Mupve afla., tuo wsorves

If there are no legal moves left, the player who made the last legal move
wins.

Let us assume that we know that the game ends after a finite number of
moves, say m moves. At the end we will have created a connected, closed planar
graph, in particular, a figure which has vertices, edges and faces.
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We claim that no matter how you play, what strategy you use etc, there are
always 8 moves before the game stops, it is always the second player who wins
and there is a fixed number of vertices, edges and faces!

Why? Well, the number of moves and everything about the figure we create
is determined by Euler’s formula v — e 4+ f = 2. The number 2 is an example
of an algebraic invariant.

To understand how this works, we need to determine how the number v of
vertices, the number e of edges, and the number f of faces depends on the number
m of moves.

For the vertices, when we start the game we have two vertices. In each move,
we create one new vertex. Thus we get

v=24+m.

For the edges, when we start the game we have no edges. In each move, we
create one line, but we split it into two edges by adding a vertex in the middle.
Hence in each move, we create 2 edges. Thus we get

e =2m.
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For the faces, we have to think backwards. At the end, there is exactly one
free (or loose) end pointing into each face that we created. For, if there was a
face with two free ends pointing into one face, then we could connect these two
ends within that face and the game would not have stopped. Note that there is
also exactly one loose end pointing out of the figure. (Again, of there were two
we could connect them by going around the figure.)

Now we need to check how many free ends we produce. We start with 4 free
ends per cross, that is 8 free ends. In each move, we connect two free ends, but we
also create two new ones. Thus the number of free ends does not change during
the whole game. Hence we get

f=28.
In total we get
2=v—e+f
2=24+m—2m+38
0=-m+38
m = 8.

Hence no matter how we play, the game ends after 8 moves. Since this number
is even, the second player always wins. Moreover, we always get v = 10, e = 16,

and f = 8.

Alternative: Changing the starting setup changes the outcome of the game.
For if we start with n crosses (or nodes), then we get with the same reasoning as
above

v=n-+m
e=2m
f=4n.
Euler’s formula then yields
2=v—e+f

2=n+m—2m +4n

m = bn — 2.

Thus the game ends after m = 5n — 2 moves. For example, if n = 3, this is an
odd number and the first player always wins.
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Here is the idea why Euler’s formula holds: We can draw any connected
planar graph (a graph we can draw in the plane such that its edges only intersect
in the vertices and we can walk along the edges between any two vertices) as
follows:

1) We start with a graph consisting of just one vertex and no edges, so
v = 1l and e = 0. And we have one face, the outer face or the plane around
the vertex, so f = 1. Soin total the formula holds v—e+f = 1-0+1 = 2.

2) Now we can extend the graph by either

a) adding one vertex and connect it via an edge to the first one; that
is we change v v+ 1lande —e+ 1 or
b) draw an edge from the existing vertex to itself; this way we create
a new face as well, hence we change e - e+ 1 and f — f + 1.
Thus after both operations the formula v — e + f = 2 still holds. Now
we continue this process until we have created the planar graph we had
in mind.

Here is another example of the use of an algebraic invariant:
e Football pattern:

How many pentagons and hexagons are there on a classical foot-
ball?

We set and . The collection of
all vertices, edges and faces of all the pentagons and hexagons on the football
forms a graph on the surface of the football. This graph and therefore the
pattern on the football is governed by Euler’s formula v — e+ f = 2. Hence we
need to calculate the number of vertices v, the number of edges e and the number
of faces f.

The number of faces is obviously given by

f=P+H.

To calculate the number of edges e we observe that every pentagon has 5
edges and every hexagon has 6 edges. That yields 5P + 6 H edges. we have
counted too many edges. For at each edge, there are two faces which meet.
Thus we need to divide our number by 2 and get

__ 5P+ 6H
=22
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To calculate the number of vertices v we observe again that every pentagon
has 5 vertices and every hexagon has 6 vertices. That yields 5P+ 6H edges. But
again we have counted too many vertices. For at each vertex, there are three
faces which meet. Thus we need to divide our number by 3 and get

5P +6H
v=——
3
Now we apply Euler’s formula:
v—e+ f=2
P+6H P+6H
L —56 5 —’2_6 +P+H=2 (multiply by 6)
10P +12H — 15P — 18H + 6P +6H =2 (simplify)
P =12

To get H, we count how many hexagons there are per pentagon: Each penta-
gon is surrounded by 5 hexagons which would yield H = 5P. But each hexagon
is attached to 3 pentagons at the same time. Hence we have counted three times
as many hexagons as there really are. This yields

5P 5-12 60

=—= — 20.
3 3 3

% v = (5P + 6H)/3
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The Euler characteristic:

The number v — e + f = 2 is an example of the FEuler characteristic of a
surface, i.e., a two-dimensional manifold. In fact, 2 is the Euler characteristic
of the sphere. The Euler characteristic can be defined for any topological space
X. It is denoted by x(X) and it is always an integer number. More generally,
x(X) is a topological invariant which means it does not change if we transform
X continuously.

Here are some examples for surfaces:

e For a sphere X = 52, it is 2: x(5?) = 2.

e For a torus X = T2, it is 0: x(T?) = 0.

e For a surface with two holes, it is —2.

e In general, for a surface with g holes, it is 2 — 2g.

Now assume we have two spaces X and Y, defined in some complicated way
which makes it difficult to understand how they look. But let us assume we can
calculate their Euler characteristics by some method. Then, if x(X) # x(Y), we
know that we cannot transform X continuously into Y.

And there are also more positive examples. It often happens that an invariant
defined one way turns out to encode a lot of other information as well.

You will learn more about these things soon...

v-e+f=2 v-e+ f=

sphere

“Euler characteristic of the surface”
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The rough initiating idea for our algebraic invariants

Now back to the general situation. Let us try to get a first idea of how
algebraic topologists think and come up with their fancy invariants. Let us say
we have a space X and we want to characterise it, or at least be able to distinguish
it from other spaces.

The initiating idea is to study X by taking test spaces we understand
well and looking at the space of all maps from these test spaces into X. This
may sound like an awkward detour, but it turns out to be pretty smart.

So what are those test spaces? The most simple space is a point. Solet T' = e
the one-point space and let C(e,X) be the set/space of all (continuous) maps
from e into X. Since any map in C(e,X) is determined by the one-point image,
we just get that C'(e,X) is the set of points of X.

So what happens if we take a one-dimensional test space like the unit
interval [0,1]7 A continuous map ~: [0,1] — X is a path in X from ~(0) to y(1).
Each v(0) and (1) also gives us also an element in C'(e,X). Hence if we look at
C'(e,X) modulo those which can be connected by a path in C'([0,1],X), then we
can read off how many “pieces” X has. Making this more precise gives us the set
mo(X) of connected components of X. The set my(X) is the first example of an
algebraic invariant.

Let us keep going with this. A two-dimensional test space might be the
square [0,1] x [0,1]. Given a continuous map «: [0,1] x [0,1] — X, the two
restrictions a(0,t) and «(1,t) define two paths in X. If we assume that they have
the same start and end points, then we get a relation on the set C'(]0,1],X) of
paths in X.

This leads, by looking only at paths which are loops, to the fundamental
group m1(X) of X, the next algebraic invariant.

Continuing this way and to look at maps from an n-dimensional test space
modulo relations that come from maps from a corresponding n+ 1-dimensional
test space we can produce a sequence of algebraic invariants my(X), m3(X), . ..
which are called the higher homotopy groups of X. (Actually, for the nth
homotopy group one uses the n-dimensional sphere, the n-dimensional space with
the maximal symmetry.)

The collection of all homotopy groups encodes a lot of information about X.
In fact, in many cases it contains all the information about X up to homotopy,
i.e., continuous deformation of X.
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However, homotopy groups are notoriously difficult to compute. That
is why one also uses a different type of test spaces.

Starting again with the unit interval [0,1] in dimension one, we could also
proceed as follows. In dimension two we take an equilateral triangle, called a
two-simplex. In dimension three we take a regular tetrahedron, called a three-
simplex. In dimension four, we continue with a regular four-dimensional simplex
and so forth.

This leads to the singular homology groups H,(X) of X. These groups
will be the main object of our studies for a while. in general, they carry less
information than homotopy groups. However, their big advantage is that they
are computable! During the next couple of weeks we will develop the machinery
to compute homology groups. Along the way we will witness many fundamental
ideas that turned out to be extremely useful in many areas of mathematics...
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Cell complexes and homotopy

Our main goal today is to introduce cell complexes as an important type of
topological spaces and the conecpt of homotopy which is a fundamental idea to
simplify problems.

We start with a super brief recollection of some basic notions in topology.
A crash course in topology

Roughly speaking, a topology on a set of points is a way to express that points
are near to each other as a generalization of a space with a metric, i.e., a concrete
distance function.

You know the fundamental example of a metric space. For, recall from Cal-
culus 2 that the norm of a vector © = (xy,...,z,) € R" is defined by

2] = \/x§+$§+---+x% €R.
For any n, the space R" with this norm is called n-dimensional Euclidean
space. The norm induces a maetric, i.e., a distance function by

d(zy) := |x — y| for x,y € R™.

This turns R™ into a metric space and therefore an example of a topological
space in the following way:

Open sets in R"

o Let z be a point in R” and r» > 0 a real number. The ball
B(z) ={y eR": |z —y| <r}

with radius € around x is an open set in R”™.

o The open balls B,(x) are the prototypes of open sets in R™.

o A subset U C R" is called open if for every point x € U there
exists a real number € > 0 such that B.(x) is contained in U.

o A subset Z C R" is called closed if its complement R™\ Z is open
in R".

17
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o Familiar examples of open sets in R are open intervals, e.g. (0,1) etc.

e The cartesian product of n open intervals (an open rectangle) is open in
R"™.

e Similarly, closed intervals are examples of closed sets in R.

o The cartesian product of n closed intervals (a closed rectangle) is closed
in R”.

o The empty set () and R itself are by both open and closed sets.

e Not every subset of R" is open or closed. There are a lot of subsets
which are neither open nor closed. For example, the interval (0,1] in R;
the product of an open and a closed interval in R2.

W 7///A % with b
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The set of open sets in R”
Trn = {U C R" open}

is a subset of all subsets of R™ and has the following properties:

.@,Rneﬁn
0Uje’ﬂ{nforalleJéUjEJUjE’E{n
.Ul,UgeﬁniUlngéﬁn.

We take these three properties as the model for a topology:
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Definition: Topological spaces

Let X be a set together with a collection Tx of subsets which satisfy

(i) @,X € Tx

(ll) Uj € TX for all] eJ= UjeJUj € TX

(lll) Ul, U, € TX =U NU; e Tx.
(Note that in (i7), J can be an arbitrary indexing set.)
Then we say that the pair (X,7x) is a topological space and the sets in
Tx are called open. We also say that Ty defines a topology on X. We
often drop mentioning Tx and just say X is a topological space (when the
topology Tx is given otherwise). The complement of an open set is called a
closed set.

Here are some examples of topological spaces which also demonstrate that
some topologies are more interesting than others:

o R™ with 7Tgrn as described above.

o An arbitrary set X with the discrete topology 7x = P(X), where
Ph(X) is the power set of X, i.e., the set of all subsets of X. In the
discrete topology, all subsets are open and hence all subsets are also
closed.

e On an arbitrary set X, there is always the coarse topology Tx =
{0, x}.

o Let (X, d) be a metric space. Then we can imitate the construction of
the standard topology on R"™ and define the induced topology as the
set of all U C X such that for each x € U there exists an r > 0 so that
B(z,r) CU. Here B(z,r) = {y € X : d(z,y) < r} is the metric ball of
radius r centred at x.

o Let (X,Tx) be a topological space, let Y C X be an arbitrary subset.
The induced topology or subspace topology of Y is defined by

Ty :={V CY :thereis a U € Tx such that V. =U N X}.
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It is important to note that that the property of being an open subset
really depends on the bigger space we are looking at. Hence open always
refers to being open in some given space.

For example, a set can be open in a space X C R?, but not be open in R2,
see the picture.

- Kall ?lﬂ;sr,
bt wt e wlR

Open sets are nice for a lot of reasons. First of all, they provide us with a
way to talk about things that happen close to a point.

Definition: Open neighborhoods

We say that a subset V' C X containing a point x € X is a neighborhood
of 1 if there is an open subset U C V with x € U. If V itself is open, we
call V an open neighborhood.

The type of maps that preserve open sets are the continuous maps:
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Definition: Continuous maps

Let (X, Tx) and (Y, 7Ty) be topological spaces. A map f: X — Y is con-
tinuous if and only if, for every V € Ty, f~3(V) € Ty, i.e., the preimages
of open sets are open.

We denote the set of continuous maps X — Y by C(X,Y).

Topological spaces form a category with morphisms given by continuous
maps.

Examples of continuous maps include:

e Continuous maps R™ — R™ that you are familiar with from Calculus 2.

o If X carries the discrete topology then every map f: X — Y is
continuous.

e If Y carries the coarse topology then every map f: X — Y is contin-
uous.

Definition: Homeomorphisms

A continuous map f: X — Y is a homeomorphism if it is one-to-one and
onto, and its inverse f~! is continuous as well. Homeomorphisms preserve
the topology in the sense that U C X is open in X if and only if f(U) C Y
is open in Y.

Homeomorphisms are the isomorphisms in the category of topological
spaces.

Some examples are:

e tan: (—7/2,m/2) — R is a homeomorphism.
e f:R— R, z+ 23 is a homeomorphism.

But not every continuous bijective map is a homeomorphism. Here is an
example:

Example: A bijection which is not a homeomorphism

Let
St = {(z,y) eR?: 242 = 1} C R?

be the unit circle considered as a subspace of R2. Define a map
f:[0,1) = St t > (cos(2mt), sin(27t)).
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We know that f is bijective and continuous from Calculus and Trigonometry
class. But the function f~! is not continuous. For example, the image
under f of the open subset U = [0,3) (open in [0,1)!) is not open in S*.
For the point y = f(0) does not lie in any open subset V of R? such that

Vst = fU).

f
3 {w)
y! vt

). cvas \Z4
{00)

-
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Here is an extremely important property a subset in a topological space can

have. We are going to use it quite often.

Definition: Compactness

Let X be a topological space. A subset Z C X is called compact if for
any collection {U;}icr, U; C X open, with Z C |J,; U; there exist finitely
many ii,...,%, € I suchthat Z Cc U;,, U---UU,,.

In other words, a subset Z in a topological space is compact iff every open
cover {U;}; of Z has a finite subcover.

e By the Theorem of Heine-Borel, a subset Z C R" is compact if and
only if it is closed and bounded. Being bounded means, that there is

some (possibly huge) r >> 0 such that Z C B,.(0).
e In patricular, neither R nor any R" is compact.

e The n-dimensional disk D" = {z € R™ : |z| < 1} and the n-sphere

S" = {x € R*™ : |z| = 1} are compact.

e Finite sets, i.e., a subset which contains only finitely many elements, are

always compact.

e If X carries the discrete topology, then a subset Z C X is compact if

and only if it is finite.
e If X carries the coarse topology, then every Z C X is compact.
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Definition: Connectedness

A topological space X is called connected if it is not possible to split it
into the union of two non-empty, disjoint subsets which are both open and
closed at the same time.

In other words, a space is connected if and only if the empty set and the
whole space are the only subsets which are both open and closed.

Note that the image f(X) of a connected space X under a continuous map
f: X — Y is again connected.

Simple examples of connected spaces are given by intervals in R.

Definition: Hausdorff spaces

A topological space X is called Hausdorfl if, for any two distinct points
x,y € X, there are two disjoint open subsets U,V C X such that x € U
and y € V.

In other words, in a Hausdorff space we can separate points by open subsets.

Every subspace of RY (with the relative topology) is a Hausdorff space. More-
over, basically all the spaces we look at will be Hausdorff. However, there are
spaces which are not Hausdorff.

For a typical counter-example, consider two copies of the real line Y; :=
R x {1} and Y5 := R x {2} as subspaces of R?. On Y; U Y5, we define the
equivalence realtion (z,1) ~ (x,2) for all = # 0.

Let X be the set of equivalence classes. The topology on X is the quotient
topology defined as follows (see also below): a subset W C X is open in X if and
only if both its preimages in R x {1} and R x {2} are open.

éhe with fwe Qh'sc'ks
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Then X looks like the real line except that the origin is replaced with two
different copies of the origin. Away from the double origin, X looks perfectly nice
and we can separate points by open subsets. But every neighborhood of one of
the origins contains the other. Hence we cannot separate the two origins by open
subsets, and X is not Hausdorff.

Here are some useful facts about compact spaces:

Lemma: Closed in compact implies compact

1) Let X be a compact topological space. Let Z C X be a closed subset.
Then Z is compact.
2) Let Y be a Hausdorff space. Then any compact subset of Y is closed.

Let us prove the first assertion. The other one is left as a little exercise.

Proof: Let {U;}ier be an open cover of Z. We set U := X \ Z. Then
{U, U, }ier is an open cover of X. Since X is compact, there exist iy, ...,i, such
that X C UUU;, U...UU;, and hence, by the definition of U, we have Z C
U,u...ul,;,. QED

Another useful fact:

Lemma: Continuous images of compact sets are com-

pact

Let f: X — Y be continuous. Let K C X be compact. Then f(K) C Y is

compact.
But, in general, if Z C Y is compact, then f~'(Z) C X does not have to
be compact.

As a consequence we can deduce a useful criterion for when continuous bijec-
tions are homeomorphisms:

Lemma: Continuous bijection from compact to Haus-
dorff is a homeomorphism

Let X be a compact space and Y be Hausdorff. If f: X — Y is a continuous
bijection, then f is a homeomorphism.
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Proof: Since f is a bijection, there is a set-theoretic inverse map which we
denote by g := f1: Y — X. We need to show that ¢ is continuous. So let
K C X be a closed subset. We are going to show that ¢~ '(K) = f(K) C is
closed in X. Since X is compact, K is also compact as a closed subset. Hence
its image f(K) C Y is compact. Since Y is Hausdorff, this implies that f(K) is
closed in Y. QED

Compactness, being Hausdorff, and being connected are important examples
of topological properties:

Homeomorphisms preserve topological properties

Slogan: Topology is the study of properties which are preserved under
homeomorphisms. From this point of view, a topological property is by
definition a property that is preserved under homeomorphisms.

Hence, roughly speaking, from the point of view of a topologist, two spaces
which are homeomorphic are basically the same.

For example, if f: X — Y is a homeomorphism, then X is compact if
and only if Y is compact. For, both f and its inverse f~! are continuous
and surjective maps. Hence if X is compact, so is f(X) = Y; and if YV is
compact, so is f71(Y) = X.

We will remind ourselves of many other important topological properties along
the way.

Constructing new spaces out of old

There are sveral ways to construct topological spaces. Here are two important
constructions that we are going to use:

Definition: Product topology

Let X and Y be two topological spaces. The product topology on X xY
is the coarsest topology, i.e., the topology with fewest open sets, such that
the projection maps X x Y — X and X x Y — Y are both continuous.
More concretely, a subset W C X x Y is open in the product topology if
for every point w = (z,y) € W there are open subsets z € U C X and
yeVCcYwithUxV CcW.
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Definition: Disjoint unions or sums of spaces

Let X and Y be two topological spaces. We denote by X UY the disjoint
union (or sum) of X and Y. Recall that as a set we can define X UY as

XUY=Xx{0}uY x{1}.

(In other words, we take one copy of X and one copy of Y and by the
indexing we make sure that we keep them apart.)
The disjoint union inherits a topology by defining

Txuy ={UUV:U€Tx,V €Ty}

Another important construction for producing new topological spaces is to
take quotients.

e Quotient Spaces

Let X be a topological space. Let ~ be an equivalence relation on X. For
any = € X let [x] be the equivalence class of z. We denote as usually the set of
equivalence classes by

X/ ~:= {set of equivalence classes under ~} = {[z] : z € X}.

Let m: X — X/ ~, x+ [z] be the natural projection. The quotient topology
is defined by

UC X/~ open <= 7 '(U) C X open.
Note that the map 7: X — X/ ~ is continuous by definition.

The quotient topology is the coarsest topology, in the sense that it has fewest
open sets, such that the quotient map 7 is continuous.

The quotient topology has the following universal property: For any topo-
logical space Y and for any maps f: X — Y which descends to a map f: X/ ~—
Y, ie., f is constant on equivalence classes, such that the diagram

x— .y

| A

X/ ~
commutes, the map f is continuous iff f is continuous.

Many important examples of spaces that we will study arise as follows:



CELL COMPLEXES AND HOMOTOPY 27

e Take a subset X C R" and consider it with the induced topology as a
subset.

e Consider an interesting equivalence relation ~ on X and take the quo-
tient topological space X/ ~.

Let us look at some examples of this procedure:

Torus

We start with the square
S:={(zy) €eR*:0<2<1,0<y<1} CR?

with the subspace topology induced from the topology of R?. Now we would
like to glue opposite sides to each. This corresponds to taking the quotient

T := 5/((x,0) ~ (2,1) and (0,y) ~ (1,y))-

Q
%lﬁe R N N N
USRI . 1 I‘"‘
to
| _ boblow a |
o Q

Real projective space

Real projective space RP” is the space of lines in R"*! through the origin.
As a topological space it can be constructed as follows:

We define the equivalence relation ~ on the n-sphere S™ by identifying
antipodal points, i.e., z ~y <= y = —x. Then we have

RP" = S"/ ~
and equip it with the quotient topology. Since S™ is compact and RP" is

the continuous image of S™ (under the quotient map), we see that RP" is
compact.

There is also a complex version:
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Complex projective space

Again, complex projective space CP™ is the space of one-dimensional C-
vector subspaces in C"™!. It can be topologized as follows:

We define the equivalence relation ~ on the sphere S?"*! by z ~ y if and
only if there is a A € C with |A| = 1 such that y = Az where we think S?"!
as the subspace of points z in C" with |z| = 1. Then we have

CPn _ SQn—i—l/ ~

and equip it with the quotient topology. Since S?**! is compact, CP" is
compact.

Aside: Note that the “topological dimension” of CP™ is 2n (we have not
said what that means though). The n rather refers to the dimension as a
complex manifold.

Projective spaces play an important role in geometry and topology. We will
meet them quite frequently during this course (and future courses).

It happens also that it might be necessary to present a well-known space in a
different form. For example, we can write spheres as quotients. We will see that
this is just one example of a whole class of interesting spaces.

Sphere as a quotient

For every n > 1, there is a homeomorphism

p: D"/oD™ = S
There are in fact many different ways to construct such a homeomorphism.
Let us write down one in concrete terms for the special case n = 2. The

general case follows by throwing in more coordinates.
We define a continuous map p: D? — S? such that

p(0,0) = (0707 — 1) and
p(z,y) = (0,0, +1) for all (z,y) € 0D?* = S'.

Since p will be constant on 9D", it will induce a map p on the quotient
D?/0D?.

We define p as a rotation invariant map which sends the inner part of D? of
points with radius less than 1/2 mapping onto the lower hemisphere of S?
and the outer part of D? of points with radius greater than 1/2 mapping
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onto the upper hemisphere p: D? — S? by
2x,2y, — /1 — 4(22 + y2)> if 22 4+9%2<1/4
f@uﬁ%f@whn%l—f%uw%x”+y%) if 2% +y* > 1/4

where we denote f(z,y) = 4 — 4y/22+ y? (to make the formula fit in a
frame). This map is well-defined also for points with 2? + y? = 1/4. More-
over, p is contiunuous, as a composite of continuous functions, and constant
on 0D?.

An inverse map can be defined by

p(y) =

(32,1y) if —1<2<0
§2 = D*/D%, (242) = { (glag)z.glog)y) £O<7 <1
class of OD? for (0,0,1)

—\/1=+/z?+y? . .
where we denote g(x,y) = 121?;?} Note that this map is well-defined
x4y

also for z = 0, since then 22 + y? = 1 and g(z,y) = 1/2.

e Compactifications

The concrete maps we wrote down in the previous example are kind of ugly.
But there is another way to show that there is such a homeomorphism D" /9D" ~
ST

For we can also consider S™ as the one-point compactification of R". Let
us first say what that means:
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Definition: One-point compactification

1) If Y is a compact Hausdorff space and X C Y is a proper subspace whose
closure equals Y, then Y is called a compactification of X.
If Y\ X consists of a single point, then Y is called the one-point com-
pactification of X.
2) Let X be a topological space with topology Tx. Let oo denote an abstract
point which is not in X and let X := X U {oo}. We define a topology T
on X as follows:

e cach open set in X is an open set in X', ie., Tx C Ty and

e for each compact subset K C X, define an open subset Ux € T

by Uk := (X \ K) U {o0}.

Then X is a one-point compactification of X.
To see that X actually is compact, take any open cover of X. Then at least
one of the open sets contains co. Hence that set covers (X \ K) U {co} for
some compact set K. Since K is compact, finitely many of the remaining
open sets suffice to cover K and therefore all of X.

Examples of one-point compactifications are spheres. For S™ is the one-
point compactification of R®. For n = 1, one can think of S! as taking the real
number line and connect the two ends at infinity in one point oo to close the
circle. More generally, one can construct a homeomorphism via stereographic
projection.

As an application, we give a new proof D" /0D" ~ S™:

Sphere as a quotient revisited

For every n > 1, there is a homeomorphism

p: D"/oD" = S
Since S™ ~ R™ U {oo}, it suffices to construct homeomorphism

~ < if x| <1

p: D" S R"U {oo}, s ¢ el 7 2

00 if |x] = 1.
We claim that the map p is continuous. To show this, we use the sequential
criterion of continuity. Let (a,) be a sequence in D" with lim,_,, a, =
c. If ¢ € D™\ dD" is an interior point, then p(c) € R" and we know
lim,, ;o0 p(an) = p(c), since the restriction of p to D™\ dD" is a composite
of continuous maps and the a,, will all be in D" \ 9D" for n sufficiently
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large. If ¢ € D™ is a boundary point, then p(c) = oo. Since a,, — ¢, the
sequence (p(a,,)) is unbounded, since the denominator of p(a,,) tends to 0
while the norm of the nominator tends to 1.

Hence for any compact subset K in R"”, i.e., for any closed and bounded
K C R", there is a natural number N(K) such that p(a,) ¢ K for all
n > N(K). That means that the sequence (p(a,)) converges in the
topology of R" U {co} to p(c) = co. This shows that p is continuous.

We also know that p is bijective, since the restriction p: D™\ 0D" — R"
is bijective and p sends D™ to co. Hence p is a continuous bijection from
a compact space to a Hausdorff space. As we have seen above, this implies
that p is a homeomorphism.

e Cell complexes

Another way to think of the above procedure is the following. The sphere
consists of two parts that we glue together:

e an open n-disk, i.e., the open interior D™\ 9D",

e and a single point, which corresponds to the class of the boundary 0D";
on S? we can picture this point as the northpole (the light blue dot in
the above picture).

Topologists think of such building blocks as the cells of a space. However,
not all spaces can be built this way. So let us make precise what is needed:

Definition: Cell complexes

A cell complex or C'IW-complex is a space X which results from the
following inductive procedure:

(1) Start with a discrete set X°. The points of X° will be the 0-cells
of X.

(2) If X™ ! is defined, we construct the n-skeleton X™ by attaching
n-cells e to X" via continuous maps p,: S"! — X"~ This
means that X" is the quotient space of the disjoint union X" 1L,
D7 of X! with a collection of n-disks D" under the identifications
x ~ @u(z) for x € OD" and ¢, : D! = S~ — X"l Thus, as
a set, X" consists of X"~ ! together with a union of n-cells e” each
of which is an open n-disk D2 \ 0D?.

(3) If this process stops after finitely many steps, say N, then X =
XY, But it is also allowed to continue with the inductive process
indefinitely. In this case, one defines X = (J, X" and equips X
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with the weak topology, i.e., a set A C X is open (or closed) if
and only if AN X™ is open (or closed) in X™ for each n.

We have already seen some examples of cell complexes:

The sphere S™ is a cell complex with just two cells: one 0-cell ¢ (that
is a point) and one n-cell e which is attached to € via the constant
map S" ! — €. Geometrically, this corresponds to expressing S” as
D" /O0D™: we take the open n-disk ¢ = D"\ dD" and collapse the
boundary dD" to a single point which is €°.

Real projective space RP" is a cell complex with one cell in each
dimension up to n. To show this we proceed inductively. We know
that RP? consists of a single point, since it is S whose two antipodal
points are identified. Now we would like to understand how RP™ can be
constructed from RP"~!: We embed D™ as the upper hemisphere into
S™, i.e., we consider D" as {(xq,...,x,) € S™:xo > 0}. Then

RP" = S"/x ~ —x = D"/(x ~ —x for boundary points = € 9D").
But D" is just S*~!. Thus the quotient map
Snfl SN Snfl/ ~ — RPnfl

attaches an n-cell ", the open interior of D", at RP"~!. Thus we obtain
RP" from RP"~! by attaching one n-cell via the quotient map S™ ! —
RP"!. Summarizing, we have shown that RP" is a cell complex with
one cell in each dimension from 0 to n:

RP"=cUelU---Ue™

We can continue this process and build the infinite projective space
RP> := (J,RP". It is a cell complex with one cell in each dimension.
We can think of RP* as the space of lines in R>® =, R".

The torus is a cell complex with one 0-cell, two 1-cells and one
2-cells. This should be apparent from the construction of the torus as
a quotient of a square that we have seen above. Starting with X° being
a point p, the red dot in the picture below. Then we attach two open
1-cells el, e} C D' via the two constant maps

oo 050 80— X°

where we think of e! = (0,1) C [0,1] = D' as the open unit interval. (In
the picture they look like two straight lines, but we should think of the
end points being attached to p.)
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Finally, we attach an open 2-cell e C D? via the attaching map
ree ify>0
©?: St = XY PAay) = x el ify<0
D if y=0.

Note that this is a well-defined map, since we have identified the end-
points in X! with p and hence (1,0) and (—1,0) are sent to the same
point p.

wrIun
/-ceZ/
// //.

P a . a
O-cell J-celt

/-—-‘-53

e Actually, every compact smooth manifold can be turned into a fi-
nite cell complex. This illustrates the vast scope and importance of cell
complexes in algebraic topology.

What makes topology unique

Note that the ability to build spaces by gluing together cells (or other
specific spaces) makes life as a topologist particularly comfortable. For
example, we will see that this procedure will often allow us to create spaces
with given algebraic invariant. This flexibility together with the concept of
homotopy, which we will explore next, puts algebraic topologists in a
unique position and led to the solution of a lot of problems, not just
in topology. Geometry, in its various forms, is usually much more rigid
and does not allow us to perform such manoeuvres.

Note that there is a direct way to define the Euler characteristic of cell
complexes. We will later see the reason why this is the correct definition using
homology. Right now we can already check at the example of a tetrahedron that
this definition agrees with Euler’s formula we saw in the first lecture.
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Definition: Euler characteristic for cell complexes

The Euler number of a cell complex X (with cells in dimension at most n)
is defined to be the integer

n

X(X) = Z(—l)k#{k — dimensional cells that are attached to X" '}.
k=0

For example, the Fuler characteristic of S™ is

2 n even

Msﬂ:ﬂ+%_nn:{o n odd

For real projective n-space we get

0 n even

RP")=1—-141—---+(-1)"=
X(RP™) = 1= 1+1— -+ (=) {1 e

For the torus, we get

x(T)=1-2+1=0.

To compare this definition with Euler’s formula we used in the first lecture,
let us look at the tetrahedron which is also a cell complex:

Ehéﬂkuasaa¢2u7da
q O-CEZ(S ‘)"‘6 ..—2

G /'Qfs S o-ﬁcév/ (a:
; @ { s f»«‘

v-e+/=2

e Homotopy

Homotopy is a fundamental notion in topology. Let us start with a definition
and then try to make sense of this.
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Definition: Homotopies

Let fo,f1: X — Y be two continuous maps. Then f; and f; are called
homotopic, denoted fy ~ fi, if there is a continuous map h: X x[0,1] = Y
such that, for all z € X,

h(z,0) = fo(z), and h(z,1) = fi(x).

Homotopy defines an equivalence relation (exercise!) on the set of continu-
ous maps from X to Y. The set of equivalence classes of continuous maps
from X to Y modulo homotopy is denoted by [X,Y].

Xl EFRERR

X0 X x

Definition: Homotopy equivalences and contractible
spaces

e A continuous map f: X — Y is called a homotopy equivalence
if there is a continuous map ¢: Y — X such that go f ~ idyx and
fog~idy.

e Two spaces X and Y are called homotopy equivalent if there
exists a homotopy equivalence f between X and Y. This is often
denoted by X ~ Y.

e A space which is homotopy equivalent to a one-point space is called
contractible.
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For example, R" is contractible, since
h: R" x [0,1] = R", (t,z) — (1 —t)x

defines a homotopy between the identity map on R™ and the constant map R" —
{0} C R" to the one-point space consisting of the origin. For the same reason,
the n-disk D™ is contractible.

However, it is not always obvious which spaces are homotopy equivalent to
each other. So it will be useful to develop some intuition for homotopy equiva-
lences. There is a particular type that is easier to spot:

Definition: Deformation retracts

Let X be a topological space and A C X a subspace.

e Then A is called a retract of X if there is a retraction p: X — A,
i.e., there is a continuous map p: X — A with pj4 = id4.

e Note that we can consider p also as a map X — X via the
inclusion X % A c X. If p is then in addition homotopic to the
identity of X, then A is called a deformation retract of X. In
this case, p is called a deformation retraction. Note that in this
case, p and the inclusion A C X are mutual homotopy inverses.

e If this homotopy between p and idx can be chosen such that all
points of A remain fixed, i.e., the homotopy h(t,a) = a for all
a € A and all t € [0,1], then p is called a strong deformation
retraction and A is called a strong deformation retract of X.

For a deformation retraction, one can think of the homotopy A as a map which
during the time from 0 to 1 pulls back all the points of X into the subspace A,
and leaves the whole time the points in A fixed. Here are some examples:

o The origin {0} is a strong deformation retract fo R™ and of the n-disk
Dr.

o For any topological space Y, the product Y x {0} is a strong deformation
retract of Y x R™ and Y x D". For example, the circle S x {0} is a
strong deformation retract of the solid torus S* x D?.

e The n-sphere S™ is a strong deformation retract of the punctured disk
D"\ {0} and also of R"*1\ {0}.
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19

Why homotopy?

The simplest reason why we consider the homotopy relation is that it
works. It is fine enough such that all the tools that we are going to
define are invariant under homotopy, i.e., they are constant on equivalence
classes. But it is also coarse enough that it identifies enough things such
that many problems become simpler and in fact solvable.

With respect to first point, one can consider the homotopy category
hoTop of spaces, i.e., the category whose objects are topological spaces
and whose sets of morphisms from X to Y are the sets of homotopy classes
of maps [X,Y], satisfies a universal property for invariants.

With respect to the second point, we just indicate that life in hoTop is
much easier because there are much fewer morphisms. For example,
there are many and complicated continuous maps S — C\ {0}. But there
are very few homotopy classes of such maps, since [S',C \ {0}] = Z, up to
homotopy a map S' — C\ {0} is determined by the winding number, i.e.,
the number of times it goes around the origin.

To convince ourselves that homotopy actually works, we remark that homo-
topy is even fine enough to detect diffeomorphism classes between smooth
manifolds and helped for example to classify manifolds up to bordism. But
this is a story we save for a future lecture/class.

If you are still not convinced, then let us remark that to study things up-
to-homotopy is so useful that mathematicians work hard to find analogs
of the homotopy relation and the homotopy category in many different
areas. If you want to learn more about this, have a look at Quillen’s highly
influential book on Homotopical Algebra. You will also see an example
in homological algebra where one talks about homotopies between chain
complexes.






LECTURE 3

Singular chains and homology

We would like to make the idea to study a topological space X by considering
all continuous maps from test spaces into X precise. We start with defining an
important class of test spaces:

Definiton: The standard n-simplex
For n > 0, the standard n-simplex A" is the set A™ C R*"*! defined by

A" = {(to,. .. ta) ER™ > ", = 1,; > 0 for all i}.
i=0
Another way to describe A" is to say that it is the convex hull of the
standard basis {e,...,e,} in R*":

The t; are called barycentric coordinates.
It will be convenient to keep both these descriptions in mind.

h={ n=2

[ 1 ; y

A° \ A m A
{ | ]

The standard simplices are related by face maps for 0 < ¢ < n which can be
described as

¢?(t07 “e . ’t’l’l/—l) - (to7 “e . ,ti_l,o,ti, “e . ,tn_l)

with the 0 inserted at the ith coordinate (¢, is the Oth coordinate).
39
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Using the standard basis, ¢ can be described as the affine linear map (a

translation plus a linear map)
. . e
¢! A" — A™determined by ¢!'(e;) = G ISt
€jr1 J =t

A short way of expressing the above formula for ¢7 is that it embedds A™™!
into A™ by omitting the ith vertex (that is what the hat in the following formula
means):

n -~ . n—1 n
sz' = [eo,...,ei_l,ei,eiﬂ,...,en]. A — A",

Definiton: Faces

Note that ¢! maps A"~! onto the subsimplex opposite to the ith corner, or
in the standard basis, opposite to e;. We call the image of ¢} the /th face
of A™ (which is opposite to e;).

Note that the union of the images of all the face inclusions is the boundary

of A™.

e2

o

/ﬁ \ \\\\

Co e, e, 2d :o ¢,

The face maps satisfy a useful identity, sometimes called simplicial identity:

Lemma: A useful identity

For all 0 < j < i <n+ 1 we have
(1) ¢F 0 @i = ¢f o g
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The first composition, ¢} o qb?‘l, results in a 0 at the jth and ¢ + 1st place.

The second composition, ¢ o¢" ', has the effect to insert a 0 at the (i —1)st
place and then one at the jth place. But since j < 4, this means that, in
both cases, we have an extra 0 at the jth and at the (i + 1)st spot.

Thus both compositions yield

QSZL ° ¢?_1(t0a Soc 7tn—2)
:(t()? DR 7tj—1707tj7 ce Jti—2707ti—17 ONGO Jtn—Z)
:¢;L S ¢?__11(t07 o 7tn—2)-

We are going to study a topological space X by looking at all the continuous
maps from simplices into X. We give those sets of maps a name:

Definition: Singular n-simplices

Let X be any topological space. A singular n-simplex in X is a continu-
ous map o: A" — X. We denote by Sing, (V) the set of all n-simplices in
X. For example, Sing,(X) is just the set of points of X. But, in general,
Sing, (X) carries more interesting information for n > 1.

For 0 <7 <n, we can use the face maps ¢} to define maps
d}: Sing,(X) — Sing,,_,(X), 0 — 00 ¢}

by sending an n-simplex o to the n — 1-simplex defined by precomposition with
the ith face inclusion. The image d'(c) = o o ¢} is called the ith face of 0. We
will sometimes use the notation ¢ := o o ¢7 for the ith face.
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Since the collection of all face inclusions ¢} forms the boundary of A", we can
use the maps d}' to talk about the boundary of an n-simplex. The boundaries
of simplices will actually play a crucial role in the story.

We need to make this precise. First let us look at a simple example. Let X
be some space and o: A — X be a 1-simplex in X. Assume o(eg) = zg # 1 =
o(e1). Then we would like to say that the boundary of o is given by xg and z;.

Now let us assume that o: A! — X is another 1-simplex in X which forms a
closed loop, i.e., o(eg) = o(e1) =z € X. Now we would like to say that o has
no boundary (since it is a loop). Our face maps express o(eg) = o(e;) as

do(0) = dy(0).

It would be nice if we had a short way to formulate that the boundary of o
vanishes. For example, it would be nice if we were allowed to rewrite this equation
as

d(0) = dy(o) — di(o) = 0.

But, so far, Sing,(X) is just a set and we are not allowed to add or subtract
elements. We are now going to remedy this defect, since algebraic operations
make life much easier. Therefore, we formally extend Sing,,(X) into an abelian

group.

The general way to turn a set B into an abelian group, is to form the associated
free abelian group. The idea is to add the minimal amount of structure
and relations to turn B into an abelian group. Since this is an important
construction, we recall how this works:

Good to know about free abelian groups

e Any abelian group A can be seen as a Z-module with n - a :=
a+---+a (nsummands), forn € Nand a € A, and (—n)-a := —n-a.
Thus, abelian groups are in bijection with Z-modules. An abelian
group A is called free over a subset B C A if B is a Z-basis, i.e.,
if any element a € Z can be written uniquely as a Z-linear
combination of elements in B. The cardinality of a basis is the
same for any choice of basis and is called the rank of A.

e The group Z" is free abelian with basis {ej,...,e,} with e; =
(0,...,i,0,...,0) (the 1 in the ith position).

e Note that, for example, the group Z/27Z is not free, since it does
not admit a basis: the vector 1 € Z/2Z cannot be in a basis since
2-1=0.
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e Given a set B, there is an associated free abelian group ZB
with basis B which is characterized by the following universal
property: any map f: B — A of sets into an arbitrary abelian
group A can be extended uniquely to a group homomorphism
¢: ZB — A with ¢(b) = f(b) for all b € B.

In terms of category theory, this means that the functor
AbGroups — Sets which forgets the group structure, is right
adjoint to the functor

Sets - AbGroups, B — ZB.
In other words,
HomsetS(B,A) = HOIIlAbGI-OupS(ZB,A).

e Any subgroup of a free abelian group F' is a free abelian group.

We apply this construction to the set B = Sing, (X):

Definition: Singular n-chains

The group S, (X) of singular n-chains in X is the free abelian group
generated by n-simplices

Sp(X) := ZSing,,(X).

Thus an n-chain is a finite Z-linear combination of simplices
k

Zaiai, a; € Z, o; € Sing, (X).

i=1

Note: If n < 0, Sing,,(X) is defined to be empty and S, (X) is the trivial
abelian group {0}. So whenever we talk about n-chains, n will be assumed to be
nonnegative.

Definition: Boundary operators

We define the boundary operator by

Oy Sing, (X) = Sp_1(X), 9(0) = Z(—nidya = Z(—l)ia(”-



44 SINGULAR CHAINS AND HOMOLOGY

We can then extend this to a homomorphism, which we also call boundary
operator, by additivity, i.e.,

m

8n: Sn(X) = Sn_l(X), 0 (Z ajaj> = iaj(?(aj).

j=1
Note that we will often just write 0 instead of 0,,.

In particular, for the loop ¢ we considered above we are allowed to write in

So(X)
0i(0) = dy(0) + (=1)dy(0) = dy(0) — dy (o) = 0.

A loop is an example of a particularly important class of chains. For, the
equation d(o) = 0 expresses algebraically that o has no boundary. We give
such chains a special name:

Definition: Cycles

An n-cycle in X is an n-chain ¢ € S, (X) with d,c = 0. We denote the
group of n-cycles by

Z,(X) 1= Ker (9, Sn(X) = Sn_1(X))
= {c € Sn(X) : 8n(c) = 0} C S,(X).

Note that the group of O-cycles is all of Sy(X), since every 0-chain is mapped
to 0:

Zo(X) = So(X).

To find another example of a 1-cycle we could consider a 1-chain ¢ = a+5+7y
where «, 3,v: Al — X are singular 1-simplices such that

aler) = B(eo), Bler) = y(en), v(e1) = aleo).
For then we get
d(c) = do() — di(a) + do(B) — di(B) + do(y) — di(7)

= a(er) — aleg) + Bler) — Bleo) +v(e1) — v(eo)
=0.

As the notation suggests, we are going to think of a chain of the form d(c) as
the boundary of ¢:
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Definition: Boundaries

An n-dimensional boundary in X is an n-chain ¢ € S,(X) such that
there exists an (n + 1)-chain b with 0,416 = ¢. We denote the group of
n-boundaries by

Bo(X) :=Im (0p41: Sna1(X) = Sp(X))
={c € S,(X) :thereis a b e S, 1(X) with 0,.1(b) = c}.

As an aside, here is another way of thinking of the algebraic process.

Signs are like orientations... just not exactly

We want to express the fact that a loop has no boundary by saying that
the signs of the boundary points cancel out. The following picture
illustrates that the something similar happens when several vertices are
involved:

- ez v
O \ ov‘&s"l!fl'ou 5“
[ 4 (‘ i
- + + -
—— = -
Co @ eg cl

In general, we can think of the signs as giving the faces of the simplices
an orientation. And if an n-simplex is a face of an (n+ 1)-simplex, then it
inherits an induced orientation which is determined by how it fits into the
bigger simplex. Going down two steps of inherited signs means things
cancel out.

However, thinking of signs as orientations is formally not correct as we will
notice in an example below. But, as we will see soon, we can algebraically
remedy this defect.

As the above picture suggests, every boundary is a cycle:

Theorem: Boundaries of boundaries vanish

For every topological space X, the boundary operator satisfies 0o — 0, or
more precisely

an o 8n+1 =0: Sn+1(X) — Sn—l(X)~
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Proof: It suffices to check this for an (n + 1)-simplex o. The general case
follows, since each d is a homomorphism. For o, we just calculate:

n+1 n+1
Op 0 Opy1(0) = 0, (Z( D'di e ) Z On(o 0 )

=0
n+1 n
=D (-1 (=Yoo o gl
=0 =0

J
(—D)™oogrogr+ Y (1) Hoogitogr

(]

0<j<i<n+1 0<i<j<n

(%) i+g T

) o J n+1 n 1\ +i'—1 n+1 n

= E (=1)"oo ¢j oLy + E (=1) oo ij/ ° Py
0<j<i<n+1 0<y'<i’<n+1

= 0.

Note that at (x) we applied identity (1) to the left hand sum and just changed
the labels of the indices as i — j" and 7 — ¢’ — 1. Since both sums run over the
same indices (it does not matter how we label them) and the right hand sum is
the left hand sum multiplied by (—1), both sums cancel out. QED

As an immediate consequence we get:

Corollary: Every boundary is a cycle

For every n > 0, we have
B.(X) C Z,(X).

This basic resut shows that the sequence {.S,,(X), 9, }, has an important prop-
erty:

Definition: Chain complexes

A graded abelian group is a sequence of abelian groups, indexed by the
integers. A chain complex is a graded abelian group {4, }, together with
homomorphisms 0,,: A, — A,_1 with the property that o, o, — (.

Hence we have shown that we obtain for any topological space X a complex
of (free) abelian groups

0 371 a'nfl

28 (X)) I S (X)) I 25X 2 S(X) 2 0.



SINGULAR CHAINS AND HOMOLOGY 47

It is called the singular chain complex of X. We will see next lecture what
such chain complexes are good for.






LECTURE 4

Singular homology, functoriality and H,

Recall that we constructed, for any topological space X, the singular chain
complex of X

2 s (x) D s, () 2 2 5 (x) 2 Se(x) X 0.
The homomorphisms 0, satisfy the fundamental rule: 9 o 0 = 0.

The following definition of homology groups applies to any chain complex.
However we formulate it only for the singular chain complex:

Definition: Singular homology

The nth singular homology group of X is defined to be the quotient
group of n-cycles modulo n-boundaries:

Zn(X)  Ker(9: Sp(X) = Sp_1(X))

B,(X)  Im(9: Spp1(X) = Su(X))

We are going to say that two cycles whose difference is a boundary are
homologous.

H,(X) =

Let us make a first attempt to understand what is going on here:

Singular what?

In algebra, homology is a way to measure the difference between cycles
and boundaries. Singular homology is an application of homology in order
to understand the structure of a space.

Given a space X, the group of n-cycles measures how often we can map
an n-dimensional simplex into X without collapsing it to any of its n — 1-
dimensional faces.

Let o0(A™) be the image in X of such a cycle. If we can even map an (n+1)-
dimensional simplex o/ (A"*!) into X whose boundary is o(A"), then we can
continuously collapse all of o(A™) to a point. In this case, we would like to

49
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forget about this ¢. For, from an n-dimensional point of view, this o(A") is
not interesting. That is what it means geometrically/topologically to take
the quotient by B, (X).

But if we cannot find an n + 1-dimensional simplex such that o(A™) is
its boundary, then o(A™) potentially carries interesting n-dimensional
information about X.

The slogan is: H,(X) measures n-dimensional wholes in X.

&, €, \
e : I'Qf'k but I-tach oeesl
et a l'bué-z al As-v“
Before we see some examples of homology groups we go back to the idea of
“orientations of simplices” and see why taking the quotient by boundaries is

a good thing. We said that we think of the signs as orientations, but this is not
completely correct. But modulo boundaries we are good:

Orientations revisited

Let X be some space, and suppose we have a one-simplex o: Al — X.
Define

¢: Al — Al (#,1 —1) = (1 —t,t).
Precomposing with ¢ gives another singular simplex 6 = oo¢ which reverses

the orientation of o. It is not true that ¢ = —o in 51(X).
However, we claim that

g=-—0 mod Bj(X).

This means that there is a 2-chain in X whose boundary is ¢+ 0. If dy(o) =
di(0) such that o € Z;(X) is a l-cycle, then ¢ and o are homologous and
(0] = [o] in Hy(X).

To prove the claim we need to construct an appropriate 2-chain. Let
7: A? — A! be the affine map determined by sending ey and ey to e
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and e; to e;. For z € X and n > 0, we write x': A" — X for the constant
map with value x.

‘t e'

~

e, €, €o
Now we calculate
doom)=comods—comods+aomods :5—&1;(0)"‘0-
Hence up to the term —ff}f(o) we get what we want. So we would like to elim-

inate this term. To do that we define the constant 2-simplex ni(o) A2 5 X
at 0(0). Its boundary is

8(n§(0)) = ’217(0) - ’fflf(o) + ’iclf(o) = ’f}f(o)-
Thus
6+0:8(7roa+/-€§(0))

which proves the claim.

51

Actually, we will have to get back to orientations almost regularly, in par-

ticular when we talk about simplicial complexes, and step by step improve our
understanding and control.

Aside: The sequence of homology groups {H,(X)}, also forms a graded

abelian group. Note that even though Z,(X) and B, (X) are free abelian groups

because they are subgroups of the free abelian group S, (X), the quotient H,,(X)
i . Moreover, while Z,(X) and B,(X) may be uncount-

Let us look at two simple examples:

ably generated, H,(X) turns out to be finitely generated for the spaces we are
interested in.

(1) Let X = (). Then Sing, () = 0 and S,(0) = 0 is just the trivial abelian
group by convention. Hence --- — Sy — S7 — Sy is the zero chain
complex and Z,(0) = B.(0) = 0. The homology in all dimensions is

therefore 0.

(2) Let X = pt be a one-point space. Then, for each n, there is only

one singular n-simplex, namely the constant map o,: A" — pt.

In
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other words, S,(X) = Z - 0, is generated by a single element. Hence

ag) = 0,0 ¢! = 0,1 and
n n 0 n odd
do,, = Z(—l)iaff) = Z(—l)an_l =< 0,1 neven
i=0 i=0 0 n = 0.

For cycles and boundaries this means

Z-0, nmnoddorn=20

Z(X) = {

0 n even and n # 0,
and

Z -0, mnoddor

0 n even.

Bn(X) = {

For the homology groups we get

H,(pt) = {? Z ; 8‘

To complete the picture, the singular chain complex looks like

0=id 0=0

7 7, 95194, 7 =0 7 .

e Functoriality

Now that we have defined homology we can ask how it behaves under contin-
uous maps. So let X and Y be topological spaces and f: X — Y be a continuous
map. Since singular simplices are just maps, we can define an induced map

f«: Sing,,(X) — Sing,,(Y), 0 — foo
just by composition with f.

The same construction yields an induced map on chains:

f* = Sn(f) Sn(X) — Sn(Y)7 ZCL]'O']' = Zaj<foaj)‘

The induced map is compatible with the boundary operator in the following
way:
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Lemma: The singular chain complex is natural

For every n > 0, we have a commutative diagram

Su(X) =25 6, (v)

o | o

Snt(X) 2 Sna (¥).

Proof: We just calculate and check that both ways have the same outcome
for any singular n-simplex ¢ on X:

Oy (Su(f))o) =) _(=1)'(foo)od]

-
S| M:
o

(=1)'fo(oo¢])

0

S 1(f) (Z(—l)ia 0 ¢y)

1=0

= Sn1(f)(0x0).

(2

The lemma has the important consequence that
Su(fNZn(X)) C Z,(Y) and S, (f)(Ba(X)) C Ba(Y).

For, if c € Z,(X), then
Oy (Sn(f)(€)) = Sn-1(f)(9x(c)) = Sn1(£)(0) = 0;
and, if ¢ € B, (X), then there is a b € B,,1(X) with dx(b) = ¢ and

Ay (Sn41(f)(b)) = Su(f)(9x (b)) = Su(f)(c);
i.e., there is an element, b’ = S,,+1(f)(b), with Oy (V') = S.(f)(c).

Proposition: Homology is functorial

Thus we get a well defined induced homomorphism on homology groups
Hy(f): Hn(X) = Ha(Y), [d] = [Su(f)(c)]-
The homomorphisms S,,(f) and H,(f) have the following properties:
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[ Sn(ldx) = 1dSn(X) and Hn(ldx) = ldHn(X)
* Su(fog) = 5a(f) o Sulg) and Hu(f o g) = Hu(f) 0 Hn(g)-

To summarize our observations: S,(—) and H,(—) are functors from the
category of topological spaces to the category of abelian groups. For the sequence
of all S,,(—) even more is true: S,(—) is a functor from the category of topological
spaces to the category of chain complexes of abelian groups (with chain maps as
morphisms).

Invariance

As a consequence, if f: X — Y is a homeomorphism, then H,(f) is an
isomorphism of abelian groups. In other words, homology groups only
depend on the topology of a space.

In fact, we will soon see that homology is a coarser invariant in the sense that
homotopic maps induce the same map in homology.

e The homology group H

Let us try to understand the simplest of the homology groups.

Lemma: Augmentation

For any topological space X, there is a homomorphism
e: Hy(X) = Z

which is nontrivial whenever X # ().

Proof: If X = (), then H,(0) = 0 by definition. In this case, we define € to
be the zero homomorphism.
Now let X # (). Then there is a unique map X — pt from X to the one-point
space. By functoriality, it induces a homomorphism

€. HO(X) — Ho(pt) =7.
OJ

Let us try to understand this € a bit better. The map X — pt induces a
homomorphism of chain complexes S,(X) — S.(pt) which sends any 0-simplex
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o: A’ = X to the constant map

KA S X 5 opt

which is the generator of Sy(pt) = Z. Hence we get a map o — 1 which extends
to a homomorphism €: Sy(X) — Z by additivity, i.e.

g(z CL]'O']') = Zaj € 7.

To double check that this map descends to a homomorphism e on Hy(X)
we need to show that it maps boundaries to 0. (We know this already, but let us
do it anyway.)

So let b be a 0-chain which is the boundary of a 1-chain ¢, i.e., b = dc, and
let ¢ = Zj a;7v; with finitely many 1-simplices v;: A" — X. Then each ~; o ¢
and v; o ¢ are O-simplices and are sent to 1 by €. Thus we get

€(b) = €(0c) = G(Z aj(yj0 g —j0¢1)) = Zaj - Zaj =0.

We learn from this discussion that, since a 0-simplex A? — X can be identified
with its image point, ¢ counts the points on X, with multiplicities. And if
two points can be connected by a 1-simplex, i.e., by a path in X, then they add
up to 0. This leads us to:

Theorem: H, for path-connected spaces

If X is path-connected and non-empty, then € is an isomorphism

e: Ho(X) S Z.

Proof: Since X is non-empty, there is a point z € X. The 0-simplex o =

with value z is an element in Sp(X) which is sent to 1 € Z. Additivity implies that
€ is surjective. To show that € is also injective, we need to show that the classes
of the O-simplices given by constant maps at any two points are homologous.

So let ¥y € X be another point. Since X is path-connected, there is a path
w: [0,1] = X with w(0) =z and w(1) = y. We define a 1-simplex o, by

Uw(to,tl) = UJ(l — to) = W(tl) for to + tl = 1,0 S to,tl § 1.
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The boundary of o, is

d(0w,) = do(0,) — di(0w) = ou(er) — ou(eo)
= 0,(0,1) — 0,(1,0)(= w(0) — w(1))

(where we identify O-simplices and their image points). Hence the O-simplices x?

and ng are homologous. Since 0-simplices generate Hy(X) and € is a homomor-
phism, this implies that € is injective. QED

G

&7/

L ]

D
| %uo(l)
ef0) = )¢ o

Corollary: H, is generated by path components

If X is a disjoint union X = | |
non-empty, then, for all n > 0,

H,(X) = @ Ha(X).

iel

e1 Xi where each X; is path-connected and

In particular, for n = 0 we get

Hy(X) = Pz
iel
In other words, Hy(X) is the free abelian group generated by the set of
path-components of X.

Proof: If o: A" — X is an n-simplex, then its image lies in exactly one
connected component X;. Otherwise, we could write A" as the disjoint union of
two open and closed subsets contradicting the fact that A™ is connected. Hence
o factors into A" — X; — X.



SINGULAR HOMOLOGY, FUNCTORIALITY AND H, 57

Since singular n-chains are freely generated by n-simplices, this shows that
the singular chain complex of X splits into a direct sum

iel
For the same reason the boundary operators
0: Su(X) = @D Su(Xi) = P S (X5)
iel iel
split into components Jx,: S, (X;) = S,-1(X;). Hence we get an isomorphism.

The statement for n = 0 then follows from the previous result on path-connected
spaces. ]

I

Snfl(X>






LECTURE 5

Relative homology and long exact sequences

If we want to show that singular homology groups are useful, we need to be
able to compute them. For H, that was not so difficult. But for n > 1, we need
to develop some techniques.

In general, if you would like to compute something for spaces, it is always a
good idea to think about the relation to subspaces. Maybe the information
on smaller subspaces provides insides on the whole space. That is the idea we
are going to exploit now for homology groups.

Let X be a topological space and let A C X be a subset. We can consider
(X,A) as a pair of spaces. If (Y,B) is another such pair, then we denote by

C((X,A),(Y)B)) :={f € C(X)Y): f(A) C B}

the set of continuous maps which respect the subspaces. In fact, we get a category
Top, of pairs of topological spaces.

%
/_—__\)

P e T R

Given a pair of spaces A C X, any n-simplex of A defines an n-simplex on X:
(A" 5 A) = (A" S A C X).

The induced map S, (A) — S,(X) is injective. Hence we are going to identify
Sn(A) with its image in S, (X) and consider S,(A) as a subgroup of S, (X).
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o-:A"——-.AcX
o€ Sy (d)e )

Definiton: Relative chains

We define the group of relative n-chains by
Sn(X,A) == Sp(X)/Sn(A).

The group S, (X,A) is free, since the quotient map sends basis elements to
basis elements, and is generated by the classes of n-simplices of X whose
image is not entirely contained in A.

Since the boundary operator is defined via composition with the face maps,
it satisfies

I(Sn(A)) C S,—1(A) C S,-1(X).

For, if the image of 0: A™ — X lies in A, then so does the image of the composite
Arh s A" — X

Thus 0 induces a homomorphism 0 on S, (X,A) and we have a commuta-
tive diagram

Sp(X) —— S (X,A)
0| E
Sn_1(X) —— S, 1(X,A).
Since 0 0 0 = 0 and since S, (X) — S, (X,A) is surjective, we also have
0o0=0.

We define relative n-cycles and relative n-boundaries by
Zn(X,A) == Ker (0: S,(X,A) — S,_1(X,A)) and
Bn(X,A) :=Im (9: S,11(X,A) = S,(X,A)).
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Definition: Relative homology

The nth relative homology group of the pair (X,A) is defined as
H,.(X,A) := Z,(X,A)/B,(X,A).

Roughly speaking, relative homology groups measure the difference between
the homology of X and the homology of A. Let us try to make this more precise.
That an n-chain ¢ in S, (X) represents a relative n-cycle means that d(c) = 0
in S,-1(X)/Sn-1(A), i.e., d(c) € S,—1(A). Hence it just means that the image of
the boundary of ¢ lies in A.

So let us consider the preimage of Z,,(X,A) under the quotient map S, (X) —
Sp(X,A) and define

ZHN(X,A) :={c € Su(X):9(c) € Sh1(A)}.
Similarly, that an n-chain ¢ in S, (X) represents a relative n-boundary means
that there is an n + 1-chain b such that
c=0(b) mod S,(A), i.e,,c—I(b) € S,(A).

Hence the preimage of B, (X,A) under the quotient map is
B/ (X,A) :={ce€ S,(X):3be S,1(X) such that ¢ — I(b) € S,(A)}.

Now we observe that Z,,(X,A) = Z! (X,A)/Sn(A) (since S, (X,A) is S,,(X)/S.(A))
and B,(X,A) = B/, (X,A)/S,(A). Hence we get
Zu(XA)  ZUXA)/S.A)  ZXA)

H,(X,A) = B.(X,A) ~ B.(X,A)/S.(A) ~ B.(X,A)

In other words, we could also have used the latter quotient to define H, (X,A).

Empty subspaces

As a special case with A = () we get
ZNX0) = Z,(X), B,(X,0) = B,(X), and H,(X,0) = H,(X).

Now let us have a look at two examples to see how the images of simplices
in H,(X) and H,(X,A) can differ.
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Example: Relative cycles on the cylinder

Let X = S' x [0,1] be a cyclinder over the circle, and let the subspace
A =81 x0C X be the bottom circle.
We construct an element in the relative homology H(X,A) by taking a
1-simplex
o A = X,
(ter, (1 —t)eg) — (cos(2mt), sin(27t),1).

OG‘

7

Since o is a closed curve in X, we have o(eg) = o(e;). Hence its boundary
vanishes:

d(o) = o(e1) — a(eg) = 0.
Therefore, 0 € Z1(X) C Z](X,A). We will see very soon, that o, in fact,
represents a nontrivial class in H;(X).
However, the image of o in the relative homology group H;(X,A) vanishes.
For, consider the 2-chains 7 and 75 as indicated in the picture. Then we
have

(1 + 1) = do(m1) — di(11) + da(11) + do(72) — di(72) + da(T2)
=oc—-fB+7+B -7+«
=0+ a with a € S1(4).
Hence, modulo S;(A), we have o € B;(X,A) and
[0] =0 in Hi(X,A).
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And the second example:

Example: Relative cycles on A"

Let us look the standard n-simplex X = A™ as a space on its own. We
would like to study it relative to its boundary

OA"™ := UIm oF ~ S"t

which is homeomorphic to the n — 1-dimensional sphere.
There is a special n-simplex in Sing, (A") C S,(A™), called the universal
n-simplex, given by the identity map ¢,: A" — A" It is not a cycle,
since its boundary 0(i,) € S,—1(A") is the alternating sum of the faces of
the n-simplex each of which is a generator in S, _;(A"):

Oen) = D _(~1)'¢f(A™") #£0.
However, each of these singular simplices lies in dA™, and hence 0(1,,) €
Sp_1(0A™).
Thus the class 7,, € S,(A",0A") is a relative cycle. We will see later
that the relative homology group H,(A™0A™) is an infinite cyclic group
generated by [z,].
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e Long exact sequences
Back to the general case. So let (X,A) be a pair of spaces. We know that

the inclusion map i: A — X induces a homomorphism H,(i): H,(A) — H,(X).
Moreover, the map of pairs j: (X,0)) — (X,A) induces a homomorphism

Ho(5): Ho(X) 22 Hoy(X,0) — H,(X,A).

We claim that there is yet another interesting map.

Connectng homomorphism

For all n, there is a connecting homomorphism, which is often also called
boundary operator and therefore usually also denoted by 0,

0: Hy(X,A) = H,—1(A), [] — [0(c)]
with c € Z] (X,A).

Let us try to make sense of this definition: We just learned that we can
represent an element in H,(X,A) by an element ¢ € Z/ (X,A). Then 0(c) is an
element in S, _1(A). In fact, 0(c) is a cycle, since it is a boundary and therefore

a(d(c)) = 0.

In particular, d(c) represents a class in the homology H,_1(A). Hence we can
send [c] under the connecting homomorphism to be the class [0c] € H,,_1(A).

It remains to check that this is well-defined, i.e., if we choose another
representative for the class [¢] we need to show that we obtain the same class

[9(c)]-

Another representative of [c] in Z/(X,A) has the form ¢ 4+ 9(b) + a with
be Spt1(X) and a € S,(A). Then we get

d(c+ 9(b) + a) = 9(c) + d(a).
But, since d(a) € B,—1(A), we get
[0(c)] = [0(c) + 0(a)] in Hy1(A).

Thus, the connecting map is well-defined. And it is a homomorphism, since 0
is a homomorphism.

Hence we get a sequence of homomorphisms

H,A) 9 g o) 9 gooxoA) S |, (A).
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It is an exercise to check that the connecting homomorphism is natural:

The connecting homomorphism is functorial

For any f € C((X,A),(Y,B)), the following diagram commutes

Ho(x,4) —D [ (v,B)

o| |2

H, 1(A) TS H, 1(B).

In fact, the existence of the connecting map, the above sequence and its
properties can be deduced by a purely algebraic process, that we will recall below.
For, the relative chain complex fits into the short exact sequence of chain
complexes

0= S.(A) = Su(X) = S.(X,A) — 0.
Such a sequence induces a long exact sequence in homology of the form

A (XA

7]

Hoy(A) S Hy(X) Y 1, (x,A)

Ha (4)
/

anl(A) Hn—l(i) e

A digression to homological algebra

Maps of chain complexes

Let A, and B, be two chain complexes. A morphism of chain complexes
f«: Ax — B, is a sequence of homomorphisms { f, }nez

fn: A, = B, such that f,,_; o (9,‘;1 = 05 o f, for all n € Z.
A homomorphism of chain complexes induces a homomorphism on homol-
ogy
H,(f): Ho(As) — Ho(By), [a] = [fa(a)].

Check, as an exercise, that this is well-defined.
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Consider a short exact sequence of chain complexes
2) 0— A 5B, %0 —o,

i.e., for every n, the corresponding sequence of abelian groups is exact.

Since f, and g, are homomorphisms of chain complexes, they induce maps
on homology groups

(3) Hy(A) 9 gy 9 g,
Since g, o f, =0, we know H,(g) o H,(f) = 0.
But is the sequence exact at H,(B.), i.e., is Ker (H,(g)) = Im (H,(f))?

Let us look at an extended picture of the short exact sequence:

(4) 0—— An+1 din Bn+1 il C’n—s—l —0
a{ laB lac
0 A,—I B, ", 0

Let [b] € H,(B.) such that H,(g)([b]) = 0. In fact, [b] is represented by a
cycle, i.e., some b € B, with dg(b) = 0. Since H,(g)([b]) = 0, there is some
¢ € Cpyy such that d¢(¢) = g,(b). By exactness of (2), gn41 is surjective and
there is some b € B,,;; with g,+1(b) = ¢.

Now we can consider dz(b) € B,, and have g,(95(b)) = dc(¢) in C,,. What is

the difference b — 0p(b)?

Well, it maps to 0 in C,,. By exactness of (2), there is some a € A,, such
that f,(a) = b — 0p(b). Is a a cycle, and hence does it represent a homology
class?

We know
Jn1(8a(a)) = 9p(fu(a)) = dp(b — dp(b)) = 9p(b) — Ap(Ip(b)) = Ip(b).

But we assumed 0g(b) = 0. Thus f,_1(0a(a)) = 0. Since f,; is injective,
this implies d4(a) = 0. Hence a is indeed a cycle, and therefore represents a
homology class [a] € H,(A,). It also follows

H,(f)([a]) = [b— Op(b)] = [b].
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Thus sequence (3) is exact.

However, the map H,(A.) Hntf), H,(B,) may fail to be injective and the

map H,(By) Mg, H,(C,) may fail to be surjective. That means sequence

(3) does not fit into a short exact sequence, in general.

But we can connect all these sequences together for varying n and obtain a
long exact sequence:

The homology long exact sequence

Let 0 — A, f—) B, 2% C, — 0 be a short exact sequence of chain complexes.
Then, for each n, there is a functorial homomorphism

0: H,(C.) = H,—1(AL)
such that the sequence

Hn *
+_1(f)> H,1(CY)

is exact.

Proof: This is a typical example of a diagram chase. We will illustrate it by
constructing the connecting homomorphism 9 and leave the rest as an exercise.
It is more fun and, in fact, easier to do it yourself than to read it. All we need is
to look again at the extended picture (4) of the short exact sequence above.

To construct 9: H,(Cy) — H,_1(A.), let ¢ € C, be a cycle. Since g, is
surjective, there is a b € B,, with g,(b) = ¢. Since dx(c) = 0 and the diagram
commutes, we get g,_1(9p(b)) = Jc(gn(b)) = Oc(c) = 0. Since the horizontal
sequences are exact, this implies there is an a € A,,_; with f,_1(a) = 9p(b). In
fact, there is a unique such a because f,_; is injective.

Moreover, we claim that this a is a cycle. For, since the diagram commutes,
we have f,_2(04a(a)) = 0p(fu-1(a)) = 05(0p(b)) = 0. Since f,_» is injectve,
this implies d4(a) = 0.
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This means a represents a homology class and we define 0 by sending the
class of ¢ to the class of a.

But we need to check that this does not depend on the choices we have made.
So let ¥ € B, be another element with ¢,(b') = ¢, and let @’ € A, ; be the
element that we find as above. Then we need to show [a/] = [a] in H,_1(A,), i.e.,
that ' — a is a boundary. So we need an a € A,, such that d4(a) = a’ — a. We
know g, (V' —b) = c—c = 0. By exactness, thereis an a € A,, with f,(a) = b'—b.
Since the diagram commutes, we have f,,_1(04(a)) = 0p(b') — dp(b). But we also
have f,_1(a’ —a) = 0p(V') — Op(b) by definition of ¢’ and a. Hence, since f,_; is
injective, we must have d4(a) = a' — a.

Finally, it is also clear from the construction that if ¢ is a boundary, then a is
ZEro.

This proves the existence of 0. Moreover, we know already that the induced
homology sequence is exact at H,(B,). It remains to check exactness at H,(A.)
and H,(C,). This is left as an exercise. QED

Why do we care about long exact sequences?

Well, they are extemely useful. For example, for a pair of space (X,A), if
we can show H,1(X,A) = 0 and H,(X,A) = 0, then H,(A) = H,(X).
Long exact sequences will be one of the main computational tools for
studying interesting homology groups.

Furthermore, there is the famous Five Lemma (here in one of its variations):

Five Lemma

Suppose we have a commutative diagram
Al A2 ? A3 A4 A5

fll le fsl f4l f5l
By » By Bs By Bs

with exact rows. Then

e If f5 and f; are surjective and f5 injective, then f3 is surjective.

o If f; and f, are injective and f; surjective, then f3 is injective.
In particular, if fi, fo, f4, and f5 are isomorphisms, then f3 is an isomor-
phism.
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The proof is another diagram chase and left as an exercise. You should defi-
nitely do it, it’s fun!

Here we rather state two consequences:

e Given a map of short exact sequences

0 A’ A A" 0
f/J/ fl f//J/
0 B B B 0

in which f" and f” are isomorphisms. Then f is an isomorphism.

e Back in topology, let f: (X,A) — (Y,B) be a map of pairs of spaces. If
any two of A - B, X — Y and (X,A) — (Y,B) induce isomorphisms,
then so does the third. This observation will simplify our life a lot.






LECTURE 6

The Eilenberg-Steenrod Axioms

Singular homology can in fact be unquely characterized by a quite short list
of properties some of which we have already checked. This list of properties is
called the Eilenberg-Steenrod Axioms. We are now going to formulate them
in general and will then discuss the relation to singular homology as we defined
it.

First some preparations:
We denote by Tops the category of pairs of topological spaces. Two continuous
maps fo,f1: (X,A) = (Y,B) between pairs are called homotopic, denoted fy ~
f1, if there is a continuous map

h: X x[0,1] =Y
such that, for all x € X,
h(x,0) = fo(z), h(z,1) = fi(x), and h(A x [0,1]) C B.

For A C X, we call
A° = U U with U open in X
UcA

the interior of A and

A= ﬂ 7 with Z closed in X
ACZ

the closure of A.

Eilenberg-Steenrod Axioms

A homology theory (for topological spaces) h consists of:
e a sequence of functors h,,: Tops — Ab for all n € Z and
e a sequence of functorial connecting homomorphisms

0: hn(X,A) — hn_l(A,Q)) =: hn—l(A)
which satisfy the following properties:
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e Dimension Axiom: h,(pt) is nonzero only if ¢ = 0.
e Long exact sequences: For any pair (X,A), the sequence

-2 h(A) 229 p () 229 (X A) D Ry (A) S
is exact, where we write h,(X) = h,(X,0).
e Homotopy Axiom: If fy,f;: (X,A) — (Y,B) are homotopic, then
the induced maps on homology
hn(fO) = hn(fl): hn(XvA) - hn(KB)

for all n € Z.
e Excision Axiom: For every pair of spaces (X,A) and every U C A
with U C A° the homomorphism

ho(k): hpy(X\U, A\ U) = h,(X,A)
induced by the inclusion map k: (X \ U, A\ U) — (X,A) is an

isomorphism.
e Additivity Axiom: If X = LI, X, is a disjoint union, then the
inclusion maps i,: X, < X induce an isomorphism for every n

Bahnlia): €D ha(Xa) = ha(UaXa).

We have already shown that singular homology satisfies the dimension axiom
and the connectiong homomorphism fits into long exact sequences. It remains to
check homotopy invariance and excision. But before we do that we will assume
these properties for a moment and use them to compute some homology groups.

First an important consequence of the homotopy axiom:

Proposition: Homotopy invariance of homology

Let f: (X,A) — (Y,B) be a map of pairs which is a homotopy equiva-
lence, i.e., there is a map g: (Y,B) — (X,A) such that g o f ~id(x ) and
fog~idyp). Then f induces an isomorphism

H,(f): Hu(X,A) = H,(Y,B)

in homology for all n.
In other words, homology is invariant under homotopy equivalences,
not just homeomorphisms.
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Recall that, for n > 1, we write D" for the n-dimensional unit disk

D" ={x = (x1,...,2,) ER”Z|J}|2=ZZ‘? <1}

Recall that D™ is homotopy equivalent to a point. For, the constant map D" —
{0} is a strong deformation retraction with homotopy

h: D" x [0,1] = D", (x,t) — (1 —t)x
between the identity map of D™ and the constant map.

As a consequence of the homotopy axiom and our computation of H,(pt)
we get:

Corollary for contractible spaces

Recall that a space which is homotopy equivalent to a one-point space is
called contractible. For every contractible space X, we have

Hy(X) = {? Z;g

Before we look at an application of the axioms, a remark on homology theories
with a brief outlook to the future (of your studies in algebraic topology):

A remark on homology theories

In fact, if we require ho(pt) = Z the above properties or axioms characterize
singular homology uniquely. In other words, if h satisfies the Eilenberg-
Steenrod axioms, then A must be singular homology.

We will see later that we can define variations of singular homology with
coefficients different from Z. If R is a commutative ring with unit and M an
R-module, then there are singular homology groups H,,(X; M) which fit into
a homology theory which satisfies the dimension axiom with ho(pt) = M.
We can even go a step further (in a different class) where we drop the
dimension assumption allow h,(pt) # 0 for infinitely many n. This leads to
generalized homology theories, for example K-theory or cobordism,
which are extremely useful for the solution of many fundamental problems,
not just in topology. For example, complex K-theory can be used to
show the theorem me mentioned in the notes of the first lecture: only in
dimensions 1, 2, 4, and 8 there is a nice multiplication on R".
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e Homology of the sphere
As a fundamental example we are going to compute the homology of the k-

dimensional sphere S™. Actually, we already know one case. For, S° is just the
disjoint union of two points. Hence H,(S°) = Z & Z for ¢ = 0 is 0 for all other n.

Theorem: Homology of the sphere

For n > 1, we have

Z ifq=0o0rq=n
H, (5" =
o(57) {O otherwise

and

0 otherwise.

H,(D",5"!) = {Z i

Proof of the Theorem: For n > 1, the n-sphere S™ is path-connected.

~Y

By our previous result, that implies Hy(S™) = Z.

The proof will proceed by induction using the long exact sequence in homol-
ogy for pairs of spaces. This explains why we compute H,(S™") and H,(D",S" 1)
at the same time.

For n = 1 and ¢ = 0, the pair (D',S%), with i: S° — D!, is equipped with
the exact sequence

Ho (%)

HO SO) — HO —) Ho 1)1 SO —0

YASY 0.

The map Hy(7) is induced by the map Sy(S°) — Sp(D') which sends a 0-
simplex A% — S to the composite A? — SO — D!,

The image of S° in D! consists of the two endpoints of D! and both points
are homologous as 0-simplices of D*. Hence they both represent the class of the
generator of Hyo(D'). Hence the map Hy(i) sends each generator of Hy(S”)
to the generator of Hy(D'). Writing (1,0) and 0,1) for the generators of Z®Z,
any (a,b) € Z @ Z is of the form a - (1,0) + b - (0,1). Hence (a,b) is sent to a + b
under H, (7).
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This implies that Hy(7) is surjective. Since the above sequence is exact, this
implies

Hy(D,S%) =0

For n > 2, the exact sequence becomes

o(5m1) 229 (D) —— Hy(D,57 1) —— 0

V/

? 0.
Since both S"~! and D" are path-connected, their Oth homology is isomorphic
to Z and the generator of Hy(S"!), the class of any constant map k% : A® — §"1
is sent to the generator of Hy(D"), the class of k2: A® — D" Correspondlng to
the image point z € S"~! C D". Hence Hy(7) is surJectlve and we have again

Hy(D™, ") = 0.

This finishes the argument for H,.

For ¢ = 1, we start with the exact sequence

(5) Hi(DY) —— H, (D, 5% —— Hy(5%) 2% Hy (DY)

7® 1L ——- 7.

Since the sequence is exact, this shows that H;(D*,5°) is isomorphic to the kernel
of

H,(i): Z®Z — Z, (a,b) — a +b.
Thus
(6) Hy(D',5%) =7

For n > 2, we get the sequence

Dn —)Hl(Dn S 1)—)H0 S 1 —>H0 Dn

Since the right most map is an isomorphism, we get

9 ~
(7) H(D",S" ') =0 for all n > 2.
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In order to study further groups, we consider the subspaces
D" = {(zo,...,x,) € S" : 29 > 0} and D" := {(zo,...,x,) € S" : 15 < 0}

which correspond to the upper and lower hemisphere (including the equator),
respectively, of S".

For n > 1, we have the exact sequence

Hy(D") —— Hy(S™) —— Hy(S",D") -2=% Ho(D™) —— Ho(S™)

0 7Z———17.
Since D" is contractible, we know H;(D") = 0. Hence the map H;(S™) —
H,(S™,D") is injective. Since the map
Z= Hy(D") = Ho(S") = Z

is an isomorphism, the connecting hmomorphism 0 is 0. Since the sequence
is exact, this implies that the map H;(S™) — H;(S™,D™) is also surjective.

Thus, in total, we have an isomorphism

Hy(S™) = Hy(S",.D").

To finish the analysis for ¢ = 1, we consider the open subspace
U" .= {(zg,...,xn) € S" 12y < —1/2} C D™.
Its closure is still contained in the open interior of D", i.e.,

Urc (D)

S"\

i
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Hence we can apply the excision axiom to the inclusion of pairs
E:(S"\U",D*\U") — (S",D")
and obtain an isomorphism
Hy(k): H(S"\ U™, D"\ U") = H,(S",D").
But we also know
(S"\Ur, D" \U") ~ (DYy,S"" H 5 (pm, s

where the last homeomorphism is given by vertical projection, and the
homotopy equivalence is the natural retraction.

In particular, we get an isomorphism
(8) H,(5", D) = H,(D", 5" "),
For H, this implies

Z ifn=1Dby (6).

H{(S™) = H{(S™, D") ~ H{(D", S" ) =
1(57) (57, DZ) 10" ) {0 else by (7).
This finishes the case ¢ = 1. In particular, we now know H,;(S') = Z.

Finally, for ¢ > 2, we proceed by induction. The pair (S™,D") yields the
exact sequence

(9) ) — H,(S") — H,(S", D") — H,_,(D")

0.

Whereas the pair (D",5"1) yields the exact sequence
H,(D") — H,(D", 8") —— H,_,(S"') — H,_(D")

0.
Together with isomorphism (8), we conclude
H,(S") = H,(S", D) = Hy(D", S"™") = Hy(S"7).

Hence knowing H;(S') = Z implies Ho(S?) = Z and Hy(D?,S') = Z. Con-
tinuing by induction on ¢ yields the assertion of the theorem. 0
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Generators for H,(S") and first applications

Generators for H,(S")

Last time we calculated the homology groups of S™ and the pair (D",S"!).
To make this calculation a bit more concrete, let us try to figure out the generators
of the infinite cyclic groups H, (D", S" ') and H, (S"):

e On the standard n-simplex, there is a special n-chain S,,(A"), called the fun-
damental n-simplex, given by the identity map ¢,: A" — A"™. We observed
in a previous lecture that ¢, is not a cycle, since its boundary 9(¢,,) € S,_1(A")
is the alternating sum of the faces of the n-simplex each of which is a generator

in Sn_l(An)
O(tn) = ) (—1)'@}(A™") # 0,

)

However, each of these singular simplices lies in 9A™, and hence
(L) € Sp_1(0A™).

Thus the image of ¢, in S, (A",0A™) is a relative cycle. Let us denote its image
also by ¢, and its class in H"(A", OA™) by [ts).

If H,(A™ 0A™) is nontrivial, then [¢,,] must be a nontrivial generator. For,

if o: A" — A™ is any n-simplex of A™ which defines a nontrivial class [o] in
H, (A", 0A™), then

o] = Hn(0)([ta))-

This is because ¢, is the identity map and H, (o)([t,]) is defined by composing o
and ¢,. Hence if [1,] was trivial, then any class in H, (A", 0A™) would be trivial.

e Now we use this observation to find a generator of H,(D",S"!). The
standard n-simplex A" and the unit n-disk D™ are homeomorphic. In order to
find a homeomorphism we just need to smoothen out the corners of A™. (Note
that we cannot ask for a diffeomorphism, since A™ is not a smooth manifold.)

79



80 GENERATORS FOR H,(S"™) AND FIRST APPLICATIONS

In fact, we can choose a homeomorphism of pairs
¢n: (A",0A™) 5 (D", 8"

which maps OA™ homeomorphically to S™~!. We will construct a concrete home-
omorphism below. For the moment, let us accept that we have such a homeo-
morphism ¢,, for every n.

Then ¢,, induces an isomorphism

(a2

H,(pn): H, (A", 0A™) = Hn(D",Sn_l) with [¢,] = [on].

Since we now know H, (D", S"1) = Z, we also have H, (A", 0A™) =2 Z and [i,]
as a generator. Thus [p,] is a generator of H,(D",S" 1) > Z.

e Recall that we showed last time that the connecting homomorphism
d: Hy(D", 5" ) = H,_1(5"")

an isomorphism. The image of [¢,] under 0 is a generator. In other words, [0(p,,)]
is a generator of H, ((S™"!) for all n > 2.

Constructing o,

For each A™ the point ¢ = (¢, . .. t,) with t; = n+r1 for all 4 is the barycen-
ter of A",

For every point x € A™ which is not ¢, there is a unique ray from c to x.
We denote the unique point where this ray hits OA™ by f(x). In particular,
if € A", then f(z) = x.

.ToéaoJLw(p,,uuk wit, Hhwee Qample
poess

L))
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Now we define the map

On: A" = D" x — o= ifz#0
0 itz =c

It is clear that ¢, is continuous except possibly at x = ¢. But since there is a
strictly positive lower bound for |f(z) —¢| > 0, we know |, (z)| < M|z —¢|
for some real number M. This implies that ¢, is also continuous at x = c.
Moreover, ¢, is a bijection, since it is one restricted to each ray. Since A"
is compact and ¢, is a continuous bijection, it is a homeomorphism.

Finally, we write down a generator for the unit circle.

A concrete generator of H;(S?)

We just learned that the class [0(yp2)] is a generator of H;(S'). We can
describe this class as follows:
By definition, d(y3) is the 1-cycle
O(p2) = dopa — d1pz + daps
= 20 @5 — 2 0 P + 3 © ¢5.

Recall that ¢y maps OA? homeomorphically to S*. With this in mind, the
summands look like

20 G3(1 —t,1) = et
P20 GR(1L —t,) = "G
20 G3(1 — t,1) = e +),
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We proved in Lecture 03 that the 1-simplex

A = ALty 0 92(1 — )
is homologous to the 1-simplex

A = Aty 0 92(t1 — )

which reverses the direction of the walk from one vertex to the other.
In an exercise, we will show that after splitting a path into different steps,
the 1-chain associated to the initial path is homologous to the sum of the
1-chains associated to the parts. This result implies that the 1-cycles dps
is homologous to the 1-cycle corresponding to the familiar path

v: Al = ST (1 —t,t) = ™

which walks once around the circle.

In summary, we showed that [y] = [0ps] is the desired generator of
Hy(SY).

First applications

The calculation of the homology of spheres has many interesting consequences.
We will discuss some of them today and will see many more soon.

We start with a result we advertised in the first lecture:

Theorem: Invariance of dimension

For n # m, the space R" is not homeomorphic to R™.

Proof: Assume there was a homeomorphism f: R® — R™. Then the
restricted map

fREN{0} = R™\{f(0)}

is also a homeomorphism, since these are open subsets and fig»\ {0} and (f_1)|Rm\{f(0)}
are still continuous mutual inverses.

We showed as an exercise that, for any & > 1, S¥~! is a strong deformation
retract of R*\ {0}. In particular, we showed S*~1 ~ R™\ {0}. Since the translation
R" — R™ y — y + x is a homeomorphism for any € R", this implies that

SF1 o~ R*\ {z} for every z € RF.
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Hence, if the homeomorphism f existed, we would get an induced isomor-
phism

H,(S"") 2 Hy(R"\ {0}) = Hy(R™\ {f(0)}) = Hy(S™ ).

But by our calculation of the H,(S™ '), such an isomorphism can only exist
if n — 1 =¢g=m — 1. This contradicts the assumption n # m. QED

We can also give a short proof of Brouwer’s famous Fixed-Point Theorem:

Brouwer Fixed-Point Theorem

Let f: D™ — D™ be a continuous map of the closed unit disk into itself.
Then f must have a fixed point, i.e., there is an x € D" with f(z) = z.

Before we prove the theorem, let us have a look at dimension one, where the
result is very familiar:

Brouwer FPT is familiar in dimension one

Note that you have seen this theorem for n = 1 in Calculus 1. Let f: [0,1] —
[0,1] be a continuous map. Then it must have a fixed point. For, if not, then
g(x) = f(x) — x is a continuous map defined on [0, 1]. We have ¢g(0) > 0
and ¢(1) <0, since f(0) >0 and f(1) < 1.

gt o
au e el
{: To.1—1leq

snst ovoss 1o

If g(0) = 0 or g(1) = 0, we are done. But if g(0) > 0 and g(1) < 0, then the
Intermediate Value Theorem implies that there is an zq € (0,1) with

g(ZEO) = 0> i'e'7 f(xO) = Zp-

Proof of Brouwer’s FPT: Since we know the theorem for n = 1, we assume
n > 2. Suppose that there exists an f without fixed points, i.e., f(z) # z for
all z € D". Then, for every z € D", the two distinct points = and f(z)
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determine a line. Let g(x) be the point where the line segment starting at f(z)
and passing through x hits the boundary 0D". This defines a continuous map

g: D" — 0D".

b

Let i: S"1 = D™ — D™ denote the inclusion map. Note that if 2 € 9D",
then g(x) = z. In other words,

got=1idgn-1.
Applying the homology functor yields a commutative diagram

Hn_l(snil) =7

But the identity homomorphism on 7Z cannot factor through 0. This
contradicts the assumption that f has no fixed point. O
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Typical application of homology theory N

The previous arguments are in fact a typical examples of proves in Algebraic
Topology:

o The topological assumption that a homeomorphism R” =» R™ exists, is
translated by applying homology to a statement about an isomorphism
of groups. For groups, the existence of such an isomorphism is easily checked
to be false.

e The geometric assumption that there is no fixed point be expressed in
terms of maps and their compositions. Applying the homology functor
translates this statement into an analogous statement about groups and
homomorphisms and their compositions. Since the resulting statement
about groups is obviously false, the original statement about spaces must be
false as well.

e The degree of a map 5" — S™

The calculation of the homology of the sphere leads to another important
algebraic invariant.

Definition: The degree

For n > 1, let f: S™ — S™ be a continuous map. Then the induced homo-
morphism

7= H,(s") 25 gy =z

is given by multiplication with an integer, the image of 1.
We denote this integer by deg(f) and call it the degree of /.

Let us calculate a first example:
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Theorem: The degree of a reflection
Let r: S — S™ be the reflection map defined by reversal of the first
coordinate
7 (Xo,@1, ..o, XTn) > (=0, T, -+, Tp)-
Then deg(r) = —1.

e, e,

\ , S6)e)
A A—

Co Co

Before we start the proof, let us have a look at what happens for the reflection
map

r: D' =[-1,1] = [-1,1] = D', t > —t

and its restriction to SY. Recall that S° consists of just two points, z = 1 and
y = —1 (on the real line R). The effect of r on S is to interchange = and y.

The inclusion maps %, and 7, induce an isomorphism

Ho({z}) ® Ho({y}) = Ho(S").
Thus Hy(r) can be viewed as
Hy(r): Ho(S%) — Hy(S%), (a,b) — (b, a).

During the calculation of H,,(S™), we remarked that the map
€ 1= Ho(i): Ho(S°) — Ho(D")
induced by the inclusion i: S° < D! can be identified with the homomorphism
2L —Z, (a,b) — a+d.

Let Ker () = {(a,—a) € Hy(S°) : a € Z} be the kernel of e. Then we get
that the effect of Hy(r) on Ker (¢) is given by multiplication by —1:

Hy(r): Ker (¢) — Ker (¢), (a, —a) — (—a,a) = —(a, —a).
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Now we can address the actual proof.

Proof of the Theorem: For n > 1, let
DY = {(zo,...,x,) € S" : x, > 0} and D" := {(zo,...,2,) € S" : 2, <0}

be the upper and lower hemispheres on S™, respectively. We also denote by
r the reflection map on D% and D”. (Note that we defined D and D" using a
different coordinate than for defining 7 so that »(D?) C D} and r(D") C D".)

Then we have a commutative diagram

Hy(SY) —— Hy(S", DY) «—— Hy (D", 5°) —— Ker (¢)

Hl(’f‘)l Hl(’r‘)l lHl(T) J{H()(’I‘)

Hy(SY) —— Hy(S*, DY) «—— Hy (D", 5°) —— Ker (e).

The right hand square commutes, since the isomorphism
Hy (D!, 5% 55 Ker (¢)
is part of the exact sequence induced by the pair (D!, S):

Hi (DY, 8% —— Hy(S°) — Hy(DL) —— Ho(D",S°)

€

7 —— 727

We know that the left hand and central squares commute, since the inclusion
and the reflection commute. We know that the horizontal maps are isomorphisms
from the calculation of these groups.

Thus, knowing Hy(r) = —1 on Ker (€), we see that H,(r) is also multipli-
cation by —1 on H,(S').

Now we can proceed by induction: For n > 2, we have again a commutative
diagram from the calculation of H,(S"):

o

H, (™) —= H, (8", D?) «=— H, (D", §"Y) —= H,_,(S"")

Hn(?")l Hn(?’)l lHn(T) lHnl(T)

H,(S") —— H,(S™, D") +— H, (D", 8""") —— H,_,(S").

The right most square commutes by an exercise from last week. The left hand
and central squares commute, since the inclusion and the reflection commute.
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Assuming the assertion for n — 1, i.e., H,_1(r) is multiplication by —1, we see
that H,(r) is also multiplication by —1. O
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Calculating degrees

In last week’s exercises we showed many useful properties of the degree and
calculated the degree of some interesting maps. Today, we are going to continue
our study of the degree.

But before we move on, another reason why the degree is so important:

Brouwer degree

Let p be an arbitrary point in S™. We consider p as the base point of
S™. Let C(S™,S™), be the set of pointed continuous maps, i.e., maps
f: 8" — S™ with f(p) = p. Pointed homotopy defines an equivalence
relation on this set. Hence we can define the quotient set

[S™, 8™, := C(S™, S™)./ ~

where we identify f and g if they are homotopic to each other f ~ g.

Now the degree defines a function from C'(S™,5"). to the integers Z. Since
the degree is invariant under homotopy, i.e., fo ~ f; implies deg(fy) =
deg(f1), it induces a function

deg: [S™, ™). = Z, f — deg(f).

This function is actually an isomorphism of abelian groups. In fancier
language, we write m,(S™) = [S™, S™., call it the nth homotopy group
of S™ and say that the degree completely determines 7,(S").

Now let us see what kind of maps between spheres there are. Actually, such
maps arise quite naturally. For, every invertible real n x n-matrix A defines a

homeomorphism between R® = R”. It extends to a homeomorphism on the
one-point compactification S™ of R" and therefore defines a map

A 5" —= 5"

A more direct way to produce a map is to assume we have an orthogonal
matrix:

89
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Proposition: Orthogonal matrices

Let O(n) denote the group of orthogonal (real) n X n-matrices, i.e.,
On)={Aec Mnxn,R): ATA=1}

where [ is the identity matrix. The restriction to S"~! of any A in O(n)
defines a map

A:S"— S" x— Ax.
The degree of this map is det A, i.e., deg(A) = det(A4) = £1.

Proof: This follows from the fact that every othogonal matrix is the product
of reflections (at appropriate hyperplanes in R™). A reflection has determinant
—1, but it also has degree —1 as we have shown before. Since both deg and det
are multiplicative, the result follows. QED

Now let A € GL,(R) be an invertible n x n-matrix. It defines a map
Fr R\ {0} R\ {0}, f(2) = Aa.
It induces a map

Hya(f): Hna(R"A\{0}) = Hy, oo (R {0}).

Since S"~t < R™\ {0} is a deformation retract, we know
= Hn—l(Sn_l) = Hn—l(Rn \ {O})

Hence the effect of H,_1(A) is given by multiplication by an integer.

Proposition: It’s the sign

H, 1(A) = sign(det(A)) where sign(det(A)) denotes the sign, i.e., 1 or —1,
of det(A).

Proof: Recall from linear algebra that any invertible matrix A has a po-
lar decomposition A = BC' with B a symmetric matrix with only positive
eigenvalues and C' € O(n). Since we already know that the assertion is true
if A € O(n), it suffices to show that B is homotopic to the identity as maps
R™ — R".

Since all eigenvalues of B are positive, we know det(B) > 0. Hence B and I
lie both in the component GL,,(R)" of the matrices with det > 0. The continuous
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r:00,1] = GL,(R)*, t =t + (1 —1)B
defines a homotopy between [/ and B.

To check that T'(¢) is in GL,(R)* for all ¢, we observe that the eigenvalues of
['(t) are all strictly positive. For, let A be an eigenvalue of B. Then ¢ + (1 — ¢)\
is an eigenvalue of I'(t), since all nonzero vectors are eigenvectors of tI. This

implies det(I'(¢)) > 0. QED
For n > 1, we know H,(R",R™\ {0}) & Z, since (D", S"!) — (R",R"\ {0})

is a deformation retract. For A as above, we obtain a commutative diagram from
the long exact sequences of pairs

Ho (R R {0}) 229 1, (R, R\ {0})

| |

Hoea (B {0}) 5t Hoca (B 01)

The vertical connecting homomorphisms are isomorphisms, since they are iso-
morphisms for the pair (D", S"1). Since the diagram commutes, we deduce the
following consequence from the previous result:

The effect of the map
H,(A): H,(R",R"\ {0}) — H,(R",R™\ {0})
is given by multiplication with sign(det(A)).

Now we would like to apply this to a situation familiar from Calculus. First
a brief observation:

Lemma

Let U C R" be an open subset and = € U. Then
H,(U, U\ {z}) = Z.

Proof: Let Z be the complement of U in R™. Since U is open, Z is closed.
Hence Z = Z C R*\ {z} = (R™\ {z})°. Hence we can apply excision to the
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inclusion of pairs (U, U \ {z}) — (R",R"\ {z}) and get

H,(U, U\ {z}) = H,(R",R"\ {z}) ~ Z.

Proposition: Degree of smooth maps

Let U C R" open with 0 € U. Let
f:U—R"

be a smooth map (or say twice differentiable with continuous second deriva-
tives) with f~1(0) = 0 and Df(0) € GL,(R).
For such a map f, the effect of the homomorphism

H,(f): Ha(U, U\ {0}) — Hn(R",R™\ {0})
is given by multiplication with sign(det(D f(0))).

Proof: e By the Taylor expansion of a differentiable map, we can write f
as

f(z) = Az + g(z) with A = Df(0) and g(z)/|z| — 0 for x — 0.

e In particular, we can assume |g(x)| < |z|/2 for  small enough. By excision,
we can shrink U to become small enough such that still 0 € U and |g(z)| < |x|/2
for all x € U.

e We can further assume that A = I is the identity. For if not, we can replace
f with A=!f and use the functoriality of H,,.

e Now we have |f(x) — x| < z/2 for all x € U. Hence the map
h:U x[0,1] = R", (z,t) = tf(z)+ (1 —t)x

satisfies h(x,t) # 0 for all (x,t). This implies that Dh(0,¢) is in GL,(R)* for all
t. Thus h defines a homotopy between f and the identity map and the effect of
H,(f) is the same as the one of the identity map. O

Local degree

Often the effect of a map can be studied by focussing on the neighborhood
of certain interesting points. We would like to exploit this idea for studying the
degree.
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For n > 1, let f: S™ — S™ be a map with the property that there is a point
y € S™ such that f~!(y) consists of finitely many points. (Note that almost all
maps have this property.)

We label these points by zy,...,x,,. Now we choose small disjoint open
neighborhoods Uy, ..., U, of each z; such that each U; is mapped into an open
neighborhood V of y in S™. (We could choose V first, and then intersect f=(V)
with small open disks around z;...).

Since z; € U; and the different Ujs are disjoint, we have

fU;\ {z;}) c V\ {y} for each i.

For any given ¢, the obvious inclusions of pairs induce the following diagram:

(10) Ho(U U\ i) 5 HalV VA {)

deg(f|zs)
kzl l%

Ho (57, 57\ {}) <2 H, (7, 87\ £ () 22 1, (57, 57\ {y})

i| E

H,(S") H,(S™).

1%

14

Hyn(f)

By the excision axiom applied as in the proof of the lemma below and by
an exercise, we know that the diagonal maps on the left and the vertical maps
on the right are isomorphisms, as indicated in (10).

Definition: Local degree

The source and target of the dotted top horizontal arrow in (10) are iden-
tified with Z. Hence the effect of this homomorphism is given by multipli-
cation by an integer. We denote this integer by deg(f|z;) and call it the
local degree of f at z;.

Let us calculate some examples:

e If f is a homeomorphism, then any y has a unique preimage z. In this
case, all maps in daigram (10) are isomorphisms and we have

deg(f) = deg(flz) = +1.

e If f maps each U; homeomorphically to V', then we have deg(f|z;) = £1
for each 1.
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The latter observation can be used to calculate the degree of f in many
interesting situations. For we have the following result which connects global and
local degrees:

Proposition: Global is the sum of local

With the above assumptions we have

deg(f) = Z deg(f|z:).

We are going to prove this result in the next lecture. In the diagram above
we claimed that some maps are isomorphisms. Here is an explanation why:

Lemma

(a) Let U € S™ be an open subset and o € U. Then there is an isomorphism
H, (U, U\ {2}) = Ha(S", 8"\ {z}) 2 Z.

(b) Let y,...,x,, be m distinct points in S™ and Uy, . .., U,, disjoint open

neighborhoods with x; € U;. Then there is an isomorphism

O Ho(Us, Ui \ {zi}) = Ho(S™, 8"\ {1, ..., 2m}) = O, Z.

Proof: (a) Let Z be the complement of U in R™. Since U is open, Z is
closed. Hence Z = Z C S™\ {z} = (5™ \ {z})° = S"\ {x}. Hence we can apply
excision to the inclusion of pairs (U, U\ {z}) < (5", 5™\ {z}) and get the above
isomorphism.

(b) Let U := Y;U;. Then Z := S™\ U is closed. As above, we can apply
excision to the inclusion of pairs (U, U\ {x1,...,zn}) = (5", S"\{z1,...,2n})
and get an isomorphism

Hy(U, U\ {1, ..., xm}) = Ho(S™, 5"\ {z1, ..., zm}).

Since U is actually a disjoint union and each x; € U;, we know the inclusions
induce an isomorphism

O Ho (U, Ui\ {z:}) = Ho(U, U\ {z1, ..., 2m}).

Together with (a) this proves the assertion.

O



LECTURE 9

Local vs global degrees

Last time we defined the local degree of a map. The situation was as follows:

For n > 1, let f: S™ — S™ be a map with the property that there is a point
y € S™ such that f~!(y) = {x1,...,xm} consists of finitely many points.

We choose small disjoint open neighborhoods Uy, ... ,U,, of each x; such that
each U; is mapped into an open neighborhood V' of 3 in S™. (We could choose V'
first, and then intersect f~!(V) with small open disks around z;...).

Since z; € U; and the different Ujs are disjoint, we have

fU;\ {z;}) c V\ {y} for each i.

For any given 4, the obvious inclusions of pairs induce the following diagram:

Hn(f\Ui)
(11) Hu(Us, Ui\ Azi}) oo Ha(V. VA {y})
i :
Hun(f)

]

H,(S")

1%

Hyn(f)

By the excision axiom applied as in the proof of the lemma below and by
an exercise, we know that the diagonal maps on the left and the vertical maps on
the right are isomorphisms, as indicated in (11). Then we made the following
definition:

95
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Definition: Local degree

The source and target of the dotted top horizontal arrow in (10) are iden-
tified with Z. Hence the effect of this homomorphism is given by multipli-
cation by an integer. We denote this integer by deg(f|z;) and call it the
local degree of f at z;.

We have the following result which connects global and local degrees:

Proposition: Global is the sum of local

With the above assumptions we have

deg(f) = deg(flz:).

Let us finally prove this result.
Proof: e As explained in the lemma below, excision implies that

®iki: ®;Z = H, (U, U; \ {w:}) = Ho(S", 5"\ f7l(y)) = ®iZ

is an isomorphism. Henceforth we are going to identify the groups in diagram
(11) with Z or the direct sum ), Z, respectively.

e We know that p; o k; is the diagonal isomorphism. Hence k; corresponds to
the inclusion of the ¢th summand, and p; corresponds to the projection to the
1th summand.

e Since the lower triangle commutes, the composite p; o j satisfies
pioj(l)=1.
Since we also know

piok;(1) =1 and (Z k(D) =(1,...,1)

we must have

as well.

e Since the upper square in diagram (11) commutes, we know

H,,(f)(ki(1)) = deg(f|z:).
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e Together with the above, this shows

Ha(£)((1) = D deg(fl:).

e Since the lower square in diagram (11) commutes and since the lower
horizontal map is given by the degree of f, the asserted formula follows. QED

We have used the following lemma in diagram (11) the above proof:

Lemma

(a) Let U C S™ be an open subset and = € U. Then there is an isomorphism
H,(U,U\ {z}) = Ho(S", 5"\ {=}) 2 Z.

(b) Let 1, ..., 2, be m distinct points in S™ and Uy, . .., U,, disjoint open
neighborhoods with x; € U;. Then there is an isomorphism

O™ Ho (U, Ui\ {z:}) = Ho(S™, 8"\ {1, ...,50}) = O, Z.

We proved this lemma in a previous lecture. Now let us apply what we learned
in an example:

Example: Degree on the unit circle
Let S C C be the unit circle, k € Z, and let
fo: St = Stz 2R

We claim deg(f;) = k.

P —

o
[
\
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e We know this is true for for k£ = 0 when f; is the constant map and for
k =1 when f; is the identity.

e We know it also for £k = —1, since z — 2~
axis.

e It suffices to check the remaining cases for k£ > 0, since the cases for k£ < 0
follow from composition with z + 27! and the multiplicativity of the

1 is a reflection at the real

degree.
e Solet k > 0. For any y € S™, f.'(y) consists of k distinct points
x1,...,0x. BEach point x; has an open neighborhood U; which is mapped

homeomorphically by f to an open neighboorhood V of y. This local
homeomorphism is given by stretching (by the factor k) and a rotation
in positive direction.

e Stretching by a factor is homotopic to the identity near z;. Hence the
local degree of the stretching is +1.

A rotation is a homeomorphism and its global and local degree at any point
agree.

Since the rotation is in the positive direction, it is homotopic to the identity
and has therefore degree +1.

e Hence deg(f|z;) = 1.

e Thus we can conclude by the proposition that

deg(f) = _Z deg(flz;) = k.
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Homotopies of chain complexes

We still need to prove the Homotopy Axiom and Excision Axiom for singular
homology. The proof will follow from constructing a homotopy between chain
complexes, a concept we are now going to explore.

Recall that a chain complex K, = (K,,0%) constists of a sequence of abelian
groups
Onya ) n

F) oK oK
e T K Y K T Koy

together with homomorphisms 8,11{ . K,, —» K,,_1 with the property that 0,, 100, =
0. Our main example is the singular chain complex.

Just to make sure that we understand the definition, let us look at an example
of a sequence of groups that is not a chain complex. Consider the sequence of
maps

RN Ay ANy ANy AN
where each map consists of multiplication by 2. This is not a chain complex,
since 2-2=14,1.e.,0, 100, =4 #0.

Recall the definition of a map of chain complexes from Lecture 5:

Maps of chain complexes

Let K, = (K,,0%) and L, = (L,,0%) be two chain complexes. A mor-
phism of chain complexes f,: K, — L,, also called chain map, is a
sequence of homomorphisms { f,, }nez

(12) fn: K, — L, such that f,_; 09X = 9% o f, for all n € Z.
A homomorphism of chain complexes induces a homomorphism on homol-
ogy

Hy(f): Ho(Ky) = Hy(Ly), [2] = [fal2)].

99
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We need to check that this is well-defined. Since we hopped over this point
in Lecture 5, let us do it now.

There are two things we should check. We need to know that f sends cycles
to cycles and boundaries to boundaries.

First, let z € K, be a cycle in K, i.e., 3% (x) = 0. Then (12) implies
Oy (fu(@)) = fu-1(0y () = fa-1(0) = 0.
Thus f,(x) is a cycle in L and we get f,(Z,(K.)) C Z,(Ly).
Second, let a x € K,, be a boundary, say 9% (y) = x. Then (12) implies

Fa(@) = fa(0n1 (1)) = 01 (fasn (1)

Thus f,(x) is a boundary in L and we get f,(B,(K.)) C B,(L.). This shows
that f induces a well-defined homomrphism between the homologies of K, and
L,.

We would like to transfer the notion of homotopies between maps of spaces
to the homotopies between maps of chain complexes. This follows the general
slogan: Homotopy is a smart thing to do.

Why? The notion of an isomorphism in a category, e.g. the category of
topological spaces or the category of chain complexes, is often too rigid. There
are too few isomorphism such that classifying objects up to isomorphism is too
difficult. Therefore, one would like to relax the conditions. For many situations,
homotopy turns out to provide the right amount of flexibility and rigidity
at the same time. Moreover, many invariants, in fact all invariants in Algebraic
Topology, do not change if we alter a map by a homotopy.

In other words, our invariants only see the homotopy type.

Actually, this is exactly what we are going to show for singular homology
today. It is also true in Homological Algebra. The homology of a chain complex
only depends on the homotopy type of the complex.

So let us define homotopies between chain maps:

Definition: Homotopies of chain maps

Let f,g: K, — L, be two morphisms of chain complexes. A chain homo-
topy between f and g is a sequence of homomorphisms

B Ky — Ly
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such that
(13) fn — 9n = 5_;_1 ohy,+h,_10 afl{ for all n € Z.

Kni1 — Lp
aK

hn
n+1l‘4/////z laﬁ+1
f

n—9n
Kn,——1L,

oK ok
n [ n

Kn1—— Lp
If such a homotopy exists, we are going to say that f and g are homotopic

and write f ~ g.
We say that f is null-homotopic if f ~ 0.

As for topological spaces, this yields an equivalence relation:

Lemma: Homotopy is an equivalence relation

(1) Chain homotopy is an equivalence relation on the set of all morphisms

of chain complexes.
2)Iff~f:K.,— L.and g~¢': L, — M,, then go f ~ ¢ o f.

Proof: (1) We need to show that homotopy is reflexive, symmetric and
transitive:

o We obtain f ~ f with h = 0 being the zero map.

e If h is a homotopy which gives f =~ ¢, then —h is a homotopy which
shows g ~ f.

e If h is a homotopy which gives f ~ ¢: K, — L, and h’ is a homotopy
which shows g ~ k: K, — L,, then h + I’ is a homotopy which shows
f ~k. For

fn_kn:fn_gn+gn_kn
=0F ohy+hy 1008 +0k  ohl +hl_ 0dF
= 0y © (hn + 1) + (hpr + H,_y) 0 O

(2) Let h be a homotopy which shows f ~ f’ and k be a homotopy which
shows g ~ ¢’. Composition with g on the left and using that ¢ is a chain map
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yields

gn o (fu = fn) = gno (8£+1 0 hy + hpy o@f)
= %—1 © (gn—H © hn) + (gn © hn—l) © af'
This shows that the sequence of maps g,+1 o h,, defines a homotopy go f ~ go f’.

Composition with f’ on the right and using that f’ is a chain map yields
(9n = gn) © fr = (On41 © kn + ka1 00y) 0 f,
= Opia © (hn© fo) + (kn-10 f11) 0 Oy
This shows that the sequence of maps k, o f/ defines a homotopy go f' ~ ¢’ o f'.
Summarizing we have shown
gof~gof=golf.
By transitivity, this shows the desired result.

O

Now we are ready to show an important fact in homological algebra:

Homology identifies chain homotopies

If f~g: K, — L, are homotopic morphisms of chain complexes, then
H,(f) = Hy,(g) for all n € Z.

Proof: This follows immediately from the fact that f, — g, is just given by
boundaries which, by definition, vanish in homology.

More concretely, let z € K, be an arbitrary cycle in K, and let A be a
homotopy which gives f ~ g. Then we get by using the definition of homotopies

H,(£)([2]) = [£a(@)] = (90 (2) + 041 (ha (@) + hnr (0 (2))] = [gn ()] = Hu(9)([2])

where we use that 92, , (h,,(x)) is obviously a boundary in L, and that h,_1(9[ (z)) =
0, since z is a cycle in K, by assumption. O

Now we can also mimic the notion of homotopy equivalences.

Chain homotopy equivalences

A morphism of chain complexes f: K, — L, is called a homotopy equiv-
alence if there exists a morphism of chain complexes g: L, — K, such that
go f~idg, and fog~idy,.
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If such a homotopy equivalence exists, we write K, ~ L, and say that K,
and L, are homotopy equivalent.

In particular, by adopting language from algebraic topology, if the identity
map on a chain complex K, is homotopy equivalent to the zero map, then we say
that K, is contractible. For example, if X is a contractible space, then its sin-
gular chain complex S,(X) is a contractible chain complex. Note that a chain
complex K, with at least one nonzero homology group cannot be contractible.

As a consequence of what we proved we get:

Chain homotopy equivalences

o If K, ~ L,, then H,(K,) = H,(L,).

e Given two chain complexes K, and L, we denote the set of morphisms
of chain complexes by Mor(K,,L,). Let [K.,L,| := Mor(K,,L.)/ ~ denote
the set of equivalence classes under the relation given by chain homotopies.
Then we can define a new category whose objects are chain complexes and
whose sets of morphisms from K, — L, are homotopy classes of chain maps,
i.e., the sets [K,,L.]. Let us call this category K.

Since the homotopy relation respects composition, we obtain that homology
defines a functor

K — Ab, K, — H,(K,)

where Ab denotes the category of abelian groups.
Let us look at some examples:

e Let K, be the chain complex

027235750

Since all maps are trivial, we have H,(K,) = K, for all n. Hence K, has
exactly two nonzero homology groups, both being Z. In particular, it is
not contractible.

e Let K, be the chain complex

0 Z BT 0=
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This complex is actually an exact sequence. Thus H, (K,) = 0 for all n.
Moreover it is contractible. We can write down a homotopy by
id

0 0

o Let K, be the chain complex
0 Z BT 50—

This complex has one nonzero homology group Hy(K,) = Z/2. It is
therefore not contractible.
e Let K, be the chain complex

BT S T S TS TS

The homology of K, vanishes, since, at each stage, the image and the
kernel of the differential is 2Z /4. Nevertheless, K, is not contractible.
For if there was a homotopy between idg, and the zero map, it would
like this

7/4—457,/4

| > |

7/4—%57/4

LA

and satisfy id = 2h,, + h,_12. But 2h, + h,_12 can only produce even
numbers modulo 4. Hence it cannot be the identity map on Z/4.

After all this abstract stuff we should better demonstrate that the notion of
chain homotopies is useful for our purposes. We are going to do this by showing
that homotopies between maps of spaces induces a chain homotopy. By what we
have just seen, this will prove the Homotopy Axiom for singular homology.
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Homotopy invariance of singular homology

We are going to prove the Homotopy Axiom for singular homology. The proof
will follow from constructing a homotopy between chain complexes.

Let f,g: X — Y be two homotopic maps and let h: X x [0,1] = Y be a
homotopy between them. Let 0: A™ — X be an n-simplex on X. Then A induces
a map

oxid

A" x [0,1] 22 X x [01] By
which defines a homotopy between f oo and goo.

Our goal is to turn this into a geometrically induced chain homotopy
between S, (f) and S,(g). By our result from the previous lecture, this will
imply the Homotopy Axiom.

So let us have a closer look at the space A™ x [0,1]. For n = 1, it looks just
like a square. Via the diagonal we can divide it into two triangles which look like

A2 For n = 2, A? x [0,1] looks like a prism which we can divide into three copies
of A3.

In general, A" x [0,1] looks like a higher dimensional prism which we can
divide into n + 1 copies of A"*!. We should make this idea more precise:

Simplices on a prism
For every n > 0 and 0 < ¢ < n, we define an injective map
pis AT A™ < [0,1],
(t0, - - stnt1) V= ((fos - - - tim1ts + tigastigas - - tng1), bigr + -+ + tny1)-

We can consider each p!" as an n + 1-simplex on the space A" x [0,1]. When
n is clear we will often drop it from the notation.

For n = 0, we have only one map
pgl A 5 AP x T = {60} X [0,1], (to,tl) — (O,tl)
105
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. ¢ (oo, 1)
Al P,
e AoxT

Let us have a look at what happens for n = 1: Then the effect of p} and
pi is given by

po: A% = A x [0,1],(to,t1,t2) +> (to + t1,t1 +to)
= (1,0,0) + (1,0,0) = (e0,0)
=(0,1,0) + (1,0,1) = (eg,1)
= (0,0,1) + (0,1,1) = (e1,1)
e (&,) @,l)
2
A Q‘ {
_L d T
6

and

P1: A2 — Al X [0,1] (to tl,tg (to,tl + tg,tg)

1,0,0) + (1,0,0) = (ep,0)
0,1,0) + (0,1,0) = (e1,0)
0,0

) =
= (
= (
=(0,0,1) = (0,1,1) = (e1,1).
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€x (el )
A :
—-Pl-—g AIXI
el (en ' O)

In general, the effect of p* on the vertex e, of A" for 0 < k < n+1 is given
by

(en0)  HfO<k<i
(14) Py (ex) {(ek_l,l) i k> i,

In fact, we could define p! as the unique affine map which satisfies (14).

Let jo and j; be the two inclusions
Jo: A" — A" x [0,1], x — (z,0)
Ji: A" — A" x [0,1], x — (z,1)
determined by the endpoints of [0,1].

For the next result, recall our formulae for the face maps on standard sim-
plices:

For 0 < ¢ < n+ 1 which can be described as
¢?+1(t07 s 7tn) = (th s 7ti—1707tia s 7tn)
with the 0 inserted at the 7th coordinate.

Using the standard basis, ¢ can be described as the affine map (a trans-
lation plus a linear map)

<
(15) ot A™ < A"ldetermined by @7 (e),) = {ek = !
err1 k> 1.

Lemma: Prism and face maps

We have the following identifications of maps:
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(16) py o ¢3! = i,

(17) Py o ¢kl = Jo,

(18) progitt =piyogitt for 1<i<n,
(19) P o it = (6] xid) opj =t for j > .
(20) P} o ¢ = (6F x id) o pj~! for j <4,

Proof: (16) We check the effect of p2 o ¢!

pg( g+1(t07 s 7tn)) = p0(07t07 cee 7tn)

= ((to, . ,tn),iq)

= (to, ... ,tn,1) = j1(to, ... tn).

(17) Similarly, we calculate

Pr(@nii(to, - ta)) = pito, - tn,0)
= (to, oo 7tn70> == jo(to, ‘e 7tn)'

(18) We calculate and compare:

PO (to, . )
= p?(to, vt 00t o ,tn)
= ((t()) e 7ti—170 + ti,ti+17 PN ,tn)7 0 —|— tl + e _|_ tn)

= ((to, cootn), i%’) )
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and

p?—l(gb?—i-l(t()’ s 7t7L>>
= p?—l(t()) Ce ,ti,l,(),ti, e 7tn>
— ((to, e ,ti_Q,ti_l + O,ti,ti+1, e ,tn), tz R tn)

= ((to,...,tn),itj> .

Hence both maps agree.

(19) For j > i, the assertion amounts to showing that the following diagram
commutes:

Artt A x [0,1]
ATL
A" % [0,1] —— A" x [0,1].
o xid

To check this, we are going to use formulae (14) and (15). Since the affine maps
involved are determined by their effect on the egs, this will suffice to prove the
formulae.

For k <1, we get
Py 0 97 (er) = piya(er) = (ex,0)
= (¢} x id)(ex,0) = (¢} x id) o p} ™" (ex)-

For i <k < j, we get

p?ﬂ © ¢?+1(6k+1> = p?ﬂ(ek) = (ert1,0)

= (¢} x id)(ex,0) = (¢} x id) o p?' " (ex).

And for k£ > j, we get

p;-zrl © (b;Hl(ek) = p?+1<€k+1) = (ex,1)

= (o7 xid)(ex-1,1) = (47 x id) o pj ™ (ex).

(20) follows by a similar argument. O



110 HOMOTOPY INVARIANCE OF SINGULAR HOMOLOGY

Definition: Induced prism operator

o For every n > 0 and 0 < ¢ < n, the map p! induces a group
homomorphism
Pt Sn(X) = Spaa(X < [0,1])

which is defined on generators by composition with p}'

P(0) = (0 x id) o pl': A™ 25 A™ 5 [0,1] 2 X x [0, 1]

and extended Z-linearly.

o This construction descends to a map P on relative chains for
any pair (X, A).

o We define a group homomorphism, often called prism operator,

P": Sp(X,A) = Spt (X X LAXI), P* =) (=1)'P".

1=0

Let j;¥ denote the inclusion X — X x [0,1], # — (z,t). The prism operator
is the desired chain homotopy:

Chain homotopy lemma

The homomorphisms P™ provide a chain homotopy between the two mor-
phisms of chain complexes

S, () =~ 8,(5): S.(X,A) = S (X x I,AxI).
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Proof: We need to show S, (ji) — S (ji¥) = Opy10 P+ P 1 00,. Let o be
an n-simplex. Then we calculate

P 1o d,(o) =P (Z(—l)ia o ¢;>

i=0
= ) (—)™ (o xid)o (¢} x id)opi!
0<j<i<n
+ Y (=DM (o xid) o (¢} x id) o pl~!
0<i<j<n—1
=— > (=1 (o xid)op},, 0 ¢ by (20)
0<j<i<n
— > (=)o xid) o p} o ¢ by (19).
0<i<j<n—1

On the other hand, we have

Ont10 P"(0) = Onta (Z(—l)j(a X id) OP?)
7=0
n n+l

:ZZ 1™ (o x id) o pff o ¢!

7=0 =0

= Y (=D)"(o xid)opl o gt (i < j)

0<i<j<n
+ 3 (o x id) o pf 0 6t (i = j)
1=0

n+1

=D (o xid)opl o gt (i=j+1)

i=1

+ > () M(exid)epoditt (i>5+1)

1<j+1<i<n+1

= 3 ()Mo xid)opl,, 0 gt
0<i<j’<n—1

+ (0 xid) o j; — (o x id) o jg

+ Z 1)+ Uxid)op?oqﬁgii.

0<j<i'<n
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For the final step we used again the trick to relabel the indices and wrote j' = j—1
and 7/ = i — 1. By comparing the two calculations, we see that all summands
cancel out except for (o x id) o j; — (o x id) o jo.

Thus we can conclude:
Oni1 0 P(0) + P 1 00,(0) = (¢ xid) o ji* — (o x id) o j5
=ji 0o —jj oo

= Su(5)(0) = Sulia )(0). O

As a consequence we get the Homotopy Axiom:

Theorem: Homotopy Invariance

If f~g:(X,A) — (Y,B), then
Sn(f) 2= Su(g): Sn(X,A) — Su(Y,B)
for all n. Hence f ~ g implies H,(f) = H,(g)-

Proof: Let h be a homotopy between f and g. We can write this as
f:hojf( andg:hojgf.
Then the previous lemma yields

Su(f) = Sulg)

= Sn(h) © 8a(ji’) = Sulh) 0 Su(5)

= Sn(h) 0 (Ons1 0 P") + Su(h) o (P""" 0 0,)

= Opg10 (Sny1(h) o P*) + (S,(R) o P 1) 0 9, since S,(h) is a chain map.

Thus the sequence of homomorphisms S,,1(h)oP™ is a chain homotopy between
Su(f) and S,(g)-

Applying the theorem about chain homotopic maps and their induced maps
on homology implies the last statement. O

We have already used homotopy invariance of singular homology at numerous
occasions. Here is yet another one:
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Proposition: Homology of weak retracts

Let i: A — X be a weak retract, i.e., assume there is continuous map
p: X — A such that poi ~idy. Then

H,(X)= H,(A) @& H,(X,A) for all n.

Proof: Functoriality and homotopy invariance tell us that poi ~ id 4 implies
H,(p) o Hy(i) = Hy(poi) = Hy(ida) = idp,(a) for all n.
Hence H, (i) is injective for all n. That means that the sequence

Hy (i)

0— H,(A) —> H,(X)

is exact. Since H,_1(i) is injective, the exactness of the sequence

Hyp1(i)
—_

s Ho(X,A) S H, o (A) Hy (X)) = -

implies that the connecting homomorphism 0: H, (X,A) — H,_1(A) is the zero
map. Thus we get a short exact sequence

(21) 0 — H,(A) =D gx) 29 g (x,4) - o.

Since H,(p) is a left-inverse of H, (i), this sequence splits, i.e.,
Ho(X) = Ha(A) @ Hy(X,A), [d = (Ha(p)([d)), Ha(5)([e)).
is an isomorphism.

We can describe an inverse of this map as

H,(A) @& H,(X,A) — H,(X),
([al, [b]) = Hn(i)([a]) + [¢] = Hn(i 0 p)([¢])
where [¢] is any class with H,,(7)([¢]) = [b].

We need to check that the choice of [¢/| does not matter. So let [¢] be
another class with H,,(j)([¢"]) = [b]. Then we have

Ho(5)([¢] = [¢"]) = 0, e, [] = [¢"] € Ker (Hn(5)).
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By the exactness of (21), this implies that there exists a class [a] € H,(A) with
H,(i)([a]) = [¢] — [¢"]. Thus
[l = H(i 0 p)([¢']) = ([¢"] = Ha(i 0 p)([¢"]))
1= [¢"] = Hu(io p)([c] = ["])
n(@)([a]) = Hn(i 0 p)(Ha(i)([a]))
n(@)([a]) = (Hn(i) o Hn(p) o Hu(i))([a])
(2)([ ]) = Ha(i)([a]) since Hy(p) o Hy(i) = idp,(a)

I
.Ommm?

Homotoy invariance revisited

Let hoTop denote the homotopy category of Top, i.e., the category
whose objects are topological spaces and whose morphisms are homotopy
classes of continuous maps:

MorhoTop(X7 Y) = Ma’pTop(Xa Y)/ === [X7 Y]

where Mapr,, (X,Y) denotes the set of continuous maps from X to Y. The
result we have just shown implies that singular homology descends to a
functor on hoTop:

Top — " Ab

=
J H,

hoTop.

This observation applies to almost all algebraic invariants in Topology. In
other words, invariants in Algebraic Topology distinguish neither between
homotopic maps nor between homotopy equivalent spaces.

However, many topological properties are not invariant under homotopy.
For example, compactness is not invariant under homotopy. In other
words, if X is compact, then it may well be the case that a space which
is homotopy equivalent to X is not compact. To convince ourselves of this
fact, it suffices to take X = {0} and Y = R". A bit more interesting is
X = S"and Y = R*"!\ {0}. While X is compact, ) is not, but the
inclusion S" < R"*1\ {0} is a homotopy equivalence.

This observation should make us aware of the scope of our abilities. The
tools we develop in this class are great. But they are not the end of
the story...
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Locality and the Mayer-Vietoris sequence

We are going to discuss the Excision Axiom for singular homology and some
consequences. Let us first recall what it says:

Excision Axiom of singular homology

Let (X,A) be a pair of spaces and let Z C A be a subspace the closure
of which is contained in the interior of A, in formulae Z C A°. Then the
inclusion map k: (X — Z, A — Z) — (X,A) induces an isomorphism

H,(k): H, (X —UA—-U) — H,(X,A) for all n.

We are going to deduce the excision property of homology from the following
locality principle.

Let X be a topological space and let A = {A;};c; be a cover of X ie., a
collection of subsets A; C X such that X is the union of the interiors of the
AjS.

A-small chains

e An n-simplex o: A™ — X is called .A-small if the image of ¢ is contained
in one of the Ajs.
e An n-chain ¢ = ), n;0; if X is called A-small if, for every ¢, there is a
Aj such that O'i(An) C Aj.
e We are going to denote the subgroup of A-small n-chains by
SHX) :={c€ S(X): ois A—small}.
e For a subspace A C X, we write
SH(X)
SiH(A)

S’;:t(X,A) =

115
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If, for each j, ¢;: A; — X denotes the inclusion map, then we can describe
SA(X) also as

SA(X) = Im (@ S, (A,) 25, Sn(X)> .

The point of A-small chains is that we can use their chain complex to compute
singular homology:

Locality Principle/Small Chain Theorem

For any cover A of X, the inclusion of chain complexes
SAX,A) C S.(X,A)

induces an isomorphism in homology.

The proof of this theorem takes quite an effort and we will postpone it for a
moment. Instead we will now explain how the excision property follows from the
theorem.

e Proof of the Excision Axiom using small chains:

Since Z C A°, we have (X — Z)°U A° = X. Thus, if we set B .= X — Z,
A ={A, B} is a cover of X.

Moreover, we can rewrite

(X —Z,A—Z)=(B,AN B).

Hence our goal is to show that
S«(B,ANB) = S.(X,A)

induces an isomorphism in homology.

The inclusion of chain complexes SA(X) C S,(X) induces a morphism of
short exact sequences of chain complexes

(A) — SAX) — SAHX)/S.(A) —— 0
| |
(4)

—— S (X) —— S.(X)/S.(A) — 0.

0—— S,

0—— S,

The middle vertical map induces an isomorphism in homology by the
Small Chain Theorem. The induced long exact sequences in homology and
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the Five-Lemma imply that the right-hand vertical map induces an isomor-
phism in homology as well. Thus we are reduced to compare S,(B,AN B) and

SA(X)/S.(A).
Now we observe
SAX) = S.(A) + S.(B) C S.(X)
and hence
S.(B) S«(B) S.(A)+S.(B) SA(X)
S.(ANB)  S.(A)NS.(B) Sy(A) —S.(4)

where the middle isomorphism follows from the general comparison of quo-
tients of sums and intersections of abelian groups.

s

Thus the chain map
S.(B,AN B) — SA(X)/S.(A)

induces an isomorphism in homology and the excison axiom holds. QED
e The Mayer-Vietoris sequence

The above proof inspires us to look at the following situation which will lead
to an important computational tool.

Assume that A = {A,B} is a cover of X. Consider the diagram
N
B

For every n, these maps induce homomorphisms in homology

A

B—)A

—

Hy(AN B) = Hy(A) © Hy(B), o = {—HHnSZ;;)}

and

B : Hn(A) D Hn(B) (X) Bn = [ (ZA) Hn(lB)]
(a,b) = Hy(ia)(a) + Hy(ig)(D).
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Theorem: Mayer-Vietoris sequence

For any cover A = {A,B} of X, there are natural homomorphisms
oMV Hy(X) — H,_1(AN B) for all n
which fit into an exact sequence
/Bn+1

oo-%
%
Bn

Hn(A N B) a—n> Hn(A) D Hn(B) — Hn(X)

Hn+1 (X)

oMV

Proof: From the proof of the Excision Axiom we remember that there is a
short exact sequence of chain complexes

)]

0— S, (AN B) S.(A) @ S,(B) ' » SAX) = 0.

Note that the exactness at the right-hand term was part of the proof of the
Excision Axiom and the exacntess at the middle term can be easily checked by
looking long enough at the commutative diagram
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It induces a long exact sequence in homology

A
Bn+1

H4 L (X)
6;;‘4—1
A
Ho(ANB) —— H,(A) ® H,(B) —"— HA(X)

oA

n

By definition of small chains, the homomorphism f,, factors through small chains,
in other words, it is induced by the composition

S (A) ® S, (B) [5nia) Snliz)] SAX) = S, (X).

n

Thus we can apply the inverse of the isomorphism of the Small Chain The-
orem and define MV to be

~ A
oMV H.(X) S HAX) 25 H,_ (AN B).
Then the following sequence

Bn oV

H,(A) @ H,(B) —2 H,(X) 2~ H, (AN B)

B T /ﬁ‘

H;{(X)

n

1R 3m

is exact at H,(X), since the triangles commute.

This yields the sequence of homomorphisms and the desired long exact se-
quence. QED

The MVS is an extremely useful tool

The Mayer-Vietoris sequence (MVS) is an important computational tool.
Its power relies on the simple idea: If you want to understand a big space,
split it up into smaller spaces you understand and then put the information
back together.

The MVS tells us how the homology of X is built out of homologies of the
cover by A and B.

Let us apply this new insight to some concrete examples:
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e Let us calculate the homology of X = S! yet another time. Let z = (0,1)
and y = (0, — 1) on S*. We set A = S' — {2z} and B = S' — {y}. Then A and
B are two open subsets which cover S'. We observe that both A and B are
contractible.

The intersection AN B contains the points p = (—1,0) and ¢ = (1,0). In fact,
the inclusion

{p.a} = ANB

is a deformation retract.

Since A = {A,B} is a cover of S', we can write down the corresponding MVS.
For n > 2, all the homology groups hitting and being hit by H,,(S') are zero, since
H,(A)® H,(B)=H,{z})® H,({y}) =0and H,_1(ANB) = H,_1({p,q}) = 0.
Thus

H,(S") =0 for all n > 2.

Since S is path-connected, we know Hy(S') = Z. It remains to check n = 1.
The MVS for n = 1 looks like
O—>H1 Sl —>H0AﬂB —>H0 @HO )

0— H\(SYY ——Z®ZL ————ZDL
1 1
R

where we obtain the lower right-hand map by observing that all summands are
of the form Hy(pt) and hence each generator in Hy(A N B) is sent to (1, — 1) by
[Ho(ja), —Ho(jB)]. Thus H;(S') is the kernel of this map:

Hi(SY) = Ker ([_11 _11]) — {(z,—2) €ZB L} 2 L.

e Forn>2 let A=5"—{S} and B = 5" — {N} where N and S are the
north- and south-pole of S, respectively,. We observe that both A and B are
contractible. Moreover, the inclusion of j: S" ! < AN B as the equator is a
strong deformation retract. In particular, 5 is a homotopy equivalence.

Together with the inverse of the isomorphism H, ;(j), we get

Hy1(j) 00" Hy(S™) = Hy 1 (S™7)
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is an isomorphism for all ¢ > 2. Since we know H,(S') for all g, this yields H,(S™)
by induction.

e Let K be the Klein bottle which can be constructed from a square by
gluing the edges as indicated in the following picture:

L * flae Yogehin. vect ees and gefa cylindb-
! b He gle blue @lpes it

- oo o J&«/%
oé»Jl& o0 bt cicle 1 184 culye

The outcome of this procedure is the twisted surface whose 3-dimensional
shadow we see in the next picture which is taken from wikipedia.org:

(Note that we should really think of K as an object in R* where it does not
self-intersect.)

We observe that K can be constructed by taking two Mobius bands A
and B and gluing them together by a homeomorphism between their boundary
circles. Hence K = AU B and AN B ~ S'. In the exercises we are going to
caculate the homology of the Mébius strip. It is given by Ho(M) = Hi(M) =Z
and Hy(M) = 0.

We would like to use this information to calculate the homology of K.

Since K is path-connected as a quotient of a path-connected space, we know
Hy(K) =7Z.
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Now we apply the MVS: We observe that H,(A), H,(B) and H,(AN B)
vanish for n > 2. Hence H,(K) =0 for all n > 3.

The remaining MVS looks like this:

0 — Hy(K) 25 H{(AN B) 25 Hy(A) @ Hy(B) — H,(K) — 0.
The 0 on the right-hand side is justified by the fact that
Hy(ANB)=2Z 25 Z & Z = Hy(A) © Hy(B)
is injective.
The map ¢y is given by
25707, 1 (2,—2),
since
H{(ANB) = H(S") — H, (M) = H,(A)
wraps the circle around the boundary of M twice, and
H,(ANB) = H\(S") = H(M) = H,(B)
does that too, but with reversed orientation. (We will understand this fact
better after we have done the exercises.) Hence on the second factor we use the
map 2z — z~ 2 to produce a Mobius band.
In particular, ¢, is injective and hence

H,(K) = 0.

Moreover, H;(K) is the cokernel of ¢;. If we choose the basis
{b1 :=(1,0),b2 :=(1,— 1)} for Z& Z,

then we see that ¢; maps 1 € Z to 2by in Zb; & Zbs. Hence the cokernel of ¢, is
isomorphic to Zby; ® Zby/2bs. Thus

H,(K)=Z®Z)2.
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Cell complexes

We return to an important type of topological spaces, called CW- or cell
complexes, that is particularly convenient for our purposes in many respects.
It will turn out that this type of spaces both appears very frequently and is
quite accessible for calculations. In particular, we will learn next week that the
homology of a cell complex is quite easy to compute.

The idea of creating a cell complex is to successively glue cells to what has
already been built. The general procedure for doing this is the following:

Gluing a space along a map

Suppose we have a space X and a pair (B,A) of spaces. We define a space
X Uy B, often also denoted X Uy B if the map f is either understood or
just the inclusion, which fits into the diagram

A%X

B— XU, B
©
by
XUsB:=(XUB)/(a~ f(a) for all a € A).

We say that X Uy B arises from attaching B to X along f , or along A,
and f is called an attaching map.

By its construction, there are two types of equivalence classes in X Uy B:

e classes which consist of single points of B — A,
e classes which consist of sets {z} U f~'(X) for any point z € X.

123
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Note that the lower horizontal map ¢: B — BU; X arises as part of the
construction. It is given by
b ifbeB-A

:B—>BU; X, b—
4 d {[b] ithe A

In particular, this shows that ¢|z_4 is a homeomorphism.

The topology of X Uy B is the quotient topology and is characterized by
the universal property: whenever there is a diagram of solid arrows of the form

then there is a unique dotted arrow which makes all triangles commute. We
can reformulate this fact by saying that X U; B is the pushout of the solid
diagram.

For example:

e if X = x consists of just a point, then
XUy B=x%U; B=DB/A;
e if A=10, then X Uy B= X U B is just a disjoint union.

A more important example is the following:

Attaching a cell

We consider the pair (D", S™!) of an n-disk and its boundary. We are
going to think of D™ as an n-cell.

Suppose we are given a map f: S ! — X. Then we can attach an n-cell
to X via f as

SN R

.

D" — X Uy D",
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We could speed up this process by attaching several cells at once:

o, Sit ——x

acJ Mo J{

Hoes Di —— X Uy [{,e; D2

Let us look at some examples:

e Let us start with n = 0 and write (D°,S™!) for (x,0)). Attaching 0-cells
to a space X just means adding a set of discrete points to X:

Xu[[DS=xuJ

aed

where J is a set with the discrete topology.
e Now let us attach two 1-cells to a point X = x:

soygo S,

|

D'U D' — x Uy (DU DY),

Since there is only one choice for f, we get a figure eight: we start with
two 1-disks D' and then we identify all four boundary points with the
0O-cell. We denote this space by S'V S!.

| ¢% < ]
L1200
DluDl :ﬁ.ﬁdt S'vS'

e We continue with this space and attach one 2-cell: We can think of SV S*
as an empty square where we glue together the horizontal edges and the
vertical edges. Then we glue in a 2-cell into the square by attaching its
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boundary to the edges a, b, a=!, and b1, i.e., by walking clockwise:

Sl f=aba—1b~1 Sl v Sl

| l

D2 —— (S'v SY) U, D* = T2,

The result of this procedure is a two-dimensional torus.

a
by b 31‘* o
—_—
e cbci'&fg
a 5"v.9

This example motivates the following key concept:

Cell complex

A cell complex, or CW-complex, is a space X equipped with a sequence
of subspaces

such that
e X is the union of the Sk, Xs,
e for all n, Sk, X arises from Sk,,_; by attaching n-cells, i.e., there

is a pushout diagram

[, Sot 1" Sk, 1 X

l

HaGJn DZ T San

The space Sk, X is called the -skeleton of X.

In our example of the torus 7?2 the skeleta are

SkoT? = %, Sk T? = S* v S, Sk, T? = T2,
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Before we study more examples, we fix more terminology and list some facts
which should help clarify the picture:

e The topology of a cell complex is determined by its skeleta, i.e., a subset
U C X is open (closed) if and only if U N Sk, X is open (closed) for all
n.

e In fact, the topology on X is determined by its cells, i.e., U is open
(closed) in X if and only its intersection with each cell is open (closed),
or equivalently, if o !(U) is open (closed) in each D™. This topology is
called the weak topology and explains the W in C'W-complez.

e That implies that a map g: X — Y is continuous if and only if its
restriction to each skeleton is continuous, or equivalently, if and only if

go @y D — Y is continuous for all D.

e Lor any n-cell D7, the induced map ¢,: D]} — X is called the charac-
teristic map of the cell. As we explained before, the restriction to the
open interior (D")° = D" — Sn~!

(Pa) (D> — X

is a homeomorphism onto its image.

e We will call the image of D}, under ¢, in X a closed n-cell of X. We
will refer to n as the dimension of the cell. Since D" is compact, it is
a compact subset.

e The image of the interior (D)° of D? in X is often called an n-cell or
open n-cell of X and will be denoted by el). Note that this subset is
necessarily an open subset of X.

e The C in CW-complex stands for closure finite which means that, for
every cell, ©,(S"!) is contained in finitely many cells (of dimension at
most n — 1).

e A cell complex X is called finite-dimensional if there is an n such that
X = Sk, X. The smallest such n is called the dimension of X, i.e., the
unique n such that Sk, X = X and Sk, ;X C X.

o A cell complex is called of finite type if each indexing set J, is finite,
i.e., if only finitely many cells are attached in each step.
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e A cell complex is called finite if it is finite-dimensional and of finite type,
i.e., if it has only finitely many cells.

e The dimension of a cell complex is a topological invariant, i.e., it is invari-
ant under homeomorphisms. Moreover, every cell complex is Hausdorff.

e However, a cell complex is compact if and only if it is finite.
e Note that every nonempty cell complex must have at least one 0-cell.
e The cell structure of a cell complex is in general not unique. Often there

are many different cell structures. We will observe this for example for
the n-sphere.

Here is an important theorem which demonstrates the wide range and impor-
tance of cell complexes:

Compact smooth manifolds are cell complexes

Every compact smooth manifold can be given the structure of a cell complex.

Here some important examples:

O-celt O-cel(
77/
Fe{
nf O-eks oo
0-cel 0l

Wt o CU"@'P/&I' thes e € U-a@)a‘x

o A simple example is given by surfaces of a three-dimensional cube: it
has eight 0-cells, twelve 1-cells, six 2-cells.
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o Similarly, every n-simplex is a cell complex. For example, A3 has four
0-cells, six 1-cells, four 2-cells, and one 3-cell.

o The sphere S™ is a cell complex with just two cells: one 0-cell ¢° (that
is a point) and one n-cell which is attached to €® via the constant map
St — Y. Geometrically, this corresponds to expressing S™ as D" /0 D™:
we take the open n-disk D" \ D™ and collapse the boundary 9D" to a
single point which is, say, the north pole N = €°.

e /‘ﬁ

. e / P e——
/7, GMu(J&afe

e The n-sphere X = S™ can also be equipped with a different cell struc-
ture:
We start with two 0-cells which give us the 0-skeleton

SkoX = S0,

Now we attach two 1-cells via the homeomorphism f: S° = SkoX. This
gives us one 1-cell as the upper half-circle and one 1-cell as the lower
half-circle and

St = Sk X,

Then we attach two 2-cells as the upper and lower hemisphere along
the map S = Sk, i.e., this gives us

Sko X =5 52

with Sk; X ~ S! as the equator of S?. Now we continue this procedure
until we reach S™.

Hence, in this cell structure on S™, there are exactly two k-cells in
each dimension k£ =0,... n.

e Real projective space RP" is a cell complex with one cell in each
dimension up to n. To show this we proceed inductively. We know that
RPY consists of a single point, since it is S® whose two antipodal points
are identified.
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Now we would like to understand how RP™ can be constructed from
RP™1.
We embed D" as the upper hemisphere into S”, i.e., we consider
D™ as {(xo,...,x,) € S" : 29 > 0}. Then

RP" = S"/(x ~ —x) = D" /(z ~ —x for boundary points z € 9D").

But D™ is just S"~!. Hence the quotient map
Snfl SN Snfl/ ~ — RPnfl

attaches an n-cell ", the open interior of D", at RP" !,

Thus we obtain RP™ from RP"~! by attaching one n-cell via the
quotient map S"~! — RP" 1L,

Summarizing, we have shown that RP” is a cell complex with one
cell in each dimension from 0 to n.

We can continue this process and build the infinite projective space
RP*> :=J,RP". It is a cell complex with one cell in each dimension.
We can think of RP> as the space of lines in R* = (J, R".

Complex projective space CP" is a cell complex.

Let (2o : ... : 2z,) denote the homogeneous coordinates of a point in
CP™. Let ¢: D? — CP" be given by

n—1

(Zo, ce ,Zn—l) = (ZO 21 2Zp—1 - 1-— (Z |Zz2|>1/2>
1=0

Then ¢ sends D?" to the points with z, = 0, i.e., into CP"~!.

Let f denote the restriction of ¢ to §?*~! = 9D?". Then ¢ factors
through D** Uy CP"!, ie., we get a commutative diagram with an
induced dotted arrow

G2n—1 f cpr-1

|

DQn CPnfl Uf D2n

The induced map
g: D™ Uy CP"' — CP”
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Since we can rescale the nth coordinate, this map is bijective. Hence
it is a continuous bijection defined on a compact space. We learned
earlier that this implies that ¢ is a homeomorphism.

We conclude that CP™ is a cell complex with exactly one i-cell in
each even dimension up to 2n.

e Again we could continue this process and build infinite complex pro-
jective space CP> which is a cell complex with one i-cell in each even
dimension.

Finally, we would like to have a good notion of subspace in a cell complex
which respects the cell structure. It turns out that it is not sufficient to just
require to have a subspace. Though not much more is actually required. For,
a subspace A C X is subcomplex, or sub-CW-complex, if it is closed and a
union of cells of X.

These conditions imply that A is a cell complex on its own. For, since A
is closed the characteristic maps of each cell of A has image in A and so does
each attaching map. Hence the cells with their characteristic maps which lie in
A provide A with a cell structure.

A more technical definition sounds like this:

Subcomplexes

Let X be a cell complex with attaching maps {f,: S"' — Sk, ;X : a €
Jnym > 0}

A subcomplex A of X is a closed subspace A C X such that for all n > 0,
there is a subset J; C J, so that Sk, A := AN Sk, X turns A into a cell
complex with attaching maps {fs : 5 € J),n > 0}.

A pair (X,A) which consists of a CW-complex X and a subcomplex A is
called a CW-pair.

Examples of CW-pairs are given by

e cach skeleton Sk, X of a cell complex X;
e RP¥ C RP" for every k < n;

e CP* C CP" for every k < n;
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e the spheres S* C S™ for every k < n but only for the second cell
structure with two i-cells in each dimension.

With the first cell structure on S” with one 0-cell and one n-cell, S* is
not a subcomplex of S™.

The next step is to study the homology of cell complexes...
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Homology of cell complexes

We are going to show that there is a relatively simple procedure to determine
the homology of a cell complex.

Before we start this endeavour we need an auxiliary result which is a conse-
quence of the excision property of singular homology:

Lemma: Homology after collapsing a subspace

Let A C X be a subspace. Suppose there is another subspace B of X such

that

(a) A C B° and

(b) A — B is a deformation retract.
Then

H,(X,A) S H,(X/Ax)

is an isomorphism for all n.

Proof: We have a commutative diagram

(X,A) — ' 5 (X,B)+—L (X — A, B - A)

l A

(X/A ) —— (X/A,BJA) +— (X/A — %, BJA — %).

Our goal is to show that the left-hand vertical map induces an isomorphism
in homology. We will achieve this by showing that all the other maps induce

isomorphisms in homology:

e The map k is a homeomorphism of pairs and hence induces an iso-

morphism in homology.
e The map j induces an isomorphism in homology by the assumption (a)

and excision.
133
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e The map ¢ induces a homomorphism of long exact sequences

£
:

H,(X)— H,(X,A) — - -

= l

H,(X)— H,(X,B) — - -~

:
\T

By assumption (b), the left-hand vertical arrow is an isomorphism for
all n. By the Five-Lemma this implies that ¢ induces an isomorphism
in homology.

e For the map 4, we observe that the retraction p: B — A — B induces
amap p: B/A — AJ/A =% — B/A.

Moreover, the homotopy B x I — B between p and the identity of B
is constant on A. Thus it induces a homotopy B/A x I — B/A between
p and the identity of B/A.

In other words, x — B/A is a deformation retract. Hence the long
exact sequence and the Five-Lemma imply that 7 induces an isomorphism
in homlogy.

e Finally, we have * C (B/A)° by definition of the quotient topology.
Hence map j induces an isomorphism in homology by excision.

QED

Corollary: Homology of a bouquet of spheres

For any indexing set J, let us write \/__, S* for the quotient

acJ

HS§‘1<—>HD§—> \/52

acJ acJ aeJ
The homology of this space, often called bouquet of k-spheres, is given by

Zl] ifq=k
H kox)

where Z[J] denotes the free abelian group on the set J.

(Note that the relative homology group in the statement is an example of a
reduced homology that we introduced in last week’s exercises.)

Proof: Each summand S%~1 is a subspace of D¥ for which there is an open
neighborhood U,, such that S*~! < U, is a deformation retract (we could even
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take U, = DI — {0}). Hence we can apply the previous result to conclude
H(JTDETT S5 = Ha(\/ k).

Hence we are reduced to calculate the relative homology on the left-hand side.

To do this, we can apply the long exact sequence of a pair to deduce that

o: Hy(J[DE TS5 Y = Ho(JT S5 )

« @

is an isomorphism for all ¢. Finally, we know that the latter group is isomorphic
to @,c,Z = Z[J] when g = k and 0 otherwise. O

Now we would like to apply this observation to a cell complex X. If we write
Xy = Sk X for the k-skeleton of X, then we get the following commutative
diagram

(22) [, Se™ ' —— 1. Da V. Sa

| |

Xk:—l(—> Xk = ch—l Uf (Ha DQ) E— Xk/Xk—l-

where the right-hand vertical map is induced by ¢ and taking quotients. Since
the restriction of ¢ to the open interior of the n-disks is a homeomorphism
onto its image, this implies that the dotted arrow ¢ is a homeomorphism.

Hence we deduce from the previous result on bouquets of spheres:

Z|J,] ifq=k

H, (X, X)) &2 H (X / Xpoq %) =
q( ky <)k 1) q( k/ k—1, ) {0 lfq#k}
where J,, denotes the indexing set of the attached k-cells.

In other words, the relative homology group H (X, X;_1) keeps track of
the k-cells of X.

This group will play a crucial role for us today. Let us analyse some conse-
quences of what we have found out about this group.

Let us look at a piece of the long exact sequence of the pair (X, X; 1):

Hq+1(Xk,Xk_1) — Hq(Xk—1> — Hq(Xk) — Hq(Xk7Xk—1>-

For ¢ # k, the last term H (X, X;—1) = 0 vanishes and hence the map
H,(Xy-1) = H, (X)) is surjective.
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For ¢ # k — 1, the first term H,4q (X}, Xj—1) = 0 vanishes and hence the map

H, (Xk—1) = H,(X}) is injective.

Hence we have shown that the inclusion X;_; < X} induces an isomorphism

(23) Hy(Xp_1) = Hy(X}) for q # k,k — 1.

Hence, for a fixed ¢ > 0, we can observe how H,(X}) varies when we let X,
go through all skeleta of X:

H,(Xy) = 0 since Xy is a discrete set and the higher homology groups
of points vanish.

For k=0,...,¢—1, H,(X}) = 0 remains trivial by (23).
As a consequence, we observe that H, (Xj) = 0 whenever n > k.

For k = ¢, H,(X,) is a subgroup of the free abelian group H,(X,, X,-1),
and therefore it is free abelian as well.

For k = q+ 1, H,(X,41) may not be free anymore, i.e., there might be
relations induced by the exact sequence

H +1(Xq+lan> - Hq(Xq) - Hq<Xq+1) — 0.

q

For k > ¢+ 1, H,(X}) remains stable, i.e., the inclusions of skeleta
induce a sequence of isomorphisms

Hq(Xq-i-l) = Hq(Xq+2) =

If X is finite-dimensional, there is a d such that X = X,;. The above
sequence of isomorphisms then implies the inclusion X 4, < X induces
an isomorphism

H, (X)) = Hy(X) for ¢ < k.

Still, for X finite-dimensional, since H,(X,11) =N H,(X) and since
Hy(Xq) = Hy(Xg41) = Ho(Xg11, Xg) =0
is exact, we see that

H,(X,) — H,(X) is surjective.
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e If X is infinite-dimensional, the group H,(X}) still maps isomorphi-
cally into H,(X) for ¢ < k. For, the image of a standard simplex is
compact and therefore lands in a finite subcomplex. Hence the union
of the images of a finite collection of standard simplices is still compact
and therefore also lands in a finite subcomplex. Hence it lands in a
finite skeleton. Thus any g-chain in X is the image of a chain in a
finite skeleton. For the same reason, if ¢ € S,(X) is a boundary, then
it is a boundary in S,(X,,) for some m > gq.

e In summary, all the g-dimensional homology of X is created in the ¢-
skeleton X, and all the relations in H,(X) occur in the ¢ + 1-skeleton
Xgt1-

The key points of this discussion are:

Proposition: The homology is governed by the skeleta

For any k,q > 0 and cell complex X, we have
o H,(Xy)=0for k <qand

o Hy(X}) = Hy(X) for k > q.
In particular, H,(X) = 0if ¢ is bigger than the dimension of the cell complex
X.

Now we would like to find an efficient way to calculate the homology of our
cell complex X. Apparently, the group H,,(X,, X,,_1) carries crucial information
about X. Therefore, we are going to give it a new name:

Cellular n-chains

The group of cellular n-chains in a cell complex X is defined to be
Co(X) := Hp (X, Xno1)-

We claim that these groups sit inside a sequence of homomorphisms who form
a chain complex. The differential

dy,: Cn(X) — Cn—l(X)
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is defined as the composite

dn

Cn(X) = Hn<Xn7Xn71) Hn71<Xn71;Xn72) = Cn71<X)

x} jn—l

Hn—l(Xn—l)

where 0, is the connecting homomorphism in the long exact sequence of pairs and
Jn—1 is the homomorphism induced by the inclusion (X,,_1,0) < (X,,_1, X,,_2).

To show that d,, o d,,.1 = 0 we consider the commutative diagram:

Cni1(X) = Hp1(Xpg1, Xn) H, 1(X,2)=0

dnt1
Ont1 \ l

On

I—In(*)(n)(+> Cn(X) = Hn(Xm Xn—l) Hn—l(Xn—l)
-0 dn ‘[jn—l

Hn(Xn-H) Cn—l(X) = Hn—l(Xn—h Xn—2)

0= H,(Xns1,Xn)

Since j and O are part of long exact sequences, we know j o d = 0 and get

dn o dn—l—l - (jn—l o 871) o (]n o n+1) = 0.

Cellular chain complex

Thus (C«(X),d) is a chain complex. It is called the cellular chain com-
plex.

Now we would like to determine the homology of this chain complex.

e To do this we need to understand the kernel of d:

Ker (d,,) = Ker (j,—1 0 0,,).

Since j,_1 is injective, we get
Ker (d,) = Ker (0,) = Im (j,) = Hn(X,)

where the middle identity is implied by the exactness of the long exact se-
quence these maps are part of, and the last identity is implied by the fact that
Jn: Ho(Xy) = Hp (X, X,o1) is injective.
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e For the image of d, we use again that j, is injective and get

Im (dpi1) = jn(Im (On11)) = Im (Op41) € Hi(Xn).

Since the left-hand column in the above big diagram is exact, we know

H,,(X5)/Tm (Op41) = Hy(Xppa).

In other words, we just proved:

H,(Cu(X)) = Hn(Xn)/Tm (0 11) = Hp (X p1)-

But we had already showed H, (X,1) = H,(X). Hence we proved the fol-

lowing important result:

Theorem: Cellular Homology

For a cell complex X, there is an isomorphism
H(C,(X)) = H.(X)

which is functorial with respect to filtration-preserving maps between
cell complexes.

In this theorem we are referring to maps which preserve the skeleton structure
of cell complexes. We should better make this concept precise:

Maps between cell complexes

o A filtration on a space X is a sequence of subspaces
XoCX;C...CX,CX,,:C...CX.

such that X can be written as the union of these subspaces. If X
is a space together with a filtration, we call X a filtered space.
e For example, every cell complex has a filtration by its skeleta.
o Let X and Y be filtered spaces. A continuous map f: X — Y is
called filtration-preserving if f(X,) C Y, for all p.
» A map between cell complexes is called cellular if it preserves the
filtration by skeleta.

In other words, if we are given two cell complexes and care about their cell
structure, we should only consider filtration-preserving maps between them.

An immediate and very useful consequence of the above theorem is:
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Corollary: Homology of even cell complexes

Let X be a cell complex with only even cells, i.e., the inclusion Xo — Xopi1
is an isomorphism for all k. Then

H.(X) = C.(X).

In particular, H,(X) is free abelian for all n, H,,(X) = 0 for odd n, and the
rank of H,(X) for even n is the number of n-cells.

For example, recall that complex projective n-space CP™ has exactly one cell
in each even dimension up to 2n. Hence as an application we can read off the
homology of complex projective space:

{Z for 0 < k <2n and k even

H,(CP") =
£(CP") 0 for k odd.

Note to the theorem and corollary

We should keep in mind that the homology of X is independent of any cell
structures. We defined it long before we knew that cell complexes exist.
The theorem shows that knowing a cell structure on X can nevertheless be
very helpful for computing H,(X).

Moreover, we learned that the cell structure on any given cell complex may
not be unique. We saw for example two different cell structures on S™.
However, the theorem tells us that any cell structure one can construct on X
has to obey certain constraints what are induced by the fact the homology
of the cellular chain complex is H,(X).
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Computations of cell homologies and Euler characteristic

e Homology of real projective n-space

As another application of the theorem on the cellular chain complex and

the homology of cell complexes we are going to compute the homology of real
projective space.

First of all, recall that attaching and characteristic maps assemble to a com-
mutative diagram

(H Dnv H Sn_l) — (Xm Xn—l)

T~ |
(\/ S™, *).

We have shown that all these maps induce isomorphisms in homology. In partic-
ular,

(24) H,(J] 0 T]5"Y) = Cul(X) = Ho(X0, Xom).

We are now going to exploit this fact for the computation of H,(RP").

Recall that the cell structure of RP™ is such that
e Sk (RP") = RP* and
e there is exactly one k-cell in each dimension k£ = 0,....,n. We denote
this k-cell by eF.

Hence the cellular chain complex looks like this:

0—— CQ(RP?) 2y o 2 oy (RPP) — 2 O (RP?) —— 0

0 Z[e"

. 1 0
s - Zle'] o Z[e° 0

141
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In order to compute the homology of this chain complex, we need to determine
the differentials d,,:

e We know that Hy(RP") is Z = Z[e"]. That implies that the differential
dy must be trivial.

e For k > 1, the differential dj is defined as the top row in the following
commutative diagram

C(RP™) = Hy(RP*, RP*1) % [, (RPF1) 2% [, (RPF, RP*2) = (), (RP")

e ]

Hy (D, 5%1) S — Hy 1 (S*Y) ——————— H;, 1(SF 1 %)

The map 7: S¥~1 — RP*~! is the attaching map of the k-cell in
RP™. The outer vertical maps are isomorphisms by our discussion of
diagram (24). We also know that the lower differential 0y is an isomor-
phism by our original calculation of the homology of the sphere.

Hence, in order to understand the effect of the differential d;, we
need to understand the effect of the maps in the following commutative

diagram:
(25) RPF1 L RPF-1 /RPk-2
Skfl Skfl
g

where ¢ is the quotient map. In other words, we need to calculate the
degree of the lower horizontal map g.
The composite

g1 5 RP*! 5 RPY/RPA
pinches the subspace S¥~2 ¢ S¥~! to a point.

Hence the lower horizontal map g in (25) is given by

Gk—1 7T RPk-1 q Gk—1

pm\) /

Sk=1/gk=2 = k=1 gh—1,
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u-l

S N el et sh"'
/P“_il‘\> S S _L)
e,udm.

To determine the effect of 1, we observe that the subspace S*~!—S+=2
consists of two components. Let us denote these two components by
(Sk=1 — §F=2)* and (Sk1 — S*=2)~ respectively. The restriction of
go7 to each component of $¥~! — §%~2 is a homeomorphism onto
RP*=1 — RPF—2,

Let us write (qom)* and (q o 7)™ for the restrictions of g o 7 to the
subspaces (S*1 — ST and (S*~! — S*72)~ respectively:

(Sk:—l o Sk—2)+
W}
o RPk—l o Rpk—2
%
(Skfl . Sk72)7 !

By definition of RP*~1 both (q o m)* and (g o 7)~ are homeomor-
phisms and they differ by precomposing with the antipodal map.

Hence the map p is the identity on one copy of S*~! and the an-
tipodal map « on the other copy of S*~1.

Thus the effect of g on homology is given by
Hi_1(9): Hu_1(S*Y) = Hpy(SFY), 0= 0 + Hi_y(a)(0).

But we know what the effect of Hy_i(«) is. Namely, it is given by
Hy_1(a) = (—1)*"1. Hence

2 if k is even

H, :1 —1k:
e1(g) =1+ (=1) {o if k is odd.
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Summarizing, we have shown that the cellular chain complex of RP" looks

like:

0 ) )
— 7Z — 0if n is even

% 7 5 0if nis odd

NN

where the left-hand copy of Z is in dimension n and the right-hand one is in
dimension 0.

And in words: in real projective space, odd cells create new generators,
whereas even cells create torsion (except for the zero-cell) in the previous
dimension.

Homomology of RP"

The homology of real projective n-space is given by

Z k=20

Z, k =nis odd

ZJ/2 0<k<mnandkis odd
0 otherwise.

Hy(RP™) =

e What homology sees and does not see

The example of RP™ indicates what kind of structure of a cell complex singular
homology can detect and what it cannot detect and also how we can calculate
the differential in the cellular chain complex.

Let X be a cell complex. Its cell structure is determined by attaching maps

[Is: " — X
Knowing these maps, up to homotopy, determines the homotopy type of the cell
complex X.

However, homology does not record all of the information of the attaching
maps. For, homology only sees the effect of the composite obtained by pinching
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out X,,_1:

HaGJn Sg_l ? Xn—l Xn—l/Xn—2

-1
vﬁeJn—l Sg :

In other words, homology only records what is going on modulo sub-
skeleta. However, we will see now that homology does a pretty good job at this
recording.

Let us try to understand this picture a bit better. For each «, the left-hand
diagonal map can be described as the composite
SE AN Xy D X1 /(X — €f) = S5

where g4 is the quotient map. Moreover, we identify the quotient X,,_1/(X,—1 —
e3) with the boundary Sg’I of the cell ej. Note that this map might be trivial
from some (or all) .

The sum of the effect of these maps in homology is actually the differential
d, in the cellular chain complex. For we have a commutative diagram

Za Hn—l( « Ofa)
Ha(V S271%) = Hoa (I, S5 == Ha(V 5 S5~ %)

el :

Hn<Xna Xn—l) 8—> Hn—l(Xn—l) e — Hn—l(Xn—la Xn—Q)-

dn

We conclude from this discussion:

Cellular differentials are sums of degrees

With the above notations, the effect of the cellular differential on the
generator in C,(X) which corresponds to the cell € in X is given by the
sum of degrees

ZHn 1Qaﬁofa Zdeg Qaﬁofa) [ ]

In other words, in order to compute the cellular differential we need to calcu-
late the degrees of various maps.
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e Euler characteristic of cell complexes

Euler characteristic of finite C'IV-complexes

Let X be a finite cell complex. Let ¢, denote the number of k-cells in X.
Then the Euler characteristic of X is defined to be the integer given by
the finite sum

The main result on y(X) we are going to prove today is that it only de-
pends on the homotopy type of X and is, in particular, independent of the
given cell structure of X. We are going to prove this by showing that x(X)
can be computed using the singular homology of X.

Recall that we have seen an Euler number for polyhedra in the first lecture. It
was defined as the number of vertices minus the number of edges plus the number
of faces. This fits well with the above definition for a finite cell complex.

For, if we assume the invariance of y for a moment, then we get y(S?) = 2
using the standard cell structure on S2, i.e., one O-cell and one 2-cell. This
implies that Fuler’s polyhedra formula holds.

Corollary: Euler’s polyhedra formula

For any cell structure on the 2-sphere S? with F 2-cells, E 1-cells and V
0-cells, we have the formula

F-E+V =2

As a preparation, we recall some facts about abelian groups.

Let A be an abelian group. Recall that the set of torsion elements is defined
as

Torsion(A) = {a € A: na = 0 for some n # 0}.

This set is in fact a subgroup of A. A group is called torsion-free if Torsion(A) =
0. The quotient A/Torsion(A) is always torsion-free.

Now we assume that A is finitely generated. Then Torsion(A) is a finite
abelian group and A/Torsion(A) is a finitely generated free abelian group and
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therefore isomorphic to Z" for some integer r. The number r is called the rank

of A denoted by rank(A).

In fact, by choosing generators of A/Torsion(A), we can construct a homomo-
prhism A/Torsion(A) — A which splits the projection map A — A/Torsion(A).
Thus if A is finitely generated abelian, then

A = Torsion(A) ® Z".

We are going to use the following lemma from elementary algebra without
proving it:

Lemma: Ranks in exact sequences

e Let 0 > A— B — C — 0 be a short exact sequence of finitely generated
abelian groups. Then the ranks of these groups satisfy

rank(B) = rank(A) + rank(C').
e More generally, for a long exact sequence of finitely generated abelian
groups
0—>A, A, 1—... 52 A A —0

the ranks satisfy

n

= Z(—l)irank(Ai).

=0

Now we are euqipped for the proof of the above mentioned result:

Theorem: Euler characteristic via homology

Let X be a finite cell complex. Then the Euler characteristic of X satisfies

X(X) = (=1)*rank(H,(X)).

k

Proof: Let ¢, be again the number of k-cells in the given finite cell structure
of X. Let C, := C.(X) denote the cellular chain complex of X. To simplify
the notation let us denote by Z,, B,, and H, the cycles, boundaries and homology,
respectively, in this complex.
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By their definition, they fit into two short exact sequences:
0— 2, = Cyr— Bi_1 — 0
and

0— B, — Z, > H, — 0,

By our previous study of the cellular chain complex, we know
cx = rank(Cy).

Hence, using the above discussion, we can rewrite y(X) as follows:

Y(X) = Z(— Yerank(Cy)
= Z *(rank(Z) + rank(By_1))

= Z *(rank(By) 4 rank(Hy) + rank(By_1)).

When we take the sum over all k, the summands rank(Bj) and rank(Bjy_;)
will cancel out. Thus we get

X(X) = (—1)*rank(Hy).

But by the theorem on the homology of the cellular chain complex, Hy, is exactly
the singular homology group Hy(X) of X. QED

Note that the numbers rank(Hy(X) are called the Betti numbers of X.
They had already played an important role in mathematics, before homology
groups had been systematically developed. As the theorem shows, these numbers
are an interesting invariant of a space.

The description of the Euler number in the theorem now generalizes easily:

Definiton: Euler characteristic revisited

Let X be a topological space such that each H,(X) has finite rank and
that there is an d such that H,(X) = 0 for all n > d. Then the Euler
characteristic of X is defined to be the integer given by the finite sum

X(X) =) (~1)'rank(H(X)).

k
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e Designing cell complexes

For example, for m € Z, we can easily construct a space X with H, (X)=2Z/m
and H;(X) = 0 for i # n. We start with S™ and attach an n + 1-cell to it via a
map f: 5™ — S™ of degree m. The cellular chain complex of this space is

03Z 37 -0

with the copies of Z in dimensions n + 1 and n, respectively. The homology of
this space is exactly what we wanted.

This procedure can easily be generalized.

Theorem: Moore spaces

Let A, be any graded abelian group with A, = 0 for n < 0. Then there
exists a cell complex X with H,(X) = A,.

We are going to prove this result in the next lecture.






LECTURE 16

Designing homology groups and homology with
coeflicients

e Designing cell complexes

We announced last time that cell complexes enable us to design spaces with
prescribed homology groups. We are going to prove this result today.

We will need a construction on spaces that we have already used in special
cases.

Recall that the wedge X VY of two pointed spaces (X,z) and (Yy) is
defined as the quotient of X LIY modulo x ~ y, i.e., the disjoint union with z and
y identified. We can think of X VY glued together at the joint point [z] = [y].
This generalizes the wedge of spheres that we have seen before. This construction
generalizes to infinite wedges.

If each point z, is a deformation retract of a neighborhood U, in X, then
the wedge satisfies a formula for reduced homology that we are used to for the
homology of disjoint unions:

A.(\/ Xa) = P A.(Xa).

Now we can prove the following result:

Theorem: Moore spaces

Let A, be any graded abelian group with A, = 0 for n < 0. Then there
exists a cell complex X with H,(X) = A,.

Proof: Let us start with just a single abelian group A. By choosing generators
for A, we can define a surjective homomorphism

FO—)A
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from a free abelian group Fy. The kernel of this homomorphism, denoted by
I, is also free, since it is a subgroup of a free abelian group.

We write Jj for a minimal set of generators of F{y such that we have a surjection
Fy — A and J; for a minimal set of generators of F.

For n > 1, we define X,, to be

X, = \/ S

acJy

The nth homology of X,, is H,(X,,) = Z[.Jy].

Now we are going to define an attaching map

£ I 85— Xa

Be
by specifying it on each summand Sj.

In Fy, we can write the generator J of F) as a linear combination of the
generators of Fj

ﬂ = Z n;o.
i=1
We can reproduce this relation in topology. For, let
st —\/ S,
i=1

be the map obtained by pinching s — 1 circles on S™ to points. The effect of this
map in homology is to send the generator in H,(S™) to the s-tuple of generators
in H,(S!):

H,(S") = Ho(\/ St) = @ Ha(S), 1 (1,...1).
=1 =1

For each 7, we choose a map S — S|, of degree n;.
7 7

The map on the summand Sj is now defined as the composite

$+Q%av$
=1 a
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Taking the disjoint union of all these maps as attaching maps, we get a cell
complex X whose cellular chain complex looks like

0—>F,—>F—0

with Fj in dimension n and F} in dimension n + 1, and whose homology is

fI(X)— A forqg=n
a 10 for g #n.

We write M (A, n) for the CW-complex produced this way and call it a Moore
space of type A and n.

Finally, for a graded abelian group A, as in the theorem, we define X to
be the wedge of all the M(A,,n). QED

Moore spaces are not functorial

It is important to note that the construction of Moore spaces cannot be
turned into a functor Ab — hoTop. This might surprise at first glance.
For given a homomorphism ¢g: A — B we can construct a continuous map
v: M(A,n) — M(B,n) such that H,(y) = g.

However, this construction depends on the various choices we make.
That means that for homomorphisms

A% B and BS C

we cannot guarantee that v, 0 is the same map as the one we would have
constructed by starting with g 0 g;: A — C' directly.

Despite this caveat, we have witnessed an important phenomenon that still
motivates a | ot of exciting research:

From Algebra to Topology

The proof demonstrates a common phenomenon in Algebraic Topology.
Whereas our initial goal was to translate topology into algebra, now we
went in the opposite direction. Starting with an algebraic structure we
modelled a space whose homology reproduces the algebra. Since
being an abelian group is not the only the algebraic structure and homology
not the only invariant out there, we can imagine that the above theorem is
only a first glance at the makings of a huge mathematical industry.
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The proof also shows why Topology is particularly well suited for this
endeavour. The gluing construction we used for building cell complexes
is unique for topological spaces. Requiring any additional structure
usually stops us from producing cell complexes.

For example, there are no cell complexes of smooth manifolds or
algebraic varieties. Nevertheless, there are some inventive procedures to
remedy this defect...

e Homology with coefficients

Now it is time to move on and to develop new algebraic invariants which add to
the information we get from singular homology, or possibly simplify computations.

Recall that homology produces abelian groups. As nice as abelian groups are,
it would be good to have additional structure, for example as vector spaces over
a field. So one might wonder if there is a version of singular homology with
values in the category of vector spaces over a field, or more generally the
category of modules over a ring.

Actually, if R is a ring (with unit and commutative), there is an obvious
candidate for such a theory: We define

Sn(X; R) :== RSing,, (X)

to be the free R-module over the set Sing, (X) of n-simplices. What we have
done so far, was the special case R = Z.

Now we can use the face maps and the same formula we had before for defining
a boundary operator

(26) On: Su(X;R) = Syt (X5 R), D rjoy = Y > (=1)'ri(05 0 67).
J J o1
which is now a homomorphism of R-modules. The same calculations as before
yield 0 o 0 = 0.
Now we can form the homology as usual
H,(X: R) = Ker (0,: Sp(X;R) — S,_1(X; R)) '
Im (Opy1: Sp1(X; R) = Su(X; R))

For each n > 0, H,(X; R) is an R-module and is called the singular homology
of X with coefficients in R.
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More generally, if M is any abelian group, we can form the tensor product

SuXsM) =S, ( X))@, M= € M

o€8Sing,, (X)

= {ijaj 10, € Sing, (X), m; € M} :

J

The boundary operator is defined as before by
oM S (X M) — S, 1(X; M), 0 =0, ® 1.

More explicitly, 9} is given by the formula in (26) with r;s replaced with m;s.

Since 90 0 = 0, we get OM 0 OM = 0.

Homoglogy with coefficients

For a pair of spaces (X, A), we define singular homology of (X,A) with
coefficients in VM H,(X,A; M) to be the nth homology of the chain com-
plex

S.(X; M)

Homology with coefficients is functorial: That is, a map of pairs
f+(X,4) = (Y.B)
induces, by composing simplices with f, a homomorphism
fo: Ho(X,A; M) — H,(Y,B; M) for all n > 0

which we denote just by f, to keep the notation simple. Moreover, we have

(g0 f)x=guo fu

Note if M = R is aring, this is the same definition as above, and for M = Z we
recover H,(X,A;Z) = H,(X,A). We will often refer to these groups as integral
homology groups.

If M is an R-module, then the groups H,,(X,A; M) have the additional struc-
ture as an R-module itself.



156 DESIGNING HOMOLOGY GROUPS AND HOMOLOGY WITH COEFFICIENTS

Eilenberg-Steenrod Axioms are satisfied

Singular homology with coefficients in M satisfies the Eilenberg-Steenrod
axioms with the only modification

M A =
Hn(pt;M) _ { orn=20

0 forn>0.

Since everything we proved for singular homology was based on these proper-
ties, we can transfer basically all our work to homology with coefficients.
Let us point out two crucial facts:

e The calculations for spheres can be transfered and we get

M fork=n
0  otherwise.

e If X is a cell complex, there is a ceullular chain complex

C.(X; M) with C,(X; M) = P M

where the sum is taken over the n-cells of X. As for M = Z, the nth
homology of C,(X; M) is isomorphic to H,,(X; M).

The reduced homology groups H, (X; M) with coefficients in M are defined
as the homoogy groups of the augmented chain complex

o= S (X M) = Se(X5 M) S M — 0
where € is the homomorphism which sends >, m;o; to >°,m; € M.

For a homomorphism of groups ¢: M — N there is an induced morphism
of chain complexes S,(X,A; M) — S.(X,A; N) which induces a homomorphism
in homology

w.: Ho (X, A; M) — H (X,A; N).

This homomorphism is compatible with f, for maps of pairs and with long exact
sequences of pairs.

For the calculations using the cellular chain complex, we need to check the
following lemma:



DESIGNING HOMOLOGY GROUPS AND HOMOLOGY WITH COEFFICIENTS 157

Lemma: Degrees with coefficients

Let f: S — S” be a map of degree k. Then f,: H,(S™ M) — H,(5" M)
is given by multiplication with k, where k£ denotes the image of k in M.

Proof: Let ¢: Z — M be a homomorphism of groups (0z + 0,7) which sends
1 € Z to an element m € M. Then the assertion follows from the commutativity
of the diagram

— H,(S™7) L H,(S™7)

Z =7
Wl w*l lcp* lso
M == H,(8"; M) —— H,(S"; M) == M.

That the outer diagram commutes follows from the way we compute the homology
groups of S™ with coefficients Z and M via the Eilenberg-Steenrod axioms. QED

e Why coefficients?

The coefficients that are most often used are the fields I, for a prime number
p, and the field Q, R and sometimes C.

In order to get an idea of what happens when we use different coefficients, let
us look at the homology of RP™ for R = F5. We use the cellular chain complex
which looks like this

0—F, —-Fy,— ... >Fy —Fy, —0.

We showed that the differentials alternated between multiplication by 2 and 0.
But in Fs, 2 = 0 which means that all differentials vanish and we get

Fy for0<k<n

H,.(RP™: TF,) =
i ) {O otherwise.

We learn from this example that

e The calculation of Fy-homology can be particularly easy, and it might
see more nontrivial groups than integral homology.

e Nevertheless, Fo-homology is often sufficient to distinguish between triv-
ial and nontrivial spaces or maps.
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The situation is quite different if we take R to be any field of characteristic
different from two. Then the cellular chain complex of RP" looks like (with
the left-hand copy of R in dimension n)

0RSRLIRS..SRESR—0
for n even, and

0RASRSRYS..SRLR—0
for n odd.

Thus, for n even, we get

for k =
Hy(RP": R) — R for .O
0 otherwise
and, for n odd,
R fork=0
Hy,(RP";R)=q R fork=n
0 otherwise.

In other words, away from 2, real projective n-space looks for R-homology
like a point if n is even and like an n-sphere if n is odd.

This teaches us already that different coefficients can tell quite different
stories.

This notwithstanding one might wonder whether integral homology is the
finest invariant and all other homologies are just coarser variations. This is not
the case, and it is indeed possible that homology with coefficients detects
more than integral homology. Let us look at an example:

Example: When Z/m-homology sees more

Let X = M(Z/m,n) be a Moore space we constructed in the previous
lecture: We start with an n-sphere S™ and form X by attaching an n + 1-
dimensional cell to it via a map f: S™ — S™ of degree m

X = S"uy; D™
Let
qg: X = X/S" =~ §™H
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be the quotient map. It induces a trivial homomorphism in reduced
integral homology. For, the only nontrivial homology occurs in degrees n
and n 4+ 1 where we have

Ho(X;2) =055 H, 1 (X/S™ Z)
and
H,(X;Z) % H,(X/S™2) = Hy(S™;Z) = 0.
Hence integral homology cannot distinguish between the quotient map
and a constant map.
However, 7Z/m-homology does see the difference between ¢ and a

constant map.
For, the Z/m-cellular chain complex of X is

0—Z/m = Z/m —0

with copies of Z/m in dimensions n + 1 and n. Thus, the Z/m-homology
of X is

Z/m fk=n+1

H(X;Z/m) = Z/m ifk=n

0 otherwise.

The long exact sequence of the pair (X,S™) in dimension n + 1 then yields
0= H,1(SZ/m) = Hur(X;Z/m) L5 Hyy (X/S™ Z)m).

Since the left-hand group is 0, exactness implies that ¢. is injective and
hence nontrivial, since both H,,1(X;Z/m) and H,,(X/S™ Z/m) are
isomorphic to Z/m.

This example demonstrates that homology groups with coefficients are similar,
but often a bit different than integral homology groups. This raises the question
how different they can be. More generally, we could ask:

Given an R-module M H,.(X; R), what can we deduce about H.(X;M)?

For example, let M be the Z-module Z/m. One might wonder if H,,(X;Z/m)
is just the quotient H, (X;Z)/mH,(X;Z), since the latter is isomorphic to the
tensor product H,(X;Z) ® Z/m.
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But we have to be careful. For, we do have a short exact sequence of chain
complexes

0— S.(X;Z) D S.(X;Z) = S.(X;Z/m) — 0.

Such a short exact sequence induces a long exact sequence of the respective
homology groups a part of which looks like

H, (X;7) 5 H(X;7Z) — Hy(X;Z/m) = Hy (X;7) 5 Hy 1(X; 7).
Using the exactness of this sequence yields a short exact sequence
(27)
0— H,(X;Z)/mH,(X;Z) — H,(X;Z/m) — m-Torsion(H,_1(X;Z)) — 0
where m-Torsion(H,,_1(X;Z)) denotes the m-torsion, i.e., the kernel of the map

H, (X;Z) ™ H,_1(X;Z) given by multiplication by m.

In fact, the short exact sequence (27) provides a tool to determine H,,(X;Z/m)
when we know both H,(X;Z) and H, 1(X;Z). However, in general, we will
need a more sophisticated method to understand the relationship of H,(X;Z)®
M and H.(X; M).

As a first generalization, we have the following result:

Long exact sequence of coefficients

Assume we have a short exact sequence of abelian groups
0—-M — M— M"—0.

For any pair of spaces (X,A), there is an induced short exact sequence of
chain complexes

0= S (X, A; M) — S (X,A; M) — S.(X,A; M") — 0.
Such a short exact sequence induces a long exact sequence
oo ————— H (XA M)
o

H, (X, A; M') = H,(X,A; M) —— H,(X,A; M")

/

H, (X,A;M) —— -



LECTURE 17

Tensor products, Tor and the Universal Coefficient
Theorem

Our goal for this lecture is to prove the Universal Coefficient Theorem
for singular homology with coefficients. This will require some preparations in
homological algebra. For some this will be a review. Though to keep everybody
on board, this is what we have to do.

We will not treat the most general cases, but rather focus on the main ideas.
Any text book in homological algebra will provide more general results.

e Tensor products
Let A and B be abelian groups. We would like to combine A and B into just
one object, denoted A ® B, in such a way that having a bilinear homomorphism

fiAxB—=C

is the same as having a homomorphism from A ® B into C.

That f is bilinear means

f(al + a27b) = f(alab) + f(a2>b)
f(a,61 + bg) = f(a,bl) + f(a,bg).

We can achieve this by brute force.

Tensor product

For, we can construct A ® B as the quotient of the free abelian group
generated by the set A x B modulo the subgroup generated by {(a+a’,b) —
(a,b) — (a',b)} and {(a,b+ V') — (a,b) — (a,b')} for all a,a’ € A and bt/ € B.
We denote the equivalence class of (a,b) in A® B by a ®b.

We call A ® B the tensor product of A and B.

Let us collect some immediate observations:

161
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TENSOR PRODUCTS, TOR AND THE UNIVERSAL COEFFICIENT THEOREM
e For any a € A, b € B and any integer n € Z, the relations imply

n(a®b) = (na) ® b =a ® (nb).

e The abelian group A ® B is generated by elements a ® b with a € A and
beB.
e Elements in the abelian group A® B are finite sums of equivalence classes

> iy nilai ® by).
e The tensor product is symmetric up to isomorphism with isomorphism
given by

i=1 i=1
e The tensor product is associative up to isomorphism:
AR (BC)=Z(A®B)®C.

e For homomorphisms f: A — A’ and g: B — B’, there is an induced
homomorphism

f®g:AB—= A QB (f®g)a®b) = f(a)® g(b).
e The tensor product has the desired universal property:
Hombihnear(A X B,C) i) HOHlAb(A & B,O),

i.e., if we have a bilinear map A x B — C, then there is a unique (up to
isomorphism) dotted map which makes the diagram commutative

AxB—22A®B

C.

e The universal property of the tensor product implies that we have an
isomorphism

(P A.) @ B=EP(A.® B).

Now it is time to see some examples:

e For every abelian group A, we have isomorphisms
ARZ=A=ZZRA

which sends a ® n — na and inverse a — a ® 1.
e For every abelian group A and every m, we have an isomorphism

ARZ/m = A/mA, a® [n] — [an] € A/mA.
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e If M is an abelian group and X a space, we can form the tensor product

Su(XsM) =S, (X)eM= @ M

o€Sing,, (X)

= {ijO'j : O'j c Slngn(X),mJ € M} .

J

There is a boundary operator defined by
oM S (X M) — S, 1(X; M), 0™ =0, ® 1.

This turns S, (X; M) into a chain complex. The homology of this complex
is the homology of X with coefficients in M.

Tensor products are great. Except for the following:
e Tor functor

Suppose we have an abelian group M and a surjective homomorphism of
abelian groups

B — C.
Then we can check by looking at the generators that
BoM—-C®M
is also surjective.

More generally, we can show that tensor products preserve cokernels:

Lemma: Tensor products preserve cokernels

Let M be an abelian group. Suppose we have an exact sequence
AL BL .
Then taking the tensor product — ® M yields an exact sequence
AoME,BoM 5 Cco M —0

where 1 denotes the identity map on M. In other words, the functor — @ M
is right exact and preserves cokernels.

Proof: We are going to show that — ® M preserves cokernels. This is in fact
equivalent to the other statements.
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Let f: B® M — ) be a homomorphism. We need to show that there is a
unique factorization as indicated by the dotted arrow in the diagram

AoM L BeaM 2L Cco M —0

N

By the universal property and the fact that C' x M generates C' ® M, this is
equivalent to a unique factorization of the diagram of bilinear maps

Ax ML Bx ML ox M——0

Ny

But now we only need to find an appropriate extension C' — () the existence of
which is implied by assumption. 0

However, suppose we have an injective homomorphism
A — B.
Then it is in general that
ARM - B M
is injective.

For example, take the map Z %7 given by multiplication by 2. It is clearly
injective. But if we tensor with Z/2, we get the map

7)2 =2 7./2
which is
Thus, tensor products do preserve exact sequences, in general.

We would like to remedy this defect. And, in fact, the tensor product is not
so far from being exact. For, if M is a free abelian group, then the functor
M ® — is exact, i.e., it preserves all exact sequences.

We can see this as follows: Assume M is the free abelian group on the set
S. Then M ® N = ®gN, since tensoring distributes over direct sums, as we
remarked above.

To exploit this fact we make use of the following observation:
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Lemma: Direct sums of exact sequences

If M! — M; — M/ is exact for every i € I, then
Dy D D

1s exact.

Proof: The composition is zero and if (x;); is sent to 0 in @, M/, then each
x; must be sent to 0 in M/. Hence each z; comes from some z}, and hence (x;);
comes from (z});. We just need to remember to choose x} = 0 whenever z; = 0.

O

Now let A be any abelian group. As we did in the previous lecture, we choose
a free abelian group Fj mapping surjectively onto A

FO — A.
The kernel Fi of this map is also free abelian as a subgroup of a free abelian
group. Hence we get an exact sequence of the form

0—)F1‘—>F0—>->A.

Free resolutions

Such an exact sequence with F; and Fj free abelian groups, is called a free
resolution of A of length two.

(Note that the fact that we can always choose such a free resolution of length
two is particular to the case of abelian groups, i.e., Z-modules. For R-modules
over other rings, one might only be able to find projective resolutions of higher
length. The fact that Z is a principal ideal domain, a PID, does the trick.)

For any abelian group M, tensoring these maps with M yields an exact se-
quence

FEoOM—FoM— AR M — 0.
The kernel of the left-hand map is not necessarily zero, though.

This leads to the following important definition:
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Definition: Tor

The kernel of the map A ® F; - A® Fj is called Tor(A . A7). Hence by
definition we have an exact sequence

0— Tor(A,M) > AQF, > AQFy—> AQM — 0.

This group measures how far — ® M is from being exact.

Note that if we replace abelian groups with R-modules over other rings than
Z and take tensor products over R, we might have to consider higher Tor-terms.
Hence we should really write Tor?(A, M) for Tor(A, M). But we are going to
keep things simple and focus on the idea rather than general technicalities.

It is again time to see some examples:

e If M is a free abelian group, then Tor(A,M) = 0 for any abelian group
A. That follows from the lemma above.
e Let M = Z/m. Then we can take Fy = F; = Z and
77— Z/m—0

as a free resolution of Z/m. For an abelian group A, the sequence defining
Tor looks like

0— Tor(A,Z/m) = ARZ 2™ A®Z — A® Z/m — 0.
Since we know A ® Z/m = A/mA, we get
Tor(A,Z/m) = Ker (m: A — A) = m-torsion in A.

Hence Tor(A,Z/m) is the subgroup of m-torsion elements in A.

e For a concrete case, let us try to calculate Tor(Z/4,7/6). We use the
free resolution

7% 7~ 7/6 0.
Tensoring with Z/4 yields
Z)4 5 7/4 - ZJARLI6 — 0
where we use 6 = 2 in Z/4. The kernel of Z/4 2 Z/4is Z)2. Thus
Tor(Z/4,2/6) = Z)2.
e More generally, we get
Tor(Z/n,Z/m) = Z/ ged(n, m)
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where ged(n, m) denotes the greatest common divisor of n and m.
The last three examples explain the name Tor.

We should hold our breath for a moment and check a couple of things. For
example, that Tor does not depend on the choice of free resolution, that it is a
functor etc. So let us get to work:

Lemma: Lifting resolutions

Let f: M — N be a homomorphism and 0 — E} AN Ey % M and 0 —

F EN Fy % N be free resolutions. Then we can lift f to a chain map
fe: By — F,, ie, to a commutative diagram

0 BB, LM s 0
f1 fo lf
0 15 F—25N 0.

Moreover, this lift is unique up to chain homotopy, i.e., for another lift f!
of f, there is a chain homotopy h between f, and f/:

0 rEl /E() > 0

ezt

O /F]_ /FO \O.

Proof: e Since Ej is a free abelian group, we know there is some set S of
generators such that Fy = ZS. Now we can map the elements in S to M via the

map Ey = M, and further to N via M Iy N. Since Fy % N is surjective, we
can choose lifts in Fj of the elements in f(p(S)). Since a homomorphism on a
free abelian group is determined by the image of the generators, we can extend
this process to get a homomorphism

Eof—0>F0 such that fop=gqo fy.

Now can define f; to be the restriction of fy to the kernel of p which is F; by
definition. This yields the desired commutative diagram.
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e Now let f] and f{ be another choice of maps which lift f. The differences
go = fo— fi and g1 := f1 — f| are then maps which lift f — f =0: M — N:

p

0 B, E, M 0
lgl Jgo JO
0 ANy B 0.

Since the diagram commutes, we get go go = po 0 = 0. Therefore, the universal
property of kernels implies that we can lift gg to a map h: Ey — F} such that

Joh=go:

p

0 B, E, M s 0

[t ]

0 25N 0.

Moreover, since E; is the kernel of 7, we must have h o7 = ¢g;. Thus h is a
chain homotopy between f, and f/ (the next map E; — 0 being trivial). OJ

With this result at hand we can finally prove:

Corollary: Tor is independent of resolutions

Tor is independent of the choice of a free resolution: For any free resolution
0 — Ey - Ey — M of M, there is a unique isomorphism

Ker (i ® 1) = Tor(A,M).

Proof: We just apply the previous result to the identity of M to get that,
with whatever resolution we calculate Tor, there is an isomorphism between any
two different ways. And this isomorphism is unique by the theorem on chain
homotopies and their induced maps on homologies. Il

There are other properties of Tor the proof of which we are going to omit:

e Tor is functorial: For any homomorphisms of abelian groups A — A’
and M — M’, there is a homomorphism

Tor(A,M) — Tor(A",M’).

e Tor is symmetric, i.e., Tor(A,M) = Tor(M,A).

o If M is free, then Tor(A,M) = 0 for any abelian group A.
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e Since the direct sum of free resolutions of each A; is a free resolution of
D, Ai, we know that Tor commutes with direct sums:

Tor(@ A M) = @ Tor(A;,M),

o Let T'(M) be the subgroup of torsion elements of M. Then
Tor(A,M) = Tor(A,T(M))
for any abelian group A.

Now we can prove the main result in this story:

Theorem: Universal Coefficient Theorem

Let C, be a chain complex of free abelian groups and let M be an abelian
group. Then there are natural short exact sequences

0— H,(C,)® M - H,(C, ® M) — Tor(H,_1(C,),M) =0

for all n. These sequences split, but the splitting is not natural.

Proof: We write Z,, for the kernel and B,,_; for the image of the differential
d: C, — C,_1. Since (), and C,,_; are free, both Z,, and B,,_; are free as well.

Together with the differential in C,, this yields a morphism of short exact
sequences

0 Z, Co— By ——0
J/dn J/dn J/dn—l
0—— Zn,1 Cn,1 ot Bn72 — 0.

By definition of Z,, and B,,, the restriction of the differentials to these groups
vanish. This implies that (Z..,d) and (B.,d) are chain complexes (with trivial
differentials).

Hence we get a short exact sequence of chain complexes

(28) 0—-2Z,—-C,— B,_1 —0.

Since all groups in these chain complexes are free, tensoring with M yields
again a short exact sequence of chain complexes

0—-Z, M —-C, M — B,_1 M — 0.
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This can be checked as in the above lemma on direct sums of exact sequences.

Since the differentials in Z, and B, are trivial, the associated long exact
sequence in homology looks like

s B M2 2, oM — H(C.®M) = Bor @M 2% 7, @M — ...

The connecting homomorphism B, ® M Ony Z, & M in this sequence is i, ® 1,
where 1,,: B, — Z,, denotes the inclusion and 1 denotes the identity on M. This
can be easily checked using the definition of the connecting homomorphism.

A long exact sequence can always be cut into short exact sequences of
the form

0 — Coker(i, ® 1) — H,(Cy ® M) — Ker (i,-1 ® 1) — 0.

Since the tensor product preserves cokernels, the cokernel on the left-
hand side is just

Coker(i,, ® 1) = Coker(in) ® M = Z,/B, ® M = H,(C.) ® M.

For Ker (i,—1 ® 1), we observe that

Bpot 25 Zy oy — Hy1(CL) — 0

is a free resolution of H,_;(C\). Hence after tensoring with M we get an exact
sequence

0— Ker(in1 ®1) = Bpy @ M 2225 Z, @ M — H,_1(C.) ® M — 0.

Thus, since Tor is independent of the chosen free resolution,
Ker (i1 ® 1) = Tor(H,,—1(Cy),M).

Finally, to obtain the asserted splitting we use that subgroups of free abelian
groups are free. That implies that sequence (28) splits and we have

Cn = Zn S anl-
Tensoring with M yields
C, @M= (Z, @ M) & (Bp_1® M).

Now one has to work a little bit more to get that this induces a direct sum
decomposition in homology. We skip this here. 0

Since the singular chain complex S,(X,A) is an example of a chain complex
of free abelian groups, the theorem implies:
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Corollary: UCT for singular homology

For each pair of spaces (X,A) there are split short exact sequences
0— H,(X,A)® M — H,(X,A; M) — Tor(H,_1(X,A),M) =0

for all n, and these sequences are natural with respect to maps of pairs
(X,4) = (V,B).

One of the goals of introducing coefficients is to simplify calculations. The
simplest case is often when we consider a field as coefficients. For example, the
finite fields [F, or the rational numbers Q. The UCT tells how we can recover
integral homology from these pieces. We will figure out how this works in the
exercises.

Since we put so much work into defining Tor, let us mention another important
theorem. It tells us how the homology of the product of two spaces depends on
the homology of the individual spaces. For that relation is not as straight forward
as one might hope:

Kinneth Theorem

For any pair of spaces X and Y and every n, there is a split short exact
sequence

0= P (Hy(X) @ Hy(Y)) » Hi(X xY) » @ Tor(H,(X), Hy(Y)) — 0.
pt+g=n pt+q=n—1
This sequence is natural in X and Y. But the splitting is not natural.

The maps H,(X) — H,(X xY) and H,(Y) — H,(X xY) arise from the
cross product construction on singular chains. We will not have time to discuss
this in class though.






LECTURE 18

Singular cohomology

We are going to define a new algebraic invariant, called singular cohomol-
ogy. At first glance it might look almost the same as homology, but we will see
that there is a striking difference between homology and cohomology. For,
singular cohomology allows us to define an additional algebraic structure: mul-
tiplication.

As a motivation, we start with the following familiar situation. Recall that
in calculus, we learn to calculate path integrals. Given a path 7: [a,b] — R? and
a 1-form pdx + gdy. Then we can form the integral f7 pdx + qdy, and we learned
all kinds of things about it.

In particular, we can consider taking the integral as a map
fy|—>/pd.7c+qdy€]R.
v
Since any path v can be reparametrized to a 1-simplex, we can think of taking

the integral of a given 1-form over a path as a map

Sing, (R?) — R.

This map captures certain geometric and topological information. It is an
important example of a 1-cochain, a concept we are now going to define.

Definition: Singular cochains

Let X be a topological space and let M be an abelian group. An n-cochain
on X with values in M is a function

Sing,(X) — M.
We turn the set
S™"(X; M) := Map(Sing,, (X),M)

of n-cochains into a group by defining ¢+ ¢ to be the function which sends
o to c(o) + (o).

173
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e As an example, let us look at the case M = Z. Then an n-cochain on X
is just a function which assigns to any n-simplex o: A™ — X a number
in Z.

We know that simplices in different dimensions are connected via the face
maps. As for chains, the face maps induce an operator between cochains in dif-
ferent dimensions. But note that, for cochains, the degree will increase instead
of decrease.

Definition: Coboundaries

The coboundary operator
§: S"(X; M) — S"H(X; M)d(c) (o) = c(do)
is defined as follows:
Given an n-cochain ¢ and an n + l-simplex o: A" — X. Then we define
the n + 1-cochain d(c) as
n+1
6"(c)(0) = c(Bnt1(0)) = Y (=1)'c(o 0 ")
=0
where ¢I't! is the ith face map. This defines 6"(c) as a function on
Sing,, ., (X).

e For an example, let us look again at the case m = Z. We learned that
an n-cochain on X is a function which assigns to any n-simplex o: A" — X a
number in Z. In order to be an n-cocycle, the numbers assigned to the boundary
of an n + 1-simplex cancel out (with the sign convention).

To get more concrete, let ¢ € S'(X;Z) be a 1-cochain. Let o: A2 — X be a
2-simplex. Then, for ¢ to be a cocycle, we need that the numbers it assigns to
the faces of o cancel out in the sense that

c(doo) — c(dyo) + ¢(dgo) = 0.

e Let us have another look at the example from calculus we started with.
A function

f:R*=R

is a 0-cochain on R? with values in R. For it assigns to each zero-simplex, i.e.,
a point x € R?, a real number f(z).
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Then the 1-cochain 6(f) is the function which assigns to a (smooth) path ~
the number f(1(1)) — £((0)):

6(f):y e f(v(1)) = f(7(0)).

By Green’s Theorem, this is also the value of the integral

Afxdx+fydy = /vdf

which is the integral of the 1-form df along ~.

Hence the cochain complex, while it looks very much like homology, also has a
natural connection to calculus. In fact, there is some justification for saying
that cochains and cohomology are more natural notions than chains and
homology.

Back to the general case. The coboundary operator turns S*(X; M) into a
cochain complex, since § o 6 = 0 which follows from our previous calculation.
For, given an n 4+ 1-simplex o and an n — 1-cochain ¢, we get

(6" 00" (e))(0) = (6")(0n()) = ¢(n © Opsa(0)) = 0.

An equivalent way to obtain this complex, is to look at homomorphisms
of abelian groups from S,,(X) to M, i.e., we have

S™(X; M) = Homap (S, (X),M).

The coboundary operator is just the homomorphism induced by the boundary
operator on chains:

0 = Hom(0,M): Homap (S, (X),M) — Homap(S,+1(X),M), ¢+ co0.
In other words, 0 = 0* equals the pullback along 0.

The subgroup given as the kernel of §" is denoted by
ZM(X; M) =Ker (6: S"(X; M) — S™(X: M))
and called the group of n-cocylces of X.

The image of 6"~ ! is called the group of n-coboundaries of X and is denoted
by

B"(X; M) =TIm (6" ': S"1(X; M) — S"(X; M)).
Since 6 o 6 = 0, we have
B"(X;M)C Z"(X; M).
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In other words, every coboundary is a cocycle.

Definition: Singular cohomology

Let X be a topological space and let M be an abelian group. The nth
singular cohomology group of X is defined as the nth cohomology group

of the cochain complex S*(X; M), i.e.,

Z7(X; M)

H' (X M) = ———=.
M) = B

Integrals over forms yield elements in cohomology with coefficients in R.
This is in fact the origin of cohomology theory and is connected to de Rham
cohomology. Though as natural as de Rham cohomology is, it has the drawback
that we have to stick to coefficients in R.

This demonstrates why it might be smart to take the detour via singular
simplices and taking maps in chains. For we gain the flexibility to study
singular cohomology with coefficients in an arbitrary abelian group.

As a first example, let us try to understand H°(X; M).
Cohomology in dimension zero

A 0-cochain is a function

c: Singy(X) — M.

Since Sing,(X) is just the underlying set of X, a 0-cochain corresponds to
just an arbitrary, that is not necessarily continuous, function

f: X =M.

Now what does it mean for such a function to be a cocycle? To figure this out
we need to calculate §(f). Since §(f) is defined on 1-simplices, let o: Al — X
be a 1-simplex on X. The effect of §(f) is to evaulate f on the boundary of
o:

0(f)(0) = f(90) = f(a(eo)) — f(o(er)).

Since this expression must be 0 for every 1-simplex, we deduce that f is a
cocycle if and only if it is constant on the path-components of X.

If we denote by m(X) the set of path-components, then we have shown:
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H°(X; M) = Map(o(X),M).

Cohomology of a point

If X is just a point, then Sing, (pt) consists just of the constant map for
each n. Hence an n-cochain ¢ € S"(pt; M) is completely determined by its
value m,. on the constant map, and therefore Hom(Sing,, (pt),M) = M for all n.

The coboundary operator takes ¢ € Hom(Sing,, (pt),M) to the alternating sum

n+1 n+1
i(c) = Z(—l)ic(constant map o ¢;') = Z(—l)imc.
=0 =0

Hence the coboundary is trivial if n is even and the identity if n is odd.
The cochain complex therefore looks like

VN VNG VNG VNG VNG V LN

Thus the cohomology of a point is given by

M ifn=0
0 else.

H”(pt;M)Z{

Now let us see what else we know about singular cohomology.
Properties of singular cohomology
Fix an abelian group M. Singular cohomology has the following properties:

Cohomology is contravariant, i.e., a continuous map f: X — Y
induces a homomorphism
[ ST (Y; M) — S*(X; M).
This map works as follows: Let ¢ € S"(Y; M) be an n-cochain on Y.
Then f*c is the map which assigns to n-simplex o: A" — X the value
(fre)o) =c(foo) =c(A" S X L V).

Since f* is in fact a map of cochain complexes (which is defined in
analogy to maps of chain complexes), this induces a homomorphism on
cohomology

ffrH (Y; M) — H(X; M).



178 SINGULAR COHOMOLOGY

This assignment is functorial, i.e., the identity map is sent to the
identity homomorphism of cochains and if ¢g: Y — Z is another map,
then

(gof) =frog"

e In our calculus example, the contravariance corresponds to re-
striction of a form to an open subspace.

Why cohomology?

At first glance it seems like cohomology and homology are the same
guys, just wrapped up in slightly different cloths and reversing the
arrows. In fact, this is kind of true as we will see in the next lecture.
However, there is also a striking difference which is due to the
innocent looking fact that cohomology is contravariant. We are
going to exploit this fact as follows:

Assume that R is a ring, and let

X£>X><X,xl—>(:c,x)
be the diagonal map. It induces a homomorphism in cohomology
H*(X x X;R) &5 H*(X; R).
Now we only need to construct a suitable map H?(X;R) ®

HY(X;R) — HPT(X x X;R) to get a multiplication on the di-
rect sum H*(X; R) = @, H(X; R):

HP(X;R) ® HY(X; R) —» H"™(X x X;R) &5 HP*(X;R).

It will still take some effort to make this idea work. Nevertheless,
this gives us a first idea of how contravariance can be useful.

e Cohomology is homotopy-invariant, i.e., if the maps f and g are
homotopic f ~ g, then they induce the same map in cohomology
fr=g"

In fact, the proof we used for homology dualizes to cohomology.

For, recall that a homotopy between f and ¢ induces a chain homo-
topy between h between the maps f, and g, on singular chain complexes.
Now we use that the singular cochain complex is the value of the singular
chain complex under the functor Hom(—,M).
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Then Hom(h,M) is a homotopy between the maps of cochain com-
plexes

f*=Hom(f,,M) and ¢* = Hom(g.,M).
For the relation
fe—gi=hod+0doh
implies the relation

f*—g" =6 oHom(h,M) + Hom(h,M) o .

o If A is a subspace of X, then there are also relative cohomology
groups. Let i: A — X denote the inclusion map. We consider the
cochain complex

S*(X,A; M) = Ker (§*(X; M) 55 S*(A; M)

consisting of those maps Sing,,(X) — M which vanish on the subset
Sing,, (A).

The nth relative cohomology group is defined as the cohomology
of this cochain complex

H"(X,A; M) = H"(S*(X,A; M)).
By definition, there is a short exact sequence
0— S*"(X,A; M) — S (X;M) = S*(A;M) =0

which induces a long exact sequence of the cohomology groups of
the complexes in the same way as this was the case for chain complexes
and homology:

o HY(X,A M) — H(X; M) — HY(A; M) 2 B (XA M) — -

o There is also a reduced version of cohomology. Let €: So(X; M) — M
be the augmentation map sending » . m;o; to Y. m; € M. Since we
know Jy o € = 0, we observe that applying the functor Hom(—, M) yields
the augmented singular cochain complex

0= M < 800 M) 2 Sx; M) &

The reduced cohomology of X with coefficients in M is the cohomol-
ogy of the augmented singular cochain complex.
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e Cohomology satisfies Excision, i.e., if Z C A C X with Z C A°,
then the inclusion k: (X — Z, A — Z) — (X, A) induces an isomorphism

o

K HY (X, A; M) S HY(X — Z, A — Z; M).

e Cohomology sends sums to products, i.e.,

H (][ Xa: M) = [ B (Xa; M).

e Cohomology has Mayer-Vietoris sequences, i.e., if {A B} is a
cover of X, then, for every n, there are connecting homomorphisms
d which fit into a long exact sequence

Ua
~ K

N H"(X; M) H™(A; M) @ H"(B; M) []A ]B]

H(ANB; M) % H™ Y (X; M) — -

Note that the maps go in the other direction and the degree of
the connecting homomorphism increases.
Here we used the inclusion maps

ANB A
JB iA
B—— X.
iB
To prove, for example, the statement about Mayer-Vietoris sequences,
let us go back to the proof in homology.

Let A = {A,B} be our cover. We used a short exact sequence of chain
complexes

0= S, (ANDB) = S,(A) @ S.(B) = SAX) =0
where SA(X) denotes the A-small chains.

We would like to turn this into an exact sequence in cohomology. As we
have learned last time, not all functors preserve exactness.

And, in fact, Hom(—,M) is unfortunately no exception. We will study
the behaviour of Hom next time, but for the present purpose we observe a fact
which saves our day.
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For, the singular chain complexes involved in the above short exact sequence
consist of free abelian groups in each dimension. And exactness is indeed pre-
served by Hom for such sequences.

More precisely, we would like to use the following fact:

Lemma: Exactness of Hom-functor on free complexes

Let M be an abelian group and let
0—>A, - B, —-C.,—0

be an exact sequence of chain complexes of free abelian groups. Then the
induced sequence of cochain complexes

0 — Hom(C\,M) — Hom(B,,M) — Hom(A,,M) — 0

1s exact.

Proof: By definition of exactness for sequences of complexes, it suffices to
show the assertion for a short exact sequence of free abelian groups.

The key is that any short exact sequence of free abelian groups splits. The
splitting induces a splitting on the induced sequence of Hom-groups.

More concretely, let
05A5BLC—0

be a short exact sequence of free abelian groups.

Since C'is free and p is surjective, there is a dotted lift in the solid diagram

=
s

C—C
which makes the diagram commute, i.e., pos = 1¢.
This implies

s* Op* - ]-Hom(C,M)a

and hence s* is a section of p* in

0 — Hom(C, M) 2 Hom(B, M) > Hom(A, M) — 0.

This implies that Hom(B,M) = Hom(A,M) & Hom(C,M) and that i* is sur-
jective. That the sequence is exact at Hom(B,M) is now obvious as well. QED
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Warning: Note that if A = Z[S] is a free abelian group, then

Hom(A,M) = Hom(@5 Z,M) = | [ Hom(z,M)
S S

which might be an uncountable product. This leads to the annoying fact
that Hom(A, M) is not a free abelian group, in general.

Back to the proof of the MVS, with this fact at hand we get an induced
short exact sequence of cochain complexes

0 — Hom(SA(X), M) — Hom(S,(A), M) ® Hom(S,(B), M) — Hom(S,(AN B), M) — 0

where we also use that Hom commutes with direct sums.

Again, such a short exact sequence of cochain complexes induces a long
exact sequence of cohomology groups.

The final step of the proof is that we need to check that the induced map
of cochain complexes

Hom(S,(X),M) — Hom(S2(X),M)

induces an isomorphism in cohomology.

In fact, this follows from the Small Chain Theorem and the following fact:

Proposition: From isos in homology to isos in cohomol-

ogy

Let C, and D, be two chain complexes of free abelian groups.
Assume that there is a map C, %, D, which induces an isomorphism in
homology
o.: H(C) S H,(D,).

Then, for any abelian group M, the map ¢

o H*(D; M) — H*(C; M)
induces an isomorphism in cohomology with coefficients in M as well.
Here we wrote H*(C;M) = H*(Hom(C.,M)) and H*(D;M) =
H*(Hom(D,,M)) for the cohomology of the induced cochain complexes.

We are going to deduce this result from the Universal Coefficient Theorem
in cohomology which we will prove in the next lecture. Roughly speaking, it
will tell us how homology and cohomology are related.

As a first approach, we observe the following phenomenon.
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The Kronecker pairing

Let M be an abelian group. For a chain complex C, and cochain complex
C* := Hom(C,,M) there is a natural pairing given by evaluating a cochain on
chains:

(—,—): C"RC, = M, (p,a) — {p,a) := p(a).

This is called the Kronecker pairing.

The boundary and coboundaries are compatible with this pairing, i.e.,

(6p,a) = 0(p)(a) = p(d(a)) = (p,0a).

Lemma: Kronecker pairing

The Kronecker pairing induces a well-defined pairing on the level of coho-
mology and homology, i.e., we get an induced pairing

(—,—): H*(C*) ® Ho(C.) = M.

Proof: Let ¢ be a cocycle, i.e., o = 0. Then we get
(p,a+ 0b) = (p,a) + (v, 0b) = (¢, a) + (0, b) = (¢, q).

Thus, the map (¢, —) descends to homology if ¢ is a cocycle.

It remains to check that this map vanishes if ¢ is a coboundary. So assume
¢ =01 and a is a cycle, i.e., da = 0. Then we get

(p,a) = (0, a) = (¢, da) = 0.
This show that the pairing is well-defined on H"(C*) and H,(C.).

O

Kronecker homomorphism

Thus, applied to the integral singular chain complex and the cochain com-
plex with coefficients in M, this pairing yields a natural homomorphism

k: H"(X; M) — Hom(H, (X),M),

which sends the class [¢] of a cocycle to the homomorphism x([c]) defined
by

k([d]): Ho(X) = M, [0] = (c,0) = c(0).

This leads to the important question:
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From homology to cohomology?

If we know the singular homology of a space, what can we deduce about its
cohomology?

More concretely, what can we say about the map k? Is k injective? Is &
surjective?



LECTURE 19

Ext and the Universal Coefficient Theorem for cohomology

In the previous lecture, we introuced the singular cochain complex and defined
singular chomology. Along the way we ran into some exact sequences to which
applied the Hom-functor. In particular, we constructed the Kronecker map

k: H"(X; M) — Hom(H,(X),M).

Our goal for this lecture is to study the Hom-functor in more detail and to
prove the Universal Coefficient Theorem for singular cohomology which will
tell us that x is surjective. However, x is not injective in general, but the UCT
will tell us what the kernel is.

Again, for some this will be a review of known results in homological algebra.
Nevertheless, those who have not seen this before, should get a chance to catch

up.

We will again focus on the main ideas.

Let M be an abelian group. We would like to understand the effect of the
functor Hom(—,M) on exact sequences.

Before we start, note that Hom is not symmetric in general, i.e., Hom(A,M)
and Hom(M,A) might be very different indeed. For example,

Hom(Z,Z/n) = Z/n, but Hom(Z/n,Z) = 0.

Our next observation tells us that Hom is left-exact:

Lemma: Hom is left-exact

(a) Let M be an abelian group. Suppose we have an exact sequence

AL BL 0.
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Then applying Hom(—,M) yields an exact sequence
0 — Hom(C, M) L5 Hom(B, M) <+ Hom(A, M).

In other words, the functor Hom(—, M) is left-exact and sends cokernels
to kernels.
(b) Similarly, applying Hom(M,—) to an exact sequence of the form

0ASBLC
yields an exact sequence
0 — Hom(M, A) % Hom(M, B) 2 Hom(M, C).

In other words, the functor Hom (M, —) is left-exact and sends kernels to
kernels.

Proof: (a) To show that j* is injective, assume that v € Hom(C, M) satis-
fies 7*(v) = 0. That means

7 (7)) = (yoj)(b) =~(j(b)) =0 forallb e B.

But j is surjective, and hence every element in C' is of the form j(b) for some
b € B. Hence v = 0 is the trivial homomorphism.

The composition ¢* o j* is clearly 0, since j o7 = 0 by assumption. Thus
Im (j*) C Ker (i*).

Now if § € Hom(B,M) is in Ker (i*), then
0=1:"(p)(a) = B(i(a)) for all a € A.
In other words, (3 is trivial on the image of i and hence factors as
f: B — B/Im (i) — M.

But B/Im (i) = C, since the intial sequence was exact. Hence 3 is the composition
of amap B % C 5 M for some v € Hom(C,M). Thus, # € ITm (5*).

(b) The proof is of course similar. To show that i, is injective, let a €
Hom(M,A) be a map such that i,(a) = 0. That means

ix(a(m)) =i(a(m)) =0 for all m € M.
Since i is injective, this implies a(m) = 0 for all m € M, and hence o = 0.

The composition j, o i, is clearly 0, since j o7 = 0 by assumption. Thus
Im (i,) C Ker (j,).
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If 8 € Hom(M,B) is in Ker (j,), then

0= j.(B)(m) = j(B(m)) for all m € M.

In other words, 5(m) € Ker(j) for all m € M. Since Ker (j) = Im (i), we get
p(m) € Im (i) for all m € M. Hence 3 factors as

BM%ALB
for some o € Hom(M,A). Thus, § € Im (i,). QED
However, suppose we have an injective homomorphism
A— B.
Then it is in general that the induced map
Hom(B,M) — Hom(A,M)
is surjective.

For example, take the map Z 27 given by multiplication by 2. It is clearly
injective. But if we apply Hom(—,Z/2), we get the map

Hom(Z,Z/2) = 7./2 =% 7,/2 = Hom(Z,Z/2)
which is

We would like to remedy this defect. And we can already guess how this can
be achieved. As we have seen in the previous lecture, Hom(—,M) is not so far
from being exact. For, if we apply Hom(—,M) to a short exact sequence of
free abelian groups, then the induced sequence is still short exact.

So let A be an abelian group and let us choose a free resolution of A as in a
previous lecture

0—>F1‘—>F0—»A.

Applying Hom(—,M) to this equence yields an exact sequence
0 — Hom(A,M) — Hom(Fy,M) — Hom(Fy,M).
The right-hand map is not necessarily surjective, or in other words, the cok-
ernel of the right-hand map

This leads to the following important definition:
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Definition: Ext

The cokernel of the map Hom(Fy,M) — Hom(F;,M) is called Ext(A N).
Hence by definition we have an exact sequence

0 — Hom(A,M) — Hom(Fy,M) — Hom(F,M) — Ext(A,M) — 0.

Roughly speaking, the group Ext(A,—) measures how far Hom(A,—) is from
being exact.

Let us calculate some examples:

e Let A=7Z/p. Then we can take Fy = F; = Z and
7257 —7/p—0

as a free resolution of Z/p. For an abelian group M, the sequence defining
Ext looks like

0 — Hom(Z/p,M) — Hom(Z,M) £ Hom(Z,M) — Ext(Z/p,M) — 0.
Since Hom(Z,M) = M, this sequence equals
0 — p-torsion in M — M % M — Ext(Z/p,M) — 0.
Thus
Ext(Z/p,M) = Coker(M % M) = M/pM.

e For a concrete case, let us calculate Ext(Z/2,Z/2). We use the free
resolution

7357~ 7)2 0.
Applying Hom(—,Z/2) yields
0 — Hom(Z/2,Z,/2) — Hom(Z,Z/2) 2 Hom(Z,Z/2).
This sequence is isomorphic to
0 Z/2— 7)2 =% 7)2.

Since 2 = 0 in Z/2, the second map is trivial. Hence the cokernel of
this map is just Z/2. Thus

Ext(Z/2,7./2) = Z]2.
e More generally, one can show
Ext(Z/n,Z/m) = Z/ gcd(n, m)

where ged(n, m) denotes the greatest common divisor of n and m.
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Now we should study Ext in more detail. As a first step we show that it can
be viewed as a cohomology group:

Lemma: Ext and Hom as cohomology groups

Let A and M be abelian groups and 0 — F} EN Fy - A — 0 be a free
resolution of A. Consider the cochain complex Hom(F,,M) given by

0 — Hom(Fy, M) L5 Hom(Fy, M) — 0

with Hom(Fy, M) in dimension zero and Hom(F}, M) in dimension one.
Then we have

H°(Hom(F,, M)) = Hom(A, M) and H'(Hom(F,, M)) = Ext(A, M).

Proof: By definition, Ext(A, M) is the cokernel of j*. Since the differential
out of Hom(Fp, M) is trivial, the first cohomology is just

H'(Hom(F,, M)) = Hom(Fy, M)/Im (5*) = Coker(5*) = Ext(A4, M).

For H° we remember that the augmented sequence
0 — Hom(A, M) — Hom(Fy,M) L5 Hom(F,, M)
is exact.

Hence Hom(A,M) is isomorphic to its image in Hom(Fy,M) which is, by
exactness of the sequence, the kernel of j*. But this kernel is the cohomology
group of Hom(F,,M) in dimension 0:

H°(Hom(F,,M)) = Ker (j*) = Hom(A,M)
OJ

We should check that Ext does not depend on the choice of a free resolution.
To do this, we are going to apply the lemma we proved for the Tor-case which

states that maps can be lifted to resolutions and any two lifts are chain homotopic
in a suitable sense.

Proposition: Ext is independent of resolutions

Ext is independent of the choice of a free resolution: If 0 — E} AN Ey— A
and 0 — F, & F, — A are two free resolutions of A, there is a unique
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isomorphism

Coker(Hom(i,M)) = Coker(Hom(j,M)).

Proof: We know from the result on lifting resolutions that we can lift the
identity map on A to a map of resolutions

We write E, for the complex 0 — F; — Ey — 0 and F, for the complex
0— F, — Fy— 0.

Composition yields maps f, o g.: F, — E, and g, o f,: F, — F, which lift
the identity map on A. But since the identity maps on F, and F, respectively,
also lift the identity on A, the lemma of a previous lecture implies that there is
a chain homotopy hg between f, o g, and 1g, and a chain homotopy hr between

g« o foand 1p,.
Now we apply Hom(—,A). Then hg induces a cochain homotopy Hom(hg,M)

0 —— Hom(FEy,M) —— Hom(E;,M) —— 0

h*
1Hom(Eq, M) (/ \)QSMJT (/ leom(Ela]\f)

0 — Hom(FEy,M ) —— Hom(E;,M) — 0.

between

Hom( f, o g.,M) = Hom(g.,M) o Hom( f,,M) and Hom(1g,,M) = luom(g. M)
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Whereas hr induces a cochain homotopy Hom(hg,M)

0 —— Hom(Fy,M) —— Hom(F},M) —— 0

h*
THom(Fy, M) (/ lfgwgf (/ ) Lom(Fy,M)

0 —— Hom(Fo,M) — Hom(Fy,M) — 0.
between

Hom(g. o f.,M) = Hom(f,,M) o Hom(g.,M) and Hom(1,,M) = lhom(r. m)-

Thus, the maps induced by the compositions on cohomology are equal to
the respective identity maps. In other words, the induced maps f* and g* on
cohomology are mutual inverses to each other.

Moreover, since the chain homotopy type of f, and g, is unique by the lemma
of the lecture on Tor, they induce in fact a unique isomorphism

o

Coker(Hom(i,M)) = H'(Hom(E,,M) — H'(Hom(F,,M) = Coker(Hom(j,M)).

QED

Lemma: Induced exact sequence

Let M be an abelian group and assume we have a short exact sequence of
abelian groups

05 AL B C=o0.

Then there is an associated long exact sequence

0 —— Hom(C,M) —— Hom(B,M) —— Hom(A,M)
Ext(C,M) — Ext(B,M) — Ext(A,M) — 0.

Proof: Let 0 - E; — Ey — A — 0 be a free resolution of A, and 0 — F} —
Fy — C — 0 be a free resolution of C. This data gives us a free resolution of B
by forming direct sums:

O—->FE ol —EdFy—B—0.
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By the result of the previous lecture, we can lift the maps in the short exact
sequence to maps of resolutions

0_)E1 ............ >E1®F1 ............ >F1_>O

<

The horizontal sequences are short exact, since the middle term is a direct
sum of the other terms. Hence we get a short exact sequence of chain complexes

0O0—-FE, —-FE.©F, — F, — 0.

Since all three complexes consist of free abelian groups, applying Hom(—,M)
yields a short exact sequence of cochain complexes

0 — Hom(F,,M) — Hom(E, & F,,M) — Hom(E.,M) — 0.

By taking cohomology of these cochain complexes, we get an induced long
exact sequence of the associated cohomology groups. This is the desired exact
sequence together with the identification of H! with Ext and H® with Hom of
the previous lemma. O

This lemma also gives a hint to where the name Ext comes from:

Ext and extensions

e We can think of a short exact sequence of abelian groups
0—>A—-B—-M-—=0

as an extension of M by A. We can then say that two extensions are
equivalent if they fit into an isomorphism of short exact sequences

0 A B M 0
0 A B’ M 0.
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e Note that we can always construct a trivial extension by taking the direct
sum of A and M:

05 AL Ag Mo Moo

Recall that we say that such a sequence splits.
e The group Ext(A,M) measures how far extensions of M by A can be from
being from the trivial extension. For, we have

Ext(A,M) =0 <= every extension of M by A splits.
Proof: Given an extension, applying Hom(—,M) yields an exact sequence
Hom(B,M) — Hom(M,M) — Ext(A,M).
Thus the identity map M - M lifts to a map B — M if Ext(A,M) = 0.
But that is equivalent to that the initial short exact sequence splits. QED
e Now one can show in general that Ext(A,M) is in bijection with the set
of all equivalence classes of extensions of M by A.

e For example, we computed Ext(Z/2,Z/2) = Z/2. The trivial element in
Ext corresponds to the trivial extension

0>Z/2—>Z/20Z/2—Z/2—0

whereas the non-trivial element corresponds to the extension

0—2Z/237/4— 7)2 — 0.

We summarize some further properties of Ext:

e Ext is functorial: For any homomorphisms of abelian groups A — A’

and M — M’, there are homomorphisms
Ext(A ;M) — Ext(A,M) and Ext(A,M) — Ext(A,M").

This follows from the lemma on liftings of resolutions.

o If Ais free, then Ext(A,M) = 0 for any abelian group A. This follows

from the fact that 0 — A < A — 0 is a free resolution of A.

e Ext commutes with finite direct sums, i.e.,

EXt(Al D AQ,M) = EXt(Al,M> D EXt(Ag,M)

This follows from the fact that the direct sum of free resolutions of each

Ay and A, is a free resolution of A; @ A,.
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e Let A be a finitely generated abelian group and let T'(A) denote its
torsion subgroup. Since Ext(Z/m,Z) = 7Z/m, the structure theorem for
finitely generated abelian groups and the previous two points imply that

Ext(A,Z) 2 T(A).

Now we prove the main result which connects homology and cohomology and
answers the question we raised last time about the Kronecker map k:

Theorem: Universal Coefficient Theorem

Let C, be a chain complex of free abelian groups and let M be an abelian
group. We write C* = Hom(C,,M) for the induced cochain complex.
Then there are natural short exact sequences

0 — BExt(H,_1(C,),M) — H*(C*) & Hom(H,(C,),M) — 0

for all n. These sequences split, but the splitting is not natural.

The proof builds on the same ideas as for the UCT in homology. But let us
do it anyway to get more practice.

Proof: e We write Z,, for the kernel and B,,_; for the image of the differ-
ential d: C,, — C,,_1. Since C,, and C,_; are free, both Z, and B,,_; are free as
well.

By definition of Z,, and B,,, the restriction of the differentials to these groups
vanish. This implies that (Z,,d) and (B,,d) are chain complexes (with trivial
differentials).

Hence we get a short exact sequence of chain complexes

(29) 02, —>C,% B, —0.

e Since all groups in these chain complexes are free, applying the functor
Hom(—,M) yields again a short exact sequence of cochain complexes

0 — Hom(B._;,M) — Hom(C,,M) — Hom(Z,,M) — 0.
This follows from the lemma we proved in the previous lecture.

e Since the differentials in Z, and B, are trivial, the nth cohomology of
Hom(B,_1,M) is just Hom(B,,_1,M), and the nth cohomology of Hom(Z,,M) is
just Hom(Z,,M).
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Hence the long exact sequence in cohomology associated to the short exact

sequence (29) looks like
oo Hom(Zy_1,M) & Hom(B,_y,M) s H"(Hom(C,,M)) £ Hom(Z,,M) % Hom(B,, M) — - - -

e The connecting homomorphism Hom(Z,,M) 9 Hom(B,,M) in this
sequence is i = Hom(i,,,M), where i,,: B, — Z, denotes the inclusion. For, the
connecting homomorphism is defined as follows. Consider the maps

Hom(C),,M) —— Hom(Z,,,M)

J5
Hom(B,,M) —— Hom(Cy 1, M).
A preimage of ¢ € Hom(Z,,M) is any map v : C,, — M which restricts to Z,.

Such a preimage exists since the upper horizontal map is surjective. Then 1 is
mapped to ¥ od € Hom(C,,,1,M) by 6. Since every boundary is a cycle, we have

Yod=pod.
Now it remains to find a map ¢: B, — M such that
Yvod=pod=pod.

There is a canonical candidate for ¢, namely the restriciton of ¢ to B,,. This is
exactly ¥ (o).

|

Chi1 BN anL Z,

e A long exact sequence can always be cut into short exact sequences of
the from

0 — Coker(Hom(i,_1,M)) — H,(C*) — Ker (Hom(i,,M)) — 0.

Since the functor Hom(—,M) sends cokernels to kernels, the kernel on the
right-hand side is just

Ker (Hom(i,,M)) = Hom(Coker(i,),M) = Hom(Z, /B,,M) = Hom(H,(C.,),M).
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For the cokernel on the left-hand side, we use that
Z"nfl
B, 1—Z, 1— Hn_l(C*) —0
is a free resolution of H, 1(C\).

Hence, after applying Hom(—,M), we get an exact sequence

0 — Hom(H,,_1(C,),M) — Hom(B,_1,M) == Hom(Z,_1,M) — Coker(Hom(4,_1,M)) — 0.

Thus, since Ext(—,M) is independent of the chosen free resolution,
Coker(Hom(i,,—1,M)) = Ext(H,,—1(C),M).

Finally, to obtain the asserted splitting we use that subgroups of free abelian
groups are free. That implies that sequence (29) splits and we have

Ch=7,® B,_1.

Applying Hom(—,M) yields
Hom(C,,,M) = Hom(Z,,,M) ® Hom(B,,_1,M).
Now one has to work a little bit more to get that this induces a direct sum
decomposition in homology.

It remains to check that the right-hand map in the theorem is in fact the
previously defined map . We leave this as an exercise. QED

Now we can prove the result we claimed in the previous lecture:

Corollary: From isos in homology to isos in cohomology

Let C, and D, be two chain complexes of free abelian groups. Let M be
an abelian group.

Assume that there is a map C, LN D, which induces an isomorphism in
homology

o.: H(C,) > H,(D,).

Then this map also induces an isomorphism in cohomology with coeffi-
cients in M

©*: H*(D*) S H*(C¥).
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Proof: Since the construction of the long exact sequence we used in the proof
of the theorem is functorial, we see that ¢ induces a commutative diagram

0 —— Ext(H,_1(C.),M) —— H"(C*) —— Hom(H,(C,),M) —— 0

J(w)* lcp* J(w)*

0 — Ext(H,_1(D.),M) — H"(D*) —— Hom(H,(D,),M) —— 0

The assumption that ¢, induces an isomorphism implies that the two outer
vertical maps are isomomorphisms. The Five-Lemma implies that the middle
vertical map ¢* is an isomorphism as well. QED

Our previous oberservations about Ext and torsion subgroups together with
the theorem imply:

Corollary: Computing cohomology from homology

Assume that the homology groups H,(C,) and H,_1(C.) of the chain com-
plex are finitely generated. Let T,, € H,(Cy) and T,,_y C H,,_1(C,) denote
the torsion subgroups. Then we can calculate the integral cohomology of
C* = Hom(C,,Z) by

HH(C*§Z) = (Hn(o*)/Tn) D Th1.

Since the singular chain complex S,(X,A) is an example of a chain complex
of free abelian groups, the theorem implies:

Corollary: UCT for singular cohomology

For each pair of spaces (X,A) there are split short exact sequences
0 — Ext(H,_1(X,A),M) - H"(X,A; M) — Hom(H,(X,A),M) — 0

for all n, and these sequences are natural with respect to maps of pairs
(X,4) = (¥,B).

As a final remark, we mention that there are versions of Ext for the category of
R-modules for any ring. The corresponding Ext-groups Extg(M,N) will depend
on the ring R as well as on the modules M and N. Moreover, there might be
non-trivial higher Ext-groups Ext’(M,N) for i > 2, in general.



198 Ext AND THE UNIVERSAL COEFFICIENT THEOREM FOR COHOMOLOGY

But the theory is very similar to the case of abelian groups, i.e., Z-modules,
as long as R is a principal ideal domain (PID). For, then submodules of free R-
modules are still free over R (which is not true in general). Hence free resolutions
of length two exist, and higher Ext groups vanish also in this case.

For example, fields are examples of PIDs. However, note that, for example,
Ext(Z/2,2/2) = BExty(Z/2,2/2) = 7,/2 whereas Exty,(Z/2,Z/2) = 0. Hence the
base rings matter.
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Cup products in cohomology

We are now going to define the additional algebraic structure on coho-
mology that we promised earlier: multiplication.

There are many different ways to define a product structure in cohomology.
As always, each of these ways has its advantages and disadvantages. We will take
a direct path to the construction. This has the advantage to get a product right
away. The price we are going to pay is that we will have to work harder for some
results later. Note also that, even though we emphasized the importance of the
diagonal map in a previous lecture, this will not become clear from our direct
approach today. Though it matters nevertheless. :)

What we do take advantage of and which would not work for singular chains
is that a cochain is by definition a map to a ring. So we can multiply images of
cochains. Hence we could try to multiply cochains pointwise. We will just need
to figure out the images of which points we need to multiply.

We need to assume that we work with coefficients in a ring R. We will
always assume that R is commutative and that there is a neutral element 1 for
multiplication (even though not all arguments require all these assumptions).
Our main examples will be, of course, Z, Z/n, Q.

Definition: Cup products

For cochains ¢ € SP(X; R) and ¢ € S%(X; R), we define the cup product
p U € SPTIX; R) to be the cochain whose value on the p 4+ g-simplex
o: APT1 — X

(P U¥)(0) = 0(Tlfeco,er)) ¥ (Ollepy.nrepial)

where the product is taken in R (here it comes already quite handy that we
work with coefficients in a ring).

Note: The symbol oj,,.. ., refers to the restriction of o to the front face
Of Ap-l-q

Olleo,-..ep] * AP < APTI 5y X, Olleo, . ep] (to, - - - ,tp) = o(to,- .- Sl U0 ,0).

P
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Similarly, the symbol oy, ... c,,, refers to the restriction of o to the back
face of AP*¢

Ollepepial i AL AP S X oy o (o, .., tq) = 0(0,...,0,%0,...,tg).

We would can think of this construction as evaluating ¢ on the front face of
o, evaluating 1 on the back face of o, and then taking the product of the two
results.

To make sure that this construction yields something meaningful on the level
of cohomology we need to check a couple of things.

Lemma: Cup products and coboundaries

For cochains ¢ € SP(X; R) and ¢ € S(X; R), we have
6(pUrp) =dp Uy + (1) p U dy.

For the next proof and the remaining lecture, recall that the notation é; means
that the vertex e; is omitted.

Proof: By definition, for a simplex o € APT4+l — X we have

o(pUp)(0) = (pUp)(do)

pratl
= (pU) ( Z (_1)ZO-[eo,...,éi,...,ep_;,_q_,_l])

1=0
p+1
- Z(_]-)Z()D(O-|[60,...,51',...,6;;] )¢<U|[6p+1,...,6p+q+1])
=0
ptq+1

+ Z <_]')isp(o-\[eo,...,ep])w(0|[ep,...,é,-,...,ep+q+1])
i=p

where the split into the two sums is justified by the fact that the last term of the
first sum is exactly (—1)-times the first term of the second sum.

Now it remains to observe that these two sums are exactly the definition of
(0o Ue)(o) and (=1)7(p U d9)(0). O

We would like this construction to descend to cohomology. Therefore, we
need to check:
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e Assume that ¢ and ¢ are cocycles, i.e., dp = 0 and J3 = 0. Then U1
is a cocycle, since

MeU)=0pUyp Uiy =0+0=0.

e Assume that ¢ is a cocycle, i.e., dp = 0, and ¢ is a coboundary, i.e.,
there is a cochain ' with ¢ = d¢'. Then ¢ U1 is a coboundary, since

d(eU') =dp Ut £+ Uy
=04 U1

In other words, ¢ U is the image of +¢ U« under §.
e Similarly, we can show that ¢U is a coboundary if ¢ is a coboundary
and v is a cocycle.

Thus we have shown:

Cup product in cohomology

For any p and ¢, the cup product defines a map on cohomology groups

H?(X;R) x H(X; R) = H"*(X;R).

As we can easily check by evaluating on a simplex:

e The product is associative, i.e.,
(PUP)UE=pU [ UL).
e The product is distributive, i.e.,
UMW+ =pUd+pUL

e The O-cocycle € € H(X; R) defined by taking value 1 for every 0-simplex
is a neutral element, i.e.,

ceUp=p=¢Uecforall p € H’(X;R).

Before we address commutativity, let us first check how the cup product be-
haves under induced homomorphisms:

Proposition: Cup products are natural

Let f: X — Y be a continuous map and let f*: H?*4(Y; R) — HPT9(X; R)
be the induced homomorphism. Then

fleUy) = frfou fy
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for all p € H?(Y; R) and ¢ € HI(Y; R).

Proof: We can check this formula already on the level of cochains. For, given
a simplex o: APT? — X we get

= (eU)(foo)
= f"(eU)(o).

Now we are going to address the remaining natural property of multiplication:
commutativity. It will turn out that the cup product is not exactly symmetric.
This is annoying, but so is life sometimes. However, it is very close to being
symmetric. For the next result, recall that we assume that R itself is commutative.

Theorem: Cup products are graded commutative

For any classes ¢ € H?(X; R) and ¢ € HY(X; R), we have
pUy = (=" Ugp).

The proof of this result will require some efforts. Before we think about it,
let us collect some consequences of this theorem and of the construction of
the cup product in general.

e Many cup products are trivial just for degree reasons. For classes ¢ €
HP?(X;R) and ¢ € HY(X; R) with p+ ¢ such that H?™(X; R) = 0, then
¢ U1 =0 no matter what.

e This can happen for example if X is a finite cell complex.

e If p € H?(X; R) and p is odd, then

2
0 = (=17 * = —¢”.
Therefore, 2¢* = 0 in H*(X; R).
If R is torsion-free or if R is a field of characteristic different
from 2, this implies

0> =0.

Proof for a special case: In order to find a strategy for the proof of the
theorem, let us look at a special case. So let [¢], [¢)] € H'(X; R), and let o: A? —
X be a 2-simplex.
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The respective cup products are then determined by their effect on a 2-simplex
o: A? = X:

(e UY)(0) = P(T)ep.e1)) V(T fer ea))-

and

(L Up)(0) = 1(0)eo,e11)2(fe1 1)
= 90<0-|[e1,e2}>w(0-\[60,e1])

where we use that R is commutative.

Hence in order to show that these two expressions are related, we would like
to reshuffle the vertices. As a first attempt we are going to reverse the order of
all vertices, i.e., we replace o with & defined by

o(e;) = o(eg—y).

We will also use the notation

Ollea,e1,e0) — O

which expresses

5‘(t0,t1,t2) = O'(tg,tl,t()).

Recall that, a long time ago, we showed that reversing the order of vertices

on a l-simplex corresponds, at least up to boundaries, multiplying the simplex
with (—1).

Hence we should consider inserting a sign as well. So we define maps
pP1: Sl(X) — Sl(X) and P2 SQ(X) — SQ(X)
both defined by sending a simplex ¢ to —a.

Surprisingly, the comparison of the two cup products after taking pullbacks
along the ps becomes easier. For,

(/f{(ﬂ U /)T?ﬂ) (U) = 90(_U\[el,eo})w(_al[ez,el])
= 90(0-|[61,eo})¢(0-\[62,61})
and
(P U @) (0) = =¥(0lfez,e1)) P (O fer o))
= _(p(o-‘[81760])¢(0-|[62761])

using that R is commutative.
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Hence we get

pre Ui = —p3(¥ U ).
In other words, up to pj and p} we have shown the desired equality.

Now we remember that we are still on the level of cochains. The theorem is
about an equality of cohomology classes. Hence all we need to show is that p]
and p3 will vanish once we pass to cohomology.

This leads to the idea to show that p; and py are part of a chain map which
is chain homotopic to the identity. So let us try to do this.

First, we want that p; and py commute with the boundary operator:
(p100)(0) = p(0[e1.e5] — Tlensea) T Tleosen])
= —Olleser] + Tllesen] ~ Oller o)
= 8(_0“62,61760})
= (00 p2)(0).

Now we would like to construct a chain homotopy between p and the identity
chain map.

The idea is to interpolate between the identity and p by permuting the vertices
one after the other until the order is completely reversed. Then we sum up all
these maps. Along the way we need to introduce some signs.

Before we can define maps, we need to recall the prism operator we used to
construct a chain homotopy which showed that singular homology is homotopy
invariant.

These were maps
e AT AT % [0,1]
determined by

PR = Y (o) if k> i

Let us write €) := (ex,0) and e; := (eg,1). Given an n-simplex o, we would
like to compose it with p!' and also permute vertices.

Consider the permutation of simplices

n+1 Si n+1
AT S AT (e, slna1) F (€0y - 1€ty - - - ,Citl)-
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To simplify the notation, we are going to write
Olleoy-eiensemseil - A= X

for the n + 1-simplex defined by the composition of s; with
AP AR [0,1] B AT S X,

Now we define three maps
hol SO(X) — Sl(X), (O d O|leo,e0]
for n =0,
hli Sl(X) — SQ(X), g —O0|leo,e1,e0] — Oleo,e1,e1ls
for n = 1, and
ha: SQ<X) - S3(X)> O = —0|leg,ea,e1,e0] T Tllenser,ez,e1] T O|len,en,ez,ea]

for n = 2.

(You will see that it does not matter so much how these maps are defined.
It is just important that we have some consistent way of moving from S,,(X) to

Sn+1(X).)
For a 1-simplex o: A = X, we compute

(8 o h1)<o') = a(_O-|[60761,60] - O-H€07€1731])
= —(0llex,e0] — Tlleoreo] T Tleoien])
- (O-l[@l,@l] — Olfeo,er] T U\[eo,eﬂ)
and
(ho 0 9)(0) = ho(0|(ey) = Oljeo))

= Ollex,e1] — Oleo,eo]

Taking these terms together we get
(@0 )(a) + (ho 0 0)(0) = —Olle 0] + Tlleo,eo] ~ Tlfeosen]
T Olleriea] T Olfeoer] ~ Olfeosen]
T Oller,er] = Olleo,eo]
= T OJler,e0] T Tlleosen]
=plo) —o
Thus, we have shown the homotopy relation

dohy+ hgod=p —id.
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Similarly, for a 2-simplex o: A? — X, we calculate

(8 © h2)(0) = a(_0|[60,62,61,€0} — Oleg,e1,e2,e1] T U|[80,61,62,62])
= _(0-\[62,61,60} — Olleg,e1,e0] + O|leo,e2,e0] — U\[eo,eg,el])
+ (Tlfer,ezser] = Ollevsenser] T Tlleoseren] — Tlleoserea))

+ (O|ler.ez.e2] — Ollenseniea] T Tlleoserrea] — Ollenerea])

= —Ol[ea,e1,e0] T lleo,e1,e0] ~ Olleosez,e0] T Tller,ez,er] T Olleo,en,en]
+ Olle1,e2,e2] — Ollen,e2,e2] — Ollen,en,e2]
and
(h100)(0) = h1(0(e1,e5] — Tlleosea] T Tleo,er])
= —Oller,en,er] — Oller,ensea] T Tlleosen,e0] T Tlleo,eziea] ~ Tlleoserseo] — Tlleoser el
This gives

(Oohy+ hy00)(0) = pa(o) — 0.

Thus, we have again shown the homotopy relation

80h2+h108:p2—id.

This indicates that p; and py are part of a chain map which is chain homotopic
to the identity.

To prove the general case, we adapt this strategy we developed for n = 1.

Proof of the theorem: When we evaluate the two cup products on a simplex
o: APT? — X they differ only by a permutation of the vertices of 0. The idea
of the proof consists of

choosing a nice permutation which simplifies notation and computations,
and then to construct a chain homotopy between the resulting cup prod-
uct and the identity.

Now let us get to work:

e For an n-simplex o, let ¢ be the n-simplex obtained by composing it first
with the linear transformation which reverses the order of the vertices.

In other words,

g(e;) =o(e,—;) foralli=0,... n.
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or

G(to, - 1) = 0 (t, ... to).

We will also use the notation

0_|[€n7~--,6’0] —= 0.

For this will make it easier to combine it with the restriction to the n — 1-
dimensional faces of A™.

e Since the reversal of the vertices is the product of n 4+ (n —1)4+---+1 =
n(n 4+ 1)/2 many transpositions, our test case motivates the definition of the
homomorphism

n(n+1) _

pn: Sn(X) = Su(X), pu(0) = (1) 2 0.

n(n+1)

To simplify the notation we will write €, := (—1)" 2

e We claim that p is a map of chain complexes which is chain homotopic
to the identity map. Assuming that the claim is true we can finish the proof
of the theorem as follows.

For o: APT? — X, we can then calculate
(P e U p™ ) (0) = @€y, ...co )V (€qT(epsgrmen])
= €P(Oleprnneo)) ¥ (Ollepigunnes))

and

(P (P UP))(0) = €prq®(Tliepsgnep)) P(Tllepsnco])-

Now we observe

P+apta+l) P +2p0+¢+p+g

2 2
_plp+1)  alg+1)  2pg
2 2 2
+1 +1
:p(p2 )+q(q2 )+pq.

Thus

€p+q = (—1)Pepeq.
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We conclude from these two computations

proUp Y = (=1)"p* (Y Uyp).

Now we use that p is chain homotopic to the identity. That implies that
when we pass to cohomology classes, p* is the identity and we obtain the desired
identity

pUy = (=1 Ugp).

Now we are going to prove the claims we made:
e p is a chain map.

We need to show that 0 o p = po d. For an n-simplex ¢ we calculate the
effects of the two maps:
(pod)(o) = p(Z(_1)i0-\[eo,...7éi,...,en])
i=0
= €p—1 Z(_1)i0-|[en,...,éi,...,eo]
i=0

-----

=0

=0
= a1 (=)D (= 1)0 e, e .o AZAIN using (—1)" = (=1)7"

=0
= €n Z(_1)i0—|[en,...,én,i,...,eg]
1=0

= 0(€n0fes...cc01)
= (90 p)(0)

where we used the identity €, = (—1)"€,_1.
e There is a chain homotopy between p and the identity.

We are going to use again the notation we introduced for the special case
above. The idea for the chain homotopy is to interpolate between p which reverses
the order of all vertices and the identity by, step by step, reversing the order up
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to some vertex while the others remain fixed. Then we throw in some signs to
make things work.

We define homomorphisms h,, for each n by
Ry Sp(X) = Spi1(X)

0 H : : En ZO" 607 761767747 76 }.

Now we can show by calculating doh,, and h,,_100 that h is a chain homotopy,
i.e., we have

80 hy +hy100=p—id.

We have
(a o hn)(g) = 6(2(_1)i€n—i0-\[eo,...,ei,en,...,ei])

1=0

- (_]-)i(_]-)jGn—i0-|[eo,...,é]‘,...,Ei,en,...,ei]

_I_ Z(_l)i(_1)i+1+n_j€n—ia|[60,...,€i,6n,...,éj,...,67;} .

The overlap of the summation indices is necessary. For, at j = 4, only the two
sums together yield all the summands we need:

€n0|len,....e0) + E En—iO0|[en,....ei_1,€nsm €4
>0

n+i+1
+ 2 :(_1) €n—i0|[eo,....eisensmeit1] — Tl[€0,....en]"
<n

Now we observe that the two sums in the last expression cancel out, since if
we replace ¢ by ¢ — 1 in the second sum turns the sign into

(=) epiy1 = —€n—i.

Hence, for j = i, what remains is exactly

€nO|len,..c0] — Olcoren] = P(O) — 0.

Hence it suffices to show that the terms with j # i in (0 o h,,)(o) cancel out
with (h,—1 00)(0). So we calculate
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(hp—100)(0) = hnfl(Z(_1>j‘7|[eo,...,éj,...,en])

7=0
= Z<_1)i71<_1)j€n7ia|[eo,‘..,éj,...,ei,en,...,ei}
1<t
+ Z(—1>i(—1>’j€n,i,10"[60 ..... €i,Enyenny éj,...,ei]-
>t

Since €, ; = (=1)""€,_;_1, the two sums cancel with the two corresponding
sums in (0 o hy,)(o). Hence h is a chain homotopy between p and the identity.
0
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Applications of cup products in cohomology

We are going to see some examples where we calculate or apply multiplicative
structures on cohomology. But we start with a couple of facts we forgot to
mention last time.

Relative cup products

Let (X,A) be a pair of spaces. The formula which specifies the cup product
by its effect on a simplex

(P UP)(0) = @(9)ico,..es)) ¥ (Tlep...ps])

extends to relative cohomology.

For, if o: APT? — X has image in A, then so does any restriction of . Thus,
if either ¢ or 1) vanishes on chains with image in A, then so does ¢ U 1.

Hence we get relative cup product maps
H?(X;R) x HY(X,A; R) — H"™(X,A; R)

HP(X,A; R) x HY(X; R) — H"*%(X A:R)
HP(X,A; R) x H(X,A: R) — H""9(X A; R).

More generally, assume we have two open subsets A and B of X. Then the
formula for ¢ U v on cochains implies that cup product yields a map

SP(X,A; R) x SU(X,B; R) — SP"(X,A + B; R)

where S™(X,A+ B; R) denotes the subgroup of S™(X; R) of cochains which vanish
on sums of chains in A and chains in B.

The natural inclusion
S"(X,AUB;R) — S"(X,A+ B;R)

211
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induces an isomorphism in cohomology. For we have a map of long exact coho-
mology sequences

H™(AUB) —— H"(X) —— H"(X,AUB) —— H"™ (AU B) —— H"(X)
H"(A+B)—— H"(X) —— H"(X,A+ B) — H""'(A+ B) — H""(X)

where we omit the coefficients. The small chain theorem and our results on
cohomology of free chain complexes imply that H*(AU B; R) — H"(A + B; R)
is an isomorphism for every n. Thus, the Five-Lemma implies that

H"(X,AUB;R) = H"(X,A+ B;R)

is an isomorphism as well.

Thus composition with this isomorphism gives a cup product map

HP(X,A; R) x HY(X,B; R) — H"*Y(X,AU B: R).

Now one can check that all the formulae we proved for the cup product also
hold for the relative cup products.

Cohomology ring

All we are going to say now also works for relative cohomology. But to keep
things simple, we just describe the absolute case.

We will now often drop the symbol U to denote the cup product and just
write

af =alUp.

The cohomology ring of a space X is the defined as
H*(X:R) = H"(X:R)
as the direct sum of all cohomology groups. Note that, while the symbol x

previously often indicated that something holds for an arbitrary degree, we now
use it to denote the direct sum over all degrees.

The product of two sums is defined as

> Oéi)(z Bj) = Z i 3;.

%
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This turns H*(X; R) into a ring with unit, i.e., multiplication is associative,
there is a multiplicatively neutral element 1, and addition and multiplication
satisfy the distributive law.

We consider the cohomological degree n in H"(X; R) as a grading of H*(X; R).
If an element « is in HP(X; R) we call p the degree of « and denote it also by |a/.

Since multiplication respects this grading in the sense that it defines a map
H?(X;R) x HY(X; R) — H"*(X A; R),
we call H*(X; R) a graded ring.

Moreover, as we have shown with a lot of effort last time, the multiplication
is commutative up to a sign which depends on the grading:

aff = (_1)|a\|ﬁ\ﬁa.
Hence H*(X; R) a graded commutative ring.

Moreover, there is an obvious scalar multiplication by elements in R which
turns H*(X; R) into a graded R-algebra.

Finally, if f: X — Y is a continuous map, then the induced map on coho-
mology

[ H(Y;R) —» H*(X; R)
is a homomorphism of graded R-algebras.
Now we should determine some ring structures and see what they can tell us.

As a first, though disappointing, example, let us note that the product in
the cohomology of a sphere S™ (with n > 1) is boring, since H°(S™; R) is just R
and the product on H"(S™; R) is trivial for reasons of degrees:

H"(S™ R) x H™(S™; R) — H*(S"; R) = 0.

So let us move on to more interesting cases.

Cohomology ring of the torus

Even though the cohomology ring of S! was boring, the cohomology ring of
the product T'= S x S, i.e., of the torus, is not. Let us assume R = Z.

We computed the homology of T" using its structure as a cell complex with
one 0-cell, two 1-cells, and one 2-cell.
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The cellular chain complex has the form
05252025720

where d;(a,b) = a+ b and da(s) = (s, —s) (the attaching map of the 2-cell to the
two 1-cells was aba='b~1). This yields the homology of T

We can then apply the UCT to deduce that the singular cohomology of 7' is
given by

Z ifi=0
H(TZ) = Z®7Z ifi=1
Z if i =2

and H(T;Z) =0 for i > 2.

Let v and f3 be generators of H'(T’;Z). We could obtain them for example as
the dual of the basis {a,b} of H;(T';7Z) and the isomorphism of the UCT:

HY(T;Z) = Hom(H,(T; Z),7Z).
Being a dual basis means, in particular,
a(a) = (a,a) =1, a(b) = (a,b) =0, B(a) = (B,b) =0, B(b) = (B,b) =1

where the funny brackets denote the Kronecker pairing we had defined earlier.

Since multiplication is graded commutative, we have
20° =0 =26%
Since Z is torsion-free, this implies
a?=0=p%
Now we would like to understand the product af. Therefore, we need to
evaluate it on a generator of Hy(7T;7Z). Such a generator is given by the 2-chain

o — 7, where o and 7 are the 2-simplices indicated in the picture (that this is a
generator needs to be checked; we just accept this for the moment):
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A'L

\\\ a4 4%

A '}

It is a cycle, since
dNo—71)=0(0)—90(r)=b—d+a—(a—d+b) =0
where d denotes the diagonal.

Now we can calculate

(Oé U /6) (U - T) = O‘(U|[eo,el])ﬁ(a\[61,e2]) - O‘(T\[eo,eﬂ)ﬁ(ﬂ[ehm])
= a(a)B(b) — a(b)B(a)
=1-0=1.

Thus, since H*(T;Z) = Hom(H,(T;Z),Z) by the UCT, we see that af is a
generator of H?*(T;Z).

Hence we can conclude that the cohomology ring of the torus is the ring with
generators « and [ and relations

H(T32) = Z{a.8} /(® = 0 = 8,08 = —Ba).

Another way to formulate this is to say that H*(T;Z) is the exterior algebra
over Z with generators a and f3:

H*(T;Z) = Aga,B].

In general, the exterior algebra Ag[ay, ... ,a,] over a commutative ring R with
unit is defined as the free R-module with generators «;, - -y, for 44 < --- < iy
with associative and distributive multiplication defined by the rules

iy = —ayoy if i # j, and of = 0.

Setting A° = R, Ag[ay,...,a,] becomes a graded commutative ring with odd
degrees for the ;s and unit 1 € R.
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For the n-torus 7™ = St x --- x S, defined as the n-fold product of S!, we
then get

H*(T™Z) = Agla, . . . o).

Cohomology of projective spaces

The cohomology rings of projective spaces are truncated polynomial algebras:

Cohomology rings of RP" and CP"

e For every n > 1 and Fy-coefficients, we have an isomorphism of graded
rings

H*(RP™; Fy) =2 Fylx]/(2™), and H*(RP™;Fy) = Fy|x]

with |z| = 1.
e For every n > 1 and integral coefficients, we have an isomorphism of
graded rings

H*(CP™Z) = Z[y]/(y™*"), and H*(CP>;Z) = Z[y]
with |y| = 2.

The proof of this result requires some efforts. We will postpone its proof and
rather see some consequences of it.

Cup products detect more

Consider the wedge of spheres S? vV S*. We know that its homology is given
by

H.(S*Vv S§%7) = H,(S%7Z)® H,(S%,7).

In other words,

Z ifi=0,2,4
0 else.

H;(S*Vv S%7Z) = {

Hence the homologies of CP? and S? vV S* are the same. Since all the groups
are free, this also implies that the cohomology groups of the two spaces are the
same. Thus, neither homology nor cohomology groups can distinguish between
these two spaces.

The cup product, however, can.
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For, we know that the square of a generator in H"(S™;Z) is zero, since

H?"(S™:;Z) = 0. Thus
H*(S™ 7Z) = Z[t]/(t* = 0) with |t| = n,

and hence we have a generator s € H*(S? v $*;Z) with s* = 0 and a generator
t € H*(S? v S%Z) with £ = 0.

If there was an isomorphism of graded Z-algebras
H*(CP%7Z) = H*(S* Vv S*;7)

it would have to send the generator y € H?(CP?;Z) to the generator s € H?(S?V
54;Z). But y2 7& 0 in H4((CP2;Z)7 whereas s2 = 0 in H4(S2 Vi S4;Z).

Thus, such an isomorphism of graded rings cannot exist.

Thus, the cup product structures show that there does not exist a homotopy
equivalence between CP? and S? v S*, something our previous invariants could
not prove.

Hopf maps

As an important application of what we just learned, we consider the following
situation.

Many problems can be reduced to checking whether a map is null-homotopic,
i.e., homotopic to a constant map, or not.

Given a map f: X — Y, we can form the mapping cone Cy = CX Uy Y
(which we introduced in the exercises). It is the pushout of the diagram

X x{1} —CX

]

Yy —
If f is homotopic to a constant map, then the diagram is equivalent to the diagram

pt — CX/(X x {1})

| l

Yy —" LSXVY

where we use that C X /(X x {1}) is the suspension SX of X.
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Thus, if f is null-homotopic, then there is a homotopy equivalence

CfiSX\/Y

Let us look at an example. Let
n: S+ CP'~S% v [Cx]={\xcC?: \cC}
be the complex Hopf map which sends a point z € S® C C? to the complex

line in C? which passes through z.

This is exactly the map which attaches the 4-cell to CP! ~ S? in the cell
structure of CP?. The mapping cone C,, of  is CP?, since the cone of S? is just
D*:

CS* = (S* x[0,1])/(X x {0}) =~ D*
and hence
c,=0CSuy, S*~ D'y, S*~ D'U, CP' ~ CP?.

Now we use that we showed in the exercises that the suspension of S? is
homeomorphic to S*. Thus, if  was null-homotopic, then the argument above
would imply

CP*~C, = S*v S

But we just showed that such a homotopy equivalence cannot exits. Thus, n
is not null-homotopic.

More Hopf maps

Note that there is also a quaternionic Hopf map

v: ST — S,
and an octonionic Hopf map

o: 81— 88,
They are constructed in the same way as 1 by replacing C with the quater-
nions H and the octonions O, respectively. There are corresponding projec-
tive spaces HP” and OP" with HP! ~ S* and OP! ~ S®, and polynomial
rings as cohomology rings:

H*(HP* Z) = Z[2)/(?°), |2| = 4, and H*(OP% Z) = Z[w]/(w®), |w| = 8.
The homotopy classes of n, v and o

[1] € m3(S?), [V] € m(SY), [o] € ms(SY)
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play a crucial role in the stable homotopy category.

Is there a multiplication on R"?

For the next application, we are going to assume one more result, namely that
the cohomology ring of the product of RP™ x RP"™ is given

H*(RP" x RP™; Z/2) = Fyfan,00) /(a2 a3t

This implies the following algebraic fact:

Theorem: Multiplication on R"

Assume there is a R-bilinear map

p: R x R — R”
such that p(z,y) = 0 implies z = 0 or y = 0.
Then n must be a power of 2.

In fact, n must be 1, 2, 4 or 8. In all these dimensions we have such multipli-
cations by identifying

R?~=C, R~ H, R®* = 0.

But to show that there are no other such algebra structures on R” is a much
harder task. The only known proofs of this fact are using algebraic topology!
In fact, for showing this we need to study the famous Hopf Invariant One-
Problem. This is beyond the scope of this lecture. So let us be modest and just
prove the result stated above.

Proof: e Since p is linear in both variables, it induces a continuous map

fi: RP"1 x RP™! — RP" .

Then g induces a homomorphism of cohomology rings which has the form

it Folo /(@) = Folon,ae]/(af,a3).

e Since p does not have a zero-divisor, the restriction of 4 to R™ x {a} for
any a € R™ is an isomorphism. Hence the restriction of i to RP"! x {y} for any
point y € RP"~! is a homeomorphism.
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This implies that the composite
RP"' — RP"! x {y} < RP"! x RP* ! &5 Rp"!
is a homeomorphism as well. Hence the induced homomorphism of cohomology

rings must send « to a.

Repeating this argument for {y} x RP""! we see that the image of o under
1 must be

— %

fr(a) = aq + as.
Since both rings are polynomial algebras, ii* is completely determined by this
identity.

e Since a" = 0, we must have i*(a)” = 0, i.e.,
n
(o1 + )" = Z <k) afah ™ =0.
k

The sum on the right-hand side can only be zero if all the coefficients of the

monomials afaj~* vanish for 0 < k < n. Since we are working over Fy, this

means that all the numbers (Z) for 0 < k < n must be even.

To prove this fact is equivalent to proving the following claim about the poly-
nomial ring Fy[z]:
e Claim: In Fy[z], we have

(1+2)"=1+2" <= nis a power of 2.

First, if n is a power of 2, then the equation (a+b)? = a? +b* modulo 2 shows
the if part:

(1+2)* =(1+2%)"

1

=(1+22) " =--. =144 inFylz].

For the other direction, write n as

n = 2"m with m odd and m > 1.

Then
I4+z)"=0+2)*"=10+2")"=1+mz” +...+2" #1+ 2" in Fy[z]

since m is odd. OJ
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Poincaré duality and intersection form

We are going to meet an important class of topological spaces and study one of
their fundamental cohomological properties. This lecture will be short of proofs,
but rather aims to see an important theorem and structures at work.

Manifolds

We start with defining an important class of spaces.

Definition: Topological manifolds

A n-dimensional topological manifold is a Hausdorff space in which each
point has an open neighborhood which is homeomorphic to R"™.

In this lecture, the word manifold will always mean a topological manifold.

You know many examples of manifolds, most notably R™ itself, any open
subset of R", n-spheres S, tori, Klein bottle, projective spaces. Even though the
definition does not refer to this information, any manifold M can be embedded
in some RY for some large N (which depends on M).

Though it is a crucial point that N and n can and usually are different. For
example, S? is a subset of R3, but each point on S? has a neighborhood which
looks like a plane, i.e., is homeomorphic to R2.

221
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There are many reasons why manifolds are important. One of them is that
we understand and can study them locally, while they can be very complicated
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Poincaré duality

In this lecture, all homology and cohomology groups will be with Fo-coefficients.
Recall that there is a pairing

HE(X;Fy) ® Hy(X;Fo) b Ty
defined by evaluating a cocycle ¢ on a cycle ¢ which is an element in [Fy.

We are going to study the consequences of the following famous fact:
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Theorem: Poincaré duality mod 2

Let M be a compact topological manifold of dimension n. Then there
exists a unique class [M] € H,(M;TF,), called the fundamental class of
M, such that, for every p > 0, the pairing

HP(M;Fo) © H'P(M;Fy) S H(M; Fy) &M,

is perfect.

That the pairing is perfect means that the adjoint map

H?(XTF,) Sao— M) Hom(H"P(X;Fy),Fs), a+— (aU—,[M])

is an isomorphism.
Here are some first consequences of this theorem:

e Since cohomology vanishes in negative dimensions, we must have H?(X;Fy) =
0 for p > n as well.

e Since M is assumed to be compact, we know that mo(M), the set of
connected components of M, is finite. Moreover, we once showed that
H°(M;TFy) equals Map(mo(M),Fy). Hence we get

H™(M;Fy) = Hom(H®(M;Fy),Fy) = Hom(Map(mo(M),Fy),Fy) = Fy[mo(M)].

e A vector space admitting a perfect pairing is finite-dimensional. Hence
HP(M;F,) is finite-dimensional for all p.

There is a version of the Universal Coefficient Theorem with [Fy-coefficients.
Since [Fs is a field, it implies that there is an isomorphism

HOI’Il(Hn_p(M; FQ),FQ) = Hn_p(M,]Fg)

(Note that we formulated the UCT with the roles of homology and cohomology
reversed. But, since the map arose from the Kronecker pairing, we can also
produce the claimed version of the UCT. As mentioned in the intro to this lecture,
we rush through some points for the sake of telling a good story.)

Composition with the above pairing yields an isomorphism

HP(X;Fy) —— Hom(H™ P(M;F3) Fy) «—— H,_,(M:Fy).
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Definition: Poincaré duals

Homology and cohomology corresponding to each other under the dotted
isomorphism are said to be Poincare dual to each other.

Intersection pairing

Combining this isomorphism for different dimensions, we can write the cup
product pairing in cohomology as a pairing in homology (where we drop the
coefficients which are still Fy)

Hy(M)® Hy(M) —— H,,\ (M)

%l F

H"?(M)® H" (M) —— H*P=1()]).

The top map is called the intersection pairing in homology.
Here is how we should think about it:

o Let o € Hy(M) and 8 € Hy(M) be homology classes.
e Represent them, if possible, as the image of fundamental classes of sub-

manifolds of M. That means that there are submanifolds Y and Z in M
of dimensions p and ¢, respectively, such that

o = i,[Y] and B = j.[Z]

where i,.: H,(Y) = H,(M) and j,.: H,(Z) — H,(M) are the homomor-
phisms induced by the inclusions ¢: Y <— M and j: Z — M.

e Move them a bit if necessary to make them intersect transversally.

e Then their intersection is a submanifold of dimension p + ¢ — n and its
image will represent the homology class o M 3.

Let us look at an example:
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Example: Intersection on a torus

Let M =T? = S x S' be the two-dimensional torus. We know
Hl (M) = Fg(&,b)

with a? = 0 = b?, and H*(M) is generated by ab = ba.

The Poincaré duals a and 5 of a and b are represented by cycles which
wrap around one or the other factor circle of M.

The cycles a and 8 can be made to intersect in a single point. This reflects
the equation

(@Ub, [M]) = 1.

But this equation also tells us that @ and  can only be moved in such a
way that they intersect in an odd number of points.

The fact that a®> = 0 reflects that the fact that its Poincaré dual o can be
moved so as not to intersect itself.

Intersection form

Let us look at a particular case of Poincaré duality. Let us assume that M
is even-dimensional, say of dimension n = 2p. Then Poincaré duality implies
that we have a symmetric bilinear form on the Fo-vector space HP(M):

HP(M) ®=, HP(M) — H>(M) = F,.

As we just observed, this can be interpetred as a bilinear form on homology
H,(M). Evaluating this form can be viewed as describing (modulo 2) the number
of points where two p-cycles intersect, after they have been moved in general
position, i.e., a position where they intersect transversally.
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Definition: Intersection form

This form H,(M) ® H,(M) — F, is called intersection form and will be
denoted

a-f:={(aUb,[M])

where a and b are Poincaré dual to o and [, respectively.

Let us consider two examples:

o For the sphere S?, the first homology is trivial, and so is the intersection
form on S2.

e In the example of the torus, the intersection form can be described
in terms of the basis a and [ by the matrix (since any such form looks

like (v,w) — vT Hw)
01
H = (1 0) .

Such a form is called hyperbolic.

Apparently, it would good to know a bit more about such forms. We are
going to review what we need to know about them now and then get back to the
application in topology in the next lecture.

A digression on symmetric bilinear forms
We need to have a brief look at such forms.

So let V' be a finite-dimensional vector space over Fy together with a nonde-
generate symmetric bilinear form. Such a form restricts to any subspace W of V|
but the restricted form may be degenerate. But any subspace has an orthogonal
complement

WH={veV:v-w=0foralweW}.

Then we have the following lemma:

Lemma

The restriction of a nondegenerate symmetric bilinear form on V' to a sub-
space W is nondegenerate if and only if W N W+ = 0.
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In this case, the restriction to W+ is also nondegenerate and the splitting
VeWweWw"

respects the forms.

We can use this lemma to inductively decompose all finite-dimensional sym-
metric bilinear forms:

o If there is a vector v € V with v -v = 1, then it generates a nondegen-
erate subspace, i.e., a subspace on which the restriction of the form is
nondegenerate, and

V= (v)®(v)"
where (v) denotes the subspace generated by v.

o Continue to split off one-dimensional subspaces until we reach a nonde-
generate symmetric bilinear form such that v - v = 0 for all vectors.

e Unless we ended up with zero space, we can pick a nonzero vector v.
Since the form is nondegenerate, there must be a vector w such that
vew = 1.

e The two vectors v and w generate a hyperbolic subspace, i.e., one on
which the form is represented by the matrix

01
H— (1 O) .
e Split this space off, and continue the process.

This procedure shows:

Proposition: Classification of nondegenerate forms

Any finite-dimensional nondegenerate symmetric bilinear form over Fy splits
as an orthogonal sum of forms with matrices

I=(1)andH:<(1) (1)>

We are going to continue the study of forms and get back to topology in the
next lecture.
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Classification of surfaces

We will first continue the study of bilinear forms, and then use this knowl-
dege to classify all compact connected surfaces, i.e., compact connected two-
dimensional manifolds. Then we are going to contemplate a bit more on Poincaré
duality. In this lecture, all vector spaces, homology and cohomology groups will
be over Fs.

The monoid of nondegenerate symmetric bilinear forms

Last time we showed:

Proposition: Classification of nondegenerate forms

Any finite-dimensional nondegenerate symmetric bilinear form over Fy splits
as an orthogonal sum of forms with matrices

I=(1)andH:<(1) (1)>

Now let Bil be the set of isomorphism classes of nondegenerate symmetric
bilinear forms over Fy. This is a commutative monoid under the operation of
taking orthogonal direct sums (that means it is like a group except that there no
inverses).

Since any such form corresponds to a matrix, we can identify Bil also with the
set of invertible symmetric matrices modulo the equivalence relation
of similarity:

e Two matrices A and B are called similar, denoted A ~ B, if B = PAPT
for some invertible matrix P.

e Every form corresponds to a matrix A determined by v - w = vT Aw.

e Assume we have given two vector spaces V; and V5 with nondegenerate
symmetric bilinear forms which are represented by matrices A; and As,

229
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respectively. Then there is an isomorphism ¢: V = W such that
p(v-vw) =p) we(w),

if and only if A; and A, are similar.

Hence, in order to understand Bil we can aim to understand invertible ma-
trices modulo similarity. Here is a crucial fact:

Lemma

Over Fy we have the similarity

010 1 00
1 00]~10T10
0 01 0 01

Proof: The assertion is equivalent to saying there is an invertible matrix P
such that

1
This is the case for P = | 1
1

over Fy. QED

Since neither n/ nor mH are similar to other matrices, I + H = 31 is the only
relation. As a consequence we get:

Bilinear forms via generators and relations

The commutative monoid Bil is generated by I and H modulo the relation
I+ H=3I.

Now we are going to apply this knowledge to the intersection form.

Intersection form

Let us look at a particular case of Poincaré duality. Let us assume that M is
even-dimensional, say of dimension n = 2p. Then Poincaré duality defines a a
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symmetric bilinear form on the Fy-vector space H?(M):

HP(M) ®p, HP(M) — HP(M).

As we observed last time, this can be interpetred as a bilinear form on ho-
mology H,(M). Recall that evaluating this form can be viewed as describing
(modulo 2) the number of points where two p-cycles intersect, after they have
been moved in general position, i.e., a position where they intersect transversally.

Intersection form

For a compact manifold of dimension n = 2p, the intersection pairing
Hy(M;F3) ® Hy(M;Fs) = Fa, - = (aUb, [M])

defines a nondegenerate symmetric bilinear form on H,(M;F,), called the
intersection form. Here a and b are Poincaré dual to a and 3, respectively.

e We have seen the example of the torus for which the intersection form
is hyperbolic, i.e., can be described in terms of the basis o and 3 by
the matrix

o For another example, take M = RP?. We know H,;(RP?) = F,. More-
over, RP? can be viewed as a Mobius band with a disk glued along
the boundary. On the Mobius band, there is a nontrivial intersection.
Hence the intersection form is nontrivial and therefore given by /
according to our classification, since on a one-dimensional space there
are only two options. As a consequence we see that in whatever way
we try to move the boundary of the Mobius band in RP?, it will always
intersect itself in an odd number of points.
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Note that the open Mobius band itself is a two-dimensional manifold, but
it is not compact. While the closed Mobius is compact, it is not a manifold
according to the definition we stated last time. Though it is a manifold with
boundary. The story is different if we allow boundaries.

Connected sums

There is an interesting geometric operation on manifolds which produces
new ones out of old:

Given two compact connected manifolds M; and M, both of dimension n.
Then we can

e cut out a small open n-dimensional disk D" of each one, and

o sew them together along the resulting boundary spheres S"71, i.e., iden-
tify the boundaries via a homeomorphism.

e The resulting space is called the connected sum of M; and M, and
is denoted by Mi;#M;. Note M;#M, is a connected compact n-
dimensional manifold.

Let us see two examples:

o There is not much happening if we take S?#5S? as it is homeomorphic
to S%:
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o But we get a new surface for T?#712:

# - —0

Lemma: Homology of connected sums

There is an isomorphism

Proof: We start with the pair (M;#M,, S '). Since M, and M, are man-
ifolds of dimension n, there is an open neighborhood around S™! in M;# M,
which retracts onto S"~!. Thus, by a result we showed some time ago when we
discussed cell complexes and wedge sums, we know

H (My#M,y, S™™Y) = H (M#M,)/S" ! pt) = H, (M V M,).

Now we consider the long exact sequence of the pair (M#M,, S*™1):
e — IjIZ-(S"_l) — HZ(Ml#M2> — Hi(Ml#MQ, Sn_l) — f{i_l(sn—l) —

Since only H,_1(S"") is nonzero, we deduce

.EIZ(Ml#MQ) = Hi(Ml#MQ, Sn_l) = .EI*(Ml V Mg) forall s <n —1.

Hence, for 0 <7 < n — 1, we have

Hy(My#My) = H;(M,) © Hi(My).

The remaining part of the long exact sequence is then

0— Hn(Ml#MQ) — Hn(Ml V Mg) — Hn_l(Sn_l) — Hn_l(Ml#M2> — Hn—l(Ml V MQ) —0
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where the zeros on both ends are explained by the vanishing of the corresponding
homologies of S 1.

Since fundamental classes are natural, the map
(30) H,(My) & Hy(My) = Hy(My V My) — H,_1(S™Y)

sends the fundamental classes of both M; and M5 to the fundamental class of
Sn~1. Thus, this map is surjective and we deduce from the exactness of the
sequence that

Hy, (M #My) = H, (M) @ H,—1(Ms).

We also see that H, (M;#Ms) is the kernel of the map in (30).
QED

Lemma: Connected sums and intersction forms

Assume both M; and M, are of dimension n = 2p. Then the isomorphism
Hp(Ml#M2) i Hp(Ml) ® Hp(M2)

is compatible with the intersection form.

Proof: Fundamental classes are natural in the sense that the homomorphism
H,(My#Ms) = Hy (My vV M) = Hy(My) @ H,(My), [My#My] — [My] + [My)

sends the fundamental class of [M;#M,] to the sum of the fundamental classes
of M1 and MQ.

Moreover, the cup product is natural so that we get a commutative diagram

(= [M1#Ma])

H? (My# M) @ HP(My#My) ———— H? (M #M,) T,
HP(M) ® HP(My) & HP(My) @ HP(Ms) —2s HZ (M) @ H2(My) — MDD

Now it remains to translate this into the intersection pairing in homology which
proves the claim. QED

Classification of surfaces

Motivated by the examples of the torus and real projective plane we are going
to focus now on the case n = 2, i.e., two-dimensional manifolds which we are
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going to call surfaces. In fact, we are going to study compact surfaces. In
this case we have an intersection form on Hy(M).

We write Surf for the set of homeomorphism classes of compact con-
nected surfaces. The connected sum operation provides it with the structure
of a commutative monoid. The neutral element being S?, since S?#X ~ X

for any surface X.
) ~
"

There is the following important result:

Theorem: Classification of surfaces

Associating the intersection form to a surface defines an isomorphism of
commutative monoids

(a3

Surf — Bil.

This theorem is great because it gives us a complete algebraic classifi-
cation of a class of geometric objects. This is one reason why algebraic
topology is so useful.

Actually, we are not finished with proving the theorem yet. Our examples
show us that T2 corresponds to H and RP? corresponds to I. And S? is sent to
the neutral element.

It remains to show the relation (and that this is the only relation)
(31) T?#RP? =2 RP2#RP>#RP?2.

One way to do this is to triangulate the surfaces involved. This requires
too much geometric thinking for us today.

Instead, we make the following observation. We have not defined an ori-
entation, but assuming we know what that means it is a surprising fact that
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even though we never assumed anything about orientations and worked with
Fy-coefficients, the theorem tells us what the orientable surfaces look like.

For, the orientable surfaces correspond to the forms gH where g is the
genus of the surface. This follows from the facts that T is orientable whereas
RP? is not.

In other words, any compact connected orientable surface X of genus g is
homeomorphic to the connected sum of g tori

Y T2 H#T
Since S? is also an orientable surface, we allow g = 0 for this case too.
The real projective plane is not orientable. Therefore, any surface which is
homeomorphic to a connected sum of at least one copy of RP? is not orientable.

In fact, the classification theorem and the relation (31) tell us that such a surface
is actually homeomorphic to a connected sum of copies of just RP?s.

Quadratic refinement and the Kervaire invariant

Recall that away from characteristic 2 there is a bijection between quadratic
forms and symmetric bilinear forms. However, since we are working over
F5, we can ask whether there is a quadratic refinement ¢ of the intersection
form such that

q(z +y) = q() +q(y) + = - y.
For such a refinement to exist requires = -x = 0 for all x € Hy(M;Fs), since
0=q2z)=q(z)+qz)+2z - z=2- 2

Hence we can only expect such a refinement on a sum of tori, i.e., on an
orientable surface.

The existence of a quadratic refinement is an additional structure associated
with the intersection form. Geometrically, it corresponds to a trivialization
of the normal bundle of an embedding into an RY for some N sufficiently
large. Such a trivialization is called a framing. There is an invariant
for quadratic forms in characteristic two, called the Arf invariant. In the
case of a surface, or more generally a manifold of dimension 4k +2 (the only
dimension where interesting things happen for this invariant), this invariant
is called the Kervaire invariant. This invariant is a measure for if we can
do certain surgery manoeuvres on a manifold or not. Kervaire and Milnor
used this invariant to study the differentiable structures on spheres.

But there were certain dimensions they could not completely explain. To
settle the missing dimensions remained an open problem for about 60 years
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until Mike Hill, Mike Hopkins, and Douglas Ravenel finally solved the
mystery (almost completely as there is one dimension left, it is 126) in a
groundbreaking work in 2009 (published in 2016) using highly sophisticated
methods in equivariant stable homotopy theory.
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More on Poincaré duality

We continue our discussion of Poincaré duality. First we see two applications
of the theorem with F, coefficients. Then we will discuss what we need to do
for other coefficients. This will lead to an important concept, orientations of
manifolds, and an important algebraic structure, the cap product.

Dualities reflect fundamental properties

Poincaré duality is extremely interesting, since it reflects a deep symmetry
in the homology and cohomology groups on manifolds. For, the cohomology
in dimension p determines the homology in dimension n—p. This symmetry
has many consequences which make the study of manifolds particularly
interesting.

Duality theorems arise in many areas of mathematics and always reflect
deep and interesting structures.

We start with an application of Poincaré duality modulo 2.

Applications of Poincaré duality with Fs-coefficients

Recall the important theorem:

Theorem: Poincaré duality mod 2

Let M be a connected compact manifold of dimension n. Then there
exists a unique class [M] € H,(M;TF,), called the fundamental class of
M, such that, for every p > 0, the pairing

HP(M;Fy) @ H" P(M;Fy) = H"(M;Fs)

is perfect.

(=[M]) F,

239
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Since real projective space is a compact connected n-dimensional manifold,
Poincaré duality applies. And, in fact, we can use this result to deduce the algebra
structure on the cohomology of real projective space:

Corollary: Cohomology of RP”

Let = be the nonzero element in H'(RP";F,). Then x* is the nonzero
element of H*(RP";[Fy) for k =2,...,n.
Thus H*(RP™; Fy) is the truncated polynomial algebra

H*(RP"; F2) = Fa[z]/(2™)

generated by x in degree 1 and truncated by setting 2" = 0.
Moreover, H*(RP>;F,) is a polynomial algebra

H*(RP"; Fy) = Fo[z]
generated by z in degree 1.

Proof: The proof is by induction on n.

By the construction of the cell structure on RP", we know that the inclusion
ji: RP* < RP**! is a map of cell complexes which induces an isomorphism

H'(RP*:F,) = H'(RP*:F,) for all i = 0,... k,
which sends the nonzero element z € H'(RP*;Fy) to the nonzero element in

H'(RP**!:TFy) which we therefore also denote by .

Hence, assuming z* is the nonzero element in H*(RP*;F,), it suffices to show
that = U 2" is nonzero in H*™(RP 1, F,).

By Poincaré duality, the pairing

_ kE+1
H'(RP*;Fy) @ HY(RPFLF,y) S B (RPFF,) S D,

is perfect. Since z and z* are nonzero by assumption, this implies x U 2¥ = x#+!

is nonzero as well.

For RP", we know that H'(RP" Fy) = 0 for i > n, since there are no cells in
dimensions bigger than n. Thus 2" = 0.

For RP* we just continue the induction process. 0

As an application of this calculation, we are going to prove another famous
theorem, the Borsuk-Ulam Theorem.
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Lemma

Let f: RP™ — RP"™ be a continuous map which induces a nontrivial map
f* 7& 0: Hl(RPm,Fg) — Hl(RPn,Fg)
Then m < n.

Proof: Since H'(X;Fy) = Hom(H,(X;F,)), the assumption implies that the
induced map in cohomology

f HI(RP";FQ) — HI(RPm;Fg)
is nontrivial as well.

Let x # 0 be the nonzero element in H'(RP™;Fy). Then f*(x) # 0 is nonzero
in H'(RP™;F,). By the calculation of the H*(RP™;F,), we have

07 (f(x)™ = f*(«™).

Thus, ™ # 0 in H™(RP"; Fy) which implies m < n. O

Lemma: Paths between antipodal points

Let p € S™ and let o: A' — S™ be a 1-simplex on S” which connects p and
its antipodal point —p in S™, i.e., o(eg) = p and o(e1) = —p. Let

m: 8" — RP"
be the quotient map.

Then 7,(0) = moo is a cycle on RP" which represents a nonzero element
in H1 (RP”, Fz)

Proof: First, that 7.(c) is a cycle on RP" just follows from the fact

[m(o(e0))] = [=m(0(eo))] = [m(a(e1))] in RP™.

It remains to show that it is not a boundary.
Recall that there is a cell structure on S™ with skeleta
Scstccsmtcsm
By symmetry, we can assume that p and —p are the points of S°.

e For n = 1, we have a homeomorphism RP! ~ S* (for example, one could
use the stereographic projection). Since o connects p and —p on S, there is an
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integer k such that o walks around S (k + 1/2)-many times. Thus 7, (o) walks
around RP! (2k + 1)-many times, i.e., an odd number of times.

Now recall that we showed
Z = Hy(S%7Z), m (2 2™)

where we use the identification 7(S') = H,(S';Z) that we showed in the ex-
ercises. This implies that with Fa-coefficients, even numbers correspond to 0 in
H,(RP';Fy) and odd numbers correspond to the nonzero element in H; (RP?; Fy).

Thus, the image of 7, (o) in H;(RP';F,) is nonzero.

e For n > 1, we first choose a path 7 on S* C S™ which connects p and —p on
St. By the previous case, we know [1,(7)] # 0 in H;(RP';Fy). The inclusion
map RP! < RP" induces an isomorphism

(a3

H,(RPY; Fy) = H,(RP™;F,).

Hence [m.(7)] # 0 in H;(RP™;Fy) as well.

But for n > 1, the difference 0 — 7 is a boundary, since it is homotopic to a
constant map. This implies

[1.(0)] = [me(7)] # 0 in H (RP™;TFy).

Lemma: No antipodal maps

For any n, there is no continuous map f: S"*! — S™ with
f(=p) = —f(p) for all p € S™*1.

Proof: Assume there was such a map f. Since f(—p) = f(—p) for all p, f
induces a map

f: RP" — RP"
which fits into a commutative diagram

Sn+1 f Sn

7.‘.77,4—1 J J/ﬂ.n

RP"*! T) RP".
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Now we take take a 1-simplex o which connects two antipodal points on S
Its image f.(0) = f oo is then a 1-simplex which connects two antipodal points

on S™, since f(—p) = f(—p).
By the previous lemma, 77(f.(0)) # 0 in H;(RP™;Fy). Thus
fo@i (o)) = m(ful0) # 0.
In other words,
fo #0: H(RP"™;Fy) — H(RP™;F,)

is nontrivial. By the other lemma, this is not possible. Hence f cannot exist.
O

The Borsuk-Ulam Theorem

Let g: S™ — R"™ be a continuous map. Then there is a pOil’lt pE S™ with
g

Proof: If there is no such point, we can define a continuous map

. gn Sn—l g<p> _g(_p) ‘
AR 9(p) — 9(=p)|
But this map satisfies
f(=p)=—F(p)

This contradicts the previous lemma. O
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Orientation and fundamental classes

We now leave the world of Fo-coefficients and contemplate on what we need
for a Poincaré duality theorem with other coefficients. Since we will only sketch
the main ideas anyway, we will just look at Z-coefficients.

We start with the following observation on the homology groups of a manifold
at a point:

Lemma: Local homology on manifolds

Let M be an n-dimensional topological manifold. For any point x € M,
there is an isomorphism

Hn(M7M — {I},Z) =Z.
and H;(M,M — {z}; R) = 0 for all i # n.

Proof: Since M is a manifold, there is an open neighborhood U around x in
M such that U =2 R". We set Z = M — U and apply excision to get

H,(M,M —{z};72) = H(M — Z,(M — {z}) — Z);Z) (by excision)
= H,(UU — {z};Z)
= H;(R"R" —{0};Z)
= H, 1(R" — {0};Z) (by homotopy invariance and long ex. seq.)
=~ H; 1(5" % Z) (by homotopy invariance).
This implies
Z iti=mn

Hi(MAM = {z}:7) = {0 else.

Local orientation

The group H,(M,M — {z};Z) is often called the local homology of M
at z. It is an infinite cyclic group and therefore has two generators.

A choice of a generator p, € H,(M,M — {z};Z) is a local orientation of
M at x.

For every point x € M, we can choose such a generator. Note that such a
choice was not necessary in sy, since there is only one generator. That makes
Fy-coefficients quite special.
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The natural question is how all these choices are related. In other words,
is it possible to choose these generators in a compatible way?

More precisely, let x and y be two points in M which both lie in some subset
U C M. The inclusions i,: {z} — M and i,: {y} — M induce maps

Ho(M, M — {&};Z) = H,(M, M — U; Z) —“ Ho(M, M — {y}: 7).

A class uy € H,(M,M — U;Z) which maps to generators in H, (M, M —
{z};Z) and H,(M,M — {y};Z). Such an py would define local orientations
P = G (pr) and py, := 4. (1) at x and y, respectively. We call such an element
py a fundamental class at U.

Around every point in M there is a little neighborhood U with a fundamental
class at U. The crucial question is: how large can we choose such a U? Ideally,
we would like to be able to choose U = M such that H,(M,M — U) = H,(M).

Unfortunately, this is not always possible. This leads to an important concept:

Orientations

Let M be a compact connected n-dimensional manifold.
e An orientation of M is a function x — p,, where p, € H,(M, M —
{x};Z) is a generator, which satisfies the following condition:

At any point x € M, there is a neighborhood U around x and
an element py € H,(M, M — U;Z) such that i,.(uy) = p, for all
yeU.

o If such an orientation exists, we say that M is orientable.

If M is orientable, then there are exactly two orientations. If M is ori-
entable, and we have chosen an orientation, then we say that M is oriented.

We can reformulate this in terms of a particular class in homology, the funda-
mental class. The following statement is both a definition and proposition. We
skip the proof, since we only have time for a rough sketch of the story.

Fundamental classes and orientability

Let M be a compact connected n-dimensional manifold.
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o A fundamental class of M is an element p € H,(M;Z) such that,
for every point x € M, the image of  under the map
Hy(M;Z) — Hy(M,M — {z};Z)

induced by the inclusion (M, () < (M, M — {z}) is a generator.
o M is orientable if and only if M has a fundamental class.
¢ M is orientable if and only if H,,(M;Z) = Z.

For example, RP?" is not orientable, since Hy,(RP?**;Z) = 0. Whereas
RP?" ! is orientable with Ha,(RP*" " 7Z) = Z.

Spheres and tori are orientable. The Klein bottle is not orientable.

The cap product

There is another type of product that has elements in both cohomology and
homology and has a homology class as output. Actually, there are several other
such products. But that is a story for another day.

Cap products are defined for arbitrary spaces. So we leave the world of man-
ifolds for a moment and get back to it afterwards. Again we only discuss Z-
coefficients, but everything works for any ring R as coefficients.

Definition: Cap product

Let X be any space. The cap product is defined to be the Z-bilinear map
59(X) % 5,(X) = Sp-g(X)

defined by sending a g-cochain ¢ € S?(X) and a p-simplex o: AP — X to
the p — ¢-chain

If p < q, then the cap product is defined to be 0.

After checking the relation
IpNo)=pn(do)

we see that the cap product descends to a Z-linear map on cohomology and
homology

n

HY(X)® Hy(X) D H, ,(X).
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Given a continuous map f: X — Y, there is the following formula which
expresses the naturality of the cap product:

N fulo) = fu(ffeno).

The cap product is important for us, since (one form of) Poincaré duality can
be formulated by saying that the cap product with the fundamental class is an
isomorphism:

Poincaré duality

Let M be a compact n-dimensional oriented manifold. Let [M] € H,(M;Z)
be its fundamental class. Then taking the cap product with [M] yields an
isomorphism

D: HP(M;Z) 5 H,_,(M;Z), ¢ — @ [M].

Note that there are many different ways to formulate Poincaré duality. In
particular, there is also the stronger statement in terms of perfect pairings on
cohomology groups that we have seen in the mod 2-case.

The idea of the proof of this theorem is to study the case of open subsets of
R"” first. Then we use that every point in M has an open neighborhood which is
homeomorphic to an open subset in R”. Since M is compact, we only need to take
finitely many such open neighborhoods to cover M. The Mayer-Vietoris sequence
then allows to patch the overlapping open subsets together. Unfortunately, there
are some technical difficulties to take care of along the way, e.g., that certain
diagrams actually commute.






[1]

Bibliography

Christian Baer, Algebraic Topology, Lecture Notes, Universitit Potsdam, Winter Term
2016/17.

Glen E. Bredon, Topology and geometry, Graduate Texts in Mathematics, vol. 139,
Springer-Verlag, New York, 1993. MR1224675

William Fulton, Algebraic topology, Graduate Texts in Mathematics, vol. 153, Springer-
Verlag, New York, 1995. A first course. MR1343250

Allen Hatcher, Algebraic topology, Cambridge University Press, Cambridge, 2002.
MR1867354

J. P. May, A concise course in algebraic topology, Chicago Lectures in Mathematics, Uni-
versity of Chicago Press, Chicago, IL, 1999. MR1702278

Haynes Miller, Lectures on Algebraic Topology, Lecture Notes, MIT, Fall 2016.

John W. Milnor and James D. Stasheff, Characteristic classes, Princeton University Press,
Princeton, N. J.; University of Tokyo Press, Tokyo, 1974. Annals of Mathematics Studies,
No. 76. MR0440554

James R. Munkres, Topology, Prentice Hall, Inc., Upper Saddle River, NJ, 2000. Second
edition of [ MR0464128]. MR3728284

, Elements of algebraic topology, Addison-Wesley Publishing Company, Menlo Park,
CA, 1984. MR755006

Christoph Schweigert, Algebraic Topology, Lecture Notes, Universitdt Hamburg, Summer
Term 2016.

James W. Vick, Homology theory, 2nd ed., Graduate Texts in Mathematics, vol. 145,
Springer-Verlag, New York, 1994. An introduction to algebraic topology. MR1254439

249






APPENDIX A

Exercises

1. Exercises after Lecture 2

Let f: X — Y be a continuous map between topological spaces X and
Y.
a) Let K C X be compact. Show that f(K) C Y is compact.
b) Give an example of a map f and a compact subset K C Y such
that f~!1(K) C X is not compact.

Draw a picture of S? as a cell complex with six 0-cells, twelve 1-cells and
eight 2-cells.

Show that the stereographic projection

iy y7#1

¢: ST = R U {oo}, (z,y) »—>{
oo y=1

defines a homeomorphism from S! to the one-point compactification R =
R U {o0} of R.

a) Let X and Y be topological spaces. Show that homotopy defines an
equivalence relation on the set C'(X,Y") of continuous maps X — Y.
b) Show that being homotopy equivalent defines an equivalence relation

on topological spaces.

a) Show that S! is a strong deformation retract of D?\ {0}.
b) Show that D?\ {0} is not contractible.

251
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2. Exercises after Lecture 6

Let f € C((X,A),(Y,B)) be a map of pairs.

a) Show that, for every n > 0, f induces a homomorphism H,(X,A) —
H,(Y,B).

b) Show that the connecting homomorphisms fit into a commuative
diagram

Hy(x,A) —P s f (v.B)

0| |

H, (A H,_1(B).
1 )m 1(B)

Let X be a nonempty topological space. Recall that if w is a path on

X, i.e., a continuous map w: [0,1] — X, then we define an associated
1-simplex o, by

O'w(to,tl) = W(l — to) = W(t1> for t() + tl = 1,0 S to,tl S 1.
a) Show that if w is a constant path, then o, is a boundary.

b) Let 7, and -, be paths in X, and let 7 := ~; % 75 be the path given
by first walking along +; and then walking along 7, i.e., the map

71(2t) for 0 <

t <
=7 *x7: 0,1 = X t— -

Show that the 1-chain o, — 0,, — 0, is a boundary.

(0§

1
?

|
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For the next two exercises, recall that, given a topological space X and a
subspace A C X, A is called a retract of X if there is a retraction p: X — A,
i.e., a continuous map p: X — A with p4 = id4. Moreover, we can consider p

also as a map X — X via the inclusion X & A C X. If p is then in addition
homotopic to the identity of X, then A is called a deformation retract of X.

For every n > 2, show that S"! is not a deformation retract of the unit
disk D™

Show that if A is a retract of X then the map H,(i): H,(A) — H,(X)
induced by the inclusion 7: A C X is injective.

In this bonus exercise we show that the additivity axiom is needed only
for infinite disjoint unions:
For two topological spaces X and Y, letix: X — XUY andiy: Y —
X LY be the inclusions into the disjoint union of X and Y. Without
referring to the additivity axiom show that the remaining Eilenberg-
Steenrod axioms imply that the induced map

H,(ix) ® H,(iy): Hy(X)® H,(Y) = Hy(X UY)

is an isomorphism for every n. (Hint: You may want to apply the long
exact sequence and excision with U = X C X UY".)
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3. Exercises after Lecture 7

Recall the definition from Lecture 7: For n > 1, let f: S™ — S™ be a con-

tinuous map. The degree of f, denoted by deg(f), is the integer determined by
H,(f)([o]) = deg(f) - [0] for a generator [o] € H,(S™) = Z.
Since we know H, (D" S") = Z, we can apply the same definition also to
selfmaps of the pair (D", S"): Let f: (D", S™) — (D™ S™) be a continuous
map of pairs. The degree of f, again denoted by deg(f), is the integer determined
by H,.1(f)([o]) = deg(f) - [o] for a generator [o] € H,, (D", S™) 2 Z.

Show that the degree has the following properties:

a) The identity has degree 1, i.e., deg(id) = 1.

b) The degree of a constant map is 0.

c) If f,g: S* — S™ are two continuous maps, then deg(f o g) =
deg(f) deg(g).

d) If fo and f; are homotopic, then deg(fy) = deg(f1).

e) If f: 5™ — S™ is a homotopy equivalence, then deg(f) = +1.

f) For f: (D"*!,5") — (D™*1,5™), let fis» denote the restriction of f
to S". Then deg(f) = deg(fis»)-

Let a: S™ — S™ be the antipodal map, i.e.,
a: (To,x1,...,xn) = (—To, — T1,..., — Tp).

a) Show deg(a) = (—1)"*1.
(Hint: Use the result from Lecture 7 on the degree of a reflection.)
b) For n even, show that the antipodal map is not homotopic to the
identity on S™.
(Hint: Use what you have just learned in the previous exercises.)

a) If f: S™ — S™ is a continuous map without fized points, i.e., f(x) #

x for all z € S™, then deg(f) = (—1)""1.
(Hint: Show that f is homotopic to the antipodal map.)

b) If f: S™ — S™is a continuous map without an antipodal point, i.e.,
f(x) # —x for all z € S”, then deg(f) = 1.
(Hint: Show that f is homotopic to the identity map.)

c) If niseven and f: S™ — S™ is any continuous map, show that there
is a point z € S™ with f(x) = +x.
(Hint: Apply the previous observations.)
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A wvector field on S™ is a continuous map v: S™ — R"* with = L v(x) for all
x € S™ (x and v(z) are orthogonal to each other).

Prove the following theorem: The n-dimensional sphere S™ admits a
vector field v without zeros, i.e., v(x) # 0 for all x € S™, if and only if n
is odd.

In particular, every vector field on S? must have a zero. This is often
rephrased as: you cannot comb a hairy ball without leaving a bald spot.

(Hint: If n even, show that the assumption v(z) # 0 would allow to
define a homotopy between the identity and the antipodal map. When
you write down the homotopy make sure the image lies on S™.)
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EXERCISES

4. Exercises after Lecture 9

Let X be a space, A C X be a subspace and j: (X,0) — (X,A) be the
inclusion map. Suppose A is contractible.

a) Show that the natural homomorphism H,(j): H,(X) — H,(X,A)
is an isomorphism for all n > 2.

b) Show that H,(j) is an isomorphism for all n > 1 if A and X are
path-connected.

c) Forn > 1, let p € S™ be a point. Show that S™\ {p} is contractible.

d) For two distinct points py, ps € S™, is S™ \ {p1,p2} contractible?

Let f: S — S™ be a continuous map. If f is not surjective, then
deg(f) = 0.

Our goal in this exercise is to construct a surjective map f: S — S!
with deg(f) = 0.
a) Start with a map

g: St — St e e.iis %f s € 0.7)
e if s € [m2m).
Show that g has degree 0.
b) Compose g with a another map such that the composition becomes
a surjective map f: S* — S of degree 0.

Let f: S™ — S™ be a continuous map with deg(f) = 0. Show that there
must exist points x,y € S™ with f(z) = z and f(y) = —y.

With this exercise we would like to refresh our memory on real projective
spaces and connect it to questions on the existence of fixed points.
Recall from Lecture 2 that the real projective space RP¥ is defined
to be the quotient of R¥*1\ {0} under the equivalence relation x ~ Az
for A € R\ {0}. The topology on RP* is the quotient topology.
a) Show that any invertible R-linear map F': R¥*1 — RF*L induces a
continuous map f: RP* — RP*.
b) Show that for any invertible R-linear map F': R¥! — RF+! with an
eigenvector, the induced map f: RP* — RP* has a fixed point.
¢) Show that any continuous map f: RP?** — RP?" that is induced by
an invertible R-linear map F: R?"*1 — R?"+! has a fixed point.
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d) Show that there are continuous maps f: RP**~! — RP?"~! without
fixed points.

@ Let p(z) = 2" + ap_12" ' + -+ + a1z + ap be a polynomial of degree
n > 1 with coefficients in C. The goal of this exercise is to prove the
Fundamental Theorem Algebra, i.e., we would like to show that there is
a z € C with p(z) = 0.

We are going to show this as wollows:
Consider p as a map C — C. Then
we can define a new map

pz)
Ip(2)|

We are going to show that this assumption leads to a
a) Show that p is homotopic to a constant map. What is the degree of
p?
b) Show that the map

p: St =S 2

H:S'x (0,1] = S, (2,t) = ——1L=

can be continuously extended to a map S* x[0,1], i.e., analyze H(z,t)
for t — 0. What is the degree of p?
c) Deduce that p must have a root, i.e., there must be a z € C with

p(z) = 0.

In this exercise we continue our study of the Fundamental Theorem Al-
gebra. Our goal is to connect the degree and the multiplicity of a root
of a polynomial.

a) Let f: S' — S! be a continuous map. Show that if f can be ex-
tended to a map on D?, i.e., if there is a continuous map F': D? — S*
such that Fig1 = f, then deg(f) = 0.

Now let p(z) = 2™ + ap_12" ' + -+ + a1z + ag be a polynomial of
degree n > 1 with coefficients in C.

b) Assume that p has no root z with |z| < 1. Then we can define the

map

p: St =8t 2

Show that the degree of p is 0.
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c) Assume that p has exactly one root zp with |z9| < 1 and no root z
with |z| = 1. Then we can define the map

z
p: St —= Stz p(2) .
p(2)]
Show that the degree of p equals the multiplicity of the root zp,
i.e., deg(p) = m where m > 0 is the unique number such that

p(z) = (2 — 20)™q(2) with g(z) # 0.

Finally, we switch perspectives a bit. We know that the polynomial p
satisfies lim|,_,| [p(2)| = 0o. Hence we can extend the map p: C — C to
amap p: S? — S? where we think of S? as the one-point-compactification
of C = R2. We are going to use the following fact: Let f,,: S? — S2%, 2 —
z™. The effect of Hy(f,,) as a selfmap of Hy(S?) and as a selfmap of
H,(S5%,52\ {0}) is given by multiplication by m.

d) Let z; be a root of p. Show that the local degree deg(p|z;) of p at z;
is equal to the multiplicity of z; as a root of p.
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5. Exercises on the Hurewicz map

This will be a guided tour to the fundamental group and the Hurewicz ho-
momorphism. You can read about this topic in almost every textbook. But you
could also take the time to solve the following exercises and enjoy the fun of
developing the maths on your own.

Note that we already seen some of the following problems in previous exercises.
But feel free to do them again. :)

We fix the following notation:

Let X be a nonempty topological space and let xy be a point in X. We write
I = [0,1] for the unit interval and 01 = {0,1}.

We denote by

Q(X,0) = {7 € C(([0,1],X) : 7(0) = 2o = 7(1)}

the set of continuous loops based at x.

We are going to call two loops v; and v, based at xy are homotopic relative
to OI if there is a continuous map

h(s,0)
h: [0,1] x [0,1] — X wich satisfies { h(s,1) = y»(s) for all s
h(0,t) = zo = h(1,t) for all t.

7 (s) for all s

On this exercise set, we will always use the word loop to denote a loop based

at g and say that two loops are homotopic when they are homotopic relative to
ol.

Let v; and 2 be two loops based at xy. We define the loop ~; * 75 to be
the loop given by first walking along +; and then walking along v, with doubled
speed, i.e., the map

71(25) for 0 <s

<1
>3
712(2s — 1) for%ﬁsgl.

Y1 %k Ve [0,1]—>X75t—>{

Our first goal is to prove the following theorem:
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The fundamental group

The set of equivalence classes of loops modulo homotopy
T (X,x0) == QX ,20)/ ~
becomes a group with group operation

(1] - [v2] = [ * 2l

The class of the constant loop €, is the neutral element. The inverse of [7]
is [7], where 4 denotes the loop in reverse direction s — (1 — s).
The group m;(X,x¢) is called the fundamental group of X at x.

In this exercise we are going to show that m (X,x¢) together with the
above described operation is a group.
Let 7, v/, &, &, ¢ denote loops based at zq. Let €,, with €,,(t) = xg
for all ¢ be the constant loop at xy. Recall that we use the notation
~v ~ " to say that the two loops v and +" are homotopic relative to OI.
a) Show that if v ~ 4" and £ ~ ¢, then vy x { ~ ' % ¢
¢ F

¥ §

Let ¢: [0,1] — [0,1] be a continuous map with ¢(0) = 0 and ¢(1) = 1.
The composition 7 o ¢ is called a reparametrization of ~.
b) Show that ¢ is homotopic to the identity map of [0,1]. Deduce that
v o ¢ is homotopic to 7.
c) Choose appropriate reparametrizations of the paths involved to show
Epg ¥V =Y =YK Egg-
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d) Choose a ¢ corresponding to the following picture to show that
v * (€ % ) is a reparametrization of (v * &) x ¢ by . Conclude that

(Yx&) * =y x(Ex().

e) Show that v %7 ~ ¢,, >~ 7 * v by writing down precise formulae for
the following picture.
Ga

Our next goal is to construct a homomorphim (X ,x¢) — Hy(X).

Recall that if v is a loop on X we define an associated 1-simplex o, by
o,(1—tt):=~(t) for 0 <t <1

Note that if v is a loop, then o, is a 1-cycle.

A brief before we start. For solving the following prob-
lems remember that if you want to construct a 2-simplex with a certain
boundary, you need to define a map on all of A? and not just its bound-
ary. Omitting to describe the map on all of A? would make the tasks
trivial. Now let us get to work:

a) Show that if v = ¢, is the constant loop at z, then 0., is a boundary.

b) Show that the 1-chain o,, 4+ 0., — 04,4, is @ boundary.

c) Show that if 7; and ~, are homotopic loops, then o,, — 0., is a
boundary.
(Hint: For a homotopy h between 7, and 7, think of I x I as a
square. Then you can either collapse it to a triangle or divide it
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along the diagonal to get two triangles. This will give you a way to
construct 2-simplices out of h.)

d) Show that the 1-chain o, 4 o5 is a boundary.

e) Conclude that the map

¢: m(X,x0) = Hi1(X), [v] — [o,]

is a homomorphism of groups. It is called the Hurewicz homomor-
phism.

The fundamental group m(X,z0) is in general not abelian. Since H;(X) is by
definition an abelian group, the homomorphism ¢ factors through the maximal
abelian quotient of 71 (X,zo). Reall that this quotient is defined as follows:

For a group G, the commutator subgroup [G,G] of G is the smallest subgroup
of G containing all commutators [g,h] = [ghg 'h™!] for all g,h € G. Note that
|G,G] is a normal subgroup. The quotient G, := G/|G,G] is the maximal abelian
quotient of G and is called the abelianization of G.

The abelianization has the following universal property: Let q: G — G/[G,G]
be the quotient map. If H is an abelian and nG — H a homomorphism of groups,
then there is a unique homomorphism of abelian groups 7., : Ga, — H such that
the following diagram commutes

G—".H

q
l Mab

Gab-

Assume that X is path-connected. We are going to show that the induced
homomorphism

Gab: T1(X,20)ap — H1(X),

which is also called the Hurewicz homomorphism, is an isomorphism.

We are going to construct an inverse ¢ of ¢, as follows:

For any x € X, we choose a continuous path A\, from zy to x. If
xr = xp, then we choose \,, to be the constant path at z.

Let 0: A' — X be a 1-chain in X. Denote the associated path in X
by

Yo: [0,1] = X, t — o(1 —t,t).
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Then we define a loop

1&(0): [0,1] = X, t = Ao(eg) * Vo * /_\0(61).

I “?l)
tP(u')
&

% ,Q_.‘ ) §le,)

We extend this definition Z-linearly to obtain homomorphism of
abelian groups

Ui S1(X) = 7(X,%0)ab.

a) As a preparation show the following: Let 3: A? — X be a 2-simplex.
Let a; be the path corresponding to the ith face 8 o ¢; of 8. Show
that the loop as * g * @1 based at yo := B(eg) is homotopic to the
constant loop €, at ypo.

Note: If you do not want to derive formulae, draw a picture to
convince yourself that the statement makes sense and describe in
words why it is true.

b) Show that 1 sends the group By(X) of 1-boundaries to the neutral
element 1 € 7 (X,20)ab-

(Hint: Use that 7 (X,x¢)ab is abelian and that the loop given by
walking along the boundary of a 2-simplex is homotopic to the con-
stant loop.)

c) Conclude that 1& induces a homomorphism of abelian groups

@ZJ: Hl(X) — 7T1(X,l'0)ab.

d) Show that if 7 is a loop, then ¥ (pan([7])) = [7]-

e) Let o be a 1-simplex. Show that ¢, (¢¥([0])) = [0 + Ko(eo) — Ko(er))s
where k, denotes the constant 1-simplex with value y.

f) Show that, if c is a 1-cycle, then ¢., (¢ ([c])) = [c].

g) Conclude that v is an inverse of ¢,;, and hence that ¢,;, is an iso-
morphism.
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6. Exercises after Lecture 12

In this exercise we give another proof of the exactness of the Mayer-
Vietoris sequence. We start with an algebraic lemma which provides
good practice in diagram chasing and then we use this result to deduce
the MVS from the Excision Axiom.

a) Assume we have a map of long exact sequences

/
bn

(32) K}, —— L, —— M, Ky
Kn i Ln an Mn b Kn—l

such that k,: M/ =N M, is an isomorhism for every n. For each n,
we define the homomorphism 9,, to be

-1 b
an n / n /
Op: L, — M, — M, = K, _,.

Show that the sequence

&

..._>K7{L_>KH@L;LM

Lo & K
is exact.

b) Let {A,B} be a cover of X. Apply the previous algebraic observation
to the long exact sequences of the pairs (X,A) and (B,ANB) and use
the excision isomorphism to deduce the Mayer-Vietoris sequence.

Let A and B be two disjoint closed subsets of R
a) Show that there is an isomorphism

Hi(R? — (AU B)) = H,(R* — A) ® H,(R® — B).

Recall that a path-component of a space X is a maximal path-
connected subspace (where the ordering is given by inclusion). For ex-
ample, if X is path-connected itself, then it has one path-component. If
X is the disjoint union of two path-connected spaces U and V', then U
and V' are the path-components of X.

b) Show that the number of path-components of R? — (A U B) is one
less than the sum of the numbers of path-components of R? — A and
R? — B.
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Definition: Mapping cylinder

Let f: X — Y be a continuous map. The mapping cylinder of f is
defined to be te quotient space

My = (X x [0,1]UY)/((2,0) ~ f(2)).

C >
X

y Y [\

G4

The mapping cylinder fits into a commutative diagram

X i > Y

AN

My

where f; maps z to (z,1) and g maps (z,t) to f(x) for allz € X and ¢ € [0,1]
and y € Y to y.

a) Show that the inclusion i: Y < M; is a deformation retract and ¢
is a deformation retraction.
b) We can construct the Mobius band M := My as the mapping
cylinder of the map

f: 8t —= S 2z 22 (ST C Q).

Determine the homology of the Mébius band.
c) For n > 1 and m € Z, let My be the mapping cylinder of a map

f: 9" — S™ with deg(f) =m.

Show that H,(f;) is given by multiplication with m.
d) For n > 1 and m > 2, let M; be the mapping cylinder of a map

F:8" — S™ with deg(f) = m.

Show that X = S™ is not a weak retract of M.
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We can consider the real projective plane RP? as a two dimensional
disk D? with a Mobius band M attached at its boundary. Writing A =
D? and B = M, we have AN B ~ S'. Calculate the homology groups
of RP2.
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7. Exercises after Lecture 13

On this exercise set we are going to explore some additional, important topics.
We will use them later in the lectures.

We start with an application of the excision property:

Let U C R" and V' C R™ be nonempty open subsets. Show that if there
is a homeomoprhism ¢: U Z, V, then we must have n = m.
(Hint: Take a point z € U and compare H,(R"R" — {z}) and
H,(UU —{x}).)

Now we are going to introduce a slight modification of homology:

Definition: Reduced homology

Let X be a nonempty topological space. We define the reduced homology
of X to be the homology of the augmented complex of singular chains

S (X) B (X)) D Sy (X) S Z =0

where €() . n;0;) := >, n; (and Z is placed in degree —1). Recall that we
checked before (in Lecture 4) that €é09d; = 0. Hence the above sequence is a
chain complex. Moreover, the construction of the augmented chain complex
is functorial. 5

The nth reduced homology group of X is denoted by H, (X).

Reduced homology does not convey any new information, but is convenient
for stating things. It also helps focusing on the important information, since it
disregards the contribution in Hy(X) which comes from a single point.

Here are some basic properties of reduced homology:

Let X be a nonempty topological space. Show that reduced homology
satisfies the following properties:
a) Ho(X) = Ker (e: Hy(X) — Ho(pt)).
b) H,(X) = H,(X) for all n > 1.
c) If X is path-connected, then Ho(X) = 0.
d) For any point z € X, H,(X) = H,(X) ® H,({z}) and H,(X) =
H, (X {z}) for all n > 0.
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Now we move on towards an important construction on spaces, the suspension.
It does not look spectacular, but will prove extremely useful and important later
on in our studies of Algebraic Topology:

Definition: Suspension of a space

Let X be a topological space. The suspension of X is defined to be the
quotient space

(X x [0,1])/((21,0) ~ (22,0) and (x1,1) ~ (z2,1) for all 1,25 € X).

In other words, SX is constructed by taking a cylinder over X and then
collapsing all points X x {0} to a point py and all points X x {1} to a point
p1- The topology on SX is the quotient topology.

For any continuous map f: X — Y, there is an induced continuous map
S(f): SX — SY, [z,s] = [f(x),s].

Our goal in this exercise is to understand SX a bit better and to show
that there are isomorphisms

H,1(SX) = H,(X) for all n. > 0

(Note that reduced homology makes it much easier to state this re-
sult. For, without reduced homology we would have to write H;(SX) =
Ker (Ho(X) — Hy(pt)) for n =0.)

a) Show that SX is path-connected and hence Hy(SX) = Z.

b) Show that SX — {p;} is contractible.

c) Show that SX — {po,p1} is homotopy equivalent to X.

d) Use the Mayer-Vietoris sequence to determine H,,,1(SX) for all n >
0.

A crucial example is the suspension of the sphere.
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a) Show that the suspension SS™ ! of the (n —1)-sphere is homeomor-
phic to the n-sphere.
b) Forn > 1,let f: S® — S™ be a continuous map and let S(f): S5 —
SS™ be the induced map on suspensions. By using either SS™ =~
St or H,,1(SS™) = H,(S™) show that H,,;(S(f)) is given by
multiplication by an integer which we denote by deg(S(f)). Show
that deg(S(f)) = deg(f).
c) For n > 1, show that, for any given k € Z, there is a map f: S" —
S™ with deg(f) = k.
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8. Exercises after Lecture 15

Show that the two different cell structures on S™ we discussed in the
lecture lead to cellular chain complexes which have the same homology
groups.

Show the statement of the lecture that the isomorphism between the ho-
mology of the cellular chain complex is functorial in the following sense:
Let f: X — Y be a cellular (or filtration-preserving) map between cell
complexes, i.e., f(X,) CY, for all n. Show that f induces a homomor-
phism of cellular chain complexes C,(f): Ci(X) — C.(Y") which fits into
a commutative diagram

I
R~

=
>
=
=

H(f)

Let X be a cell complex and A a subcomplex. Show that the quotient
X/A inherits a cell structure such that the quotient map ¢: X — X/A
is cellular.

Consider S' with its standard cell structure, i.e. one 0-cell €® and one
I-cell e'. Let X be a cell complex obtained from S!' by attaching two
2-cells €2 and €3 to S* by maps f, and f3 of degree 2 and 3, respectively.
We may express this construction as

X = Sl Uf2 6% Ufg 63.

a) Determine all the subcomplexes of X.

b) Determine the cellular chain complex of X and compute the homol-
ogy of X.

c) For each subcomplex Y of X, compute the homology of Y and of
the quotient space X/Y.

d) As a more challenging task show that the only subcomplex Y of
X for which X & X /Y is a homotopy equivalence is the trivial
subcomplex consisting only of the 0-cell.

(Hint: Study the effect of Hy(q).)
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Note that one can nevertheless show that X is homotopy equivalent

to S2. But we are lacking some results in homotopy theory to prove
this.

For the next exercise, note that if X and Y are cell complexes, then X x Y
is a cell complex with cells the products ef, ¢ x ef'y where e,  ranges over the
cells of X and e}y ranges over the cells of Y.

Show that the Euler characteristic has the following properties:
a) If X and Y are finite cell complexes, then
X(X xY) = x(X)x(Y).

b) Assume the finite cell complex X is the union of the two union of
two subcomplexes A and B. Then

X(X) = x(A) + x(B) — x(AN B).
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9. Exercises after Lecture 17

We start with proving some properties about the Tor-functor that we men-
tioned in the lecture.

Let M be an abelian group.
a) Let A be an abelian group and 0 — Fy — Fy — M — 0 be a free
resolution of M. Consider the chain complex K, given by

(33) 02 AQF - AQF,—0
with A ® Fj in dimension one and A ® F; in dimension zero.

Show that Hy(K,) = Tor(A,M) and Hy(K,) = A® M.
b) Show that for any short exact sequence of abelian groups

0=A—-B—-C—=0
there is an associated long exact sequence
0 — Tor(A,M) — Tor(B,M) — Tor(C,M) - A M - B M — C®M — 0.

c) For any abelian group A, show that Tor(A,M) = 0if A or M is a
free abelian group.
d) Show that, for any abelian group A, Tor is symmetric:

Tor(A,M) = Tor(M,A).

(Note: It takes a wile to show this without any additional tools from
homological algebra. It is important though that you think about
what you have to do to prove the statement and that you try. The
arguments used in the lecture are useful here, too.)

e) For any abelian group A, show that Tor(A,M) = 0 if A or M is
torsion-free, i.e., the subgroup of torsion elements vanishes.
(Hint: You may want to use the fact that a finitely generated
torsion-free abelian group is free.)

f) Let A be an abelian group and let T'(A) denote the subgroup of
torsion elements in A. Show Tor(A,M) = Tor(T(A),M).
(Hint: A/T(A) is torsion-free.)

Definition: Mapping cone

For a space X, the cone over X is defined as the quotient space
CX := (X x[0,1])/(X x {0}).
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Let f: X — Y be a continuous map. The is defined
to be te quotient space

Cp = (CXUY)/((z,1) ~ f(z)) =Y U; CX.

Let f: X — Y be a continuous map, and let M be an abelian group.
a) Show that the homology of the mapping cone of f fits into a long
exact sequence

c > Hor(Cpy M) = Hoy(X; M) L5 HL (VM) 2 B (Cp M) — Hooo (X5 M) — -

(Hint: Relate C'y to the mapping cylinder My from a previous exer-
cise set.)

b) Show that f induces an isomorphism in homology with coefficients
in M if and only if lf[*(C’f; M) =0.

The first part of the next exercise requires some familiarity with Tor beyond
the discussion of the lecture. But you should think about it anyway and definitely
note the statement.

Let X and Y be topological spaces.

a) Show that H,(X;7Z) = 0if and only if H,(X;Q) = 0 and H.(X;F,) =
0 for all primes p.
(Hint: Use the UCT with F,-coefficients to control the torsion part
and with Q-coefficients to control the torsion-free part. Then apply
suitable points of the first exercise.)

b) Show that a map f: X — Y induces an isomorphism in integral
homology if and only if it induces an isomorphism in homology
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with rational coefficients and in homology with [F,-coefficients for
all primes p.

Let X be a finite cell complex, and let I, be a field with p elements. Show
that the Euler characteristic x(X) can be computed by the formula

X(X) = Zdime(—l)iHi(X;Fp).

In other words, x(X) is the alternating sum of the dimensions of the
[F,-vector spaces H;(X;F,).
(Hint: Use the UCT.)

Use the Kiinneth Theorem of the lecture to show:
a) The homology of the product X x S* is satisfies

H, (X x S* >~ H,(X)® H,_1(X).

b) The homology of the n-torus 7™ defined as the n-fold product 7" =
St x ... x S!is given by

H(1") = 7.(%).



10. EXERCISES AFTER LECTURE 21 275

10. Exercises after Lecture 21

Let M be an abelian group. Let X be a cell complex and let X,, denote
the n-skeleton of X. We set

C*(X;R) :== H"(X,,,X,,_1; M).

We would like to turn this into a cochain complex. We define the
differential

d": C"(X; M) — C"™(X; M)
as the composite

an

C"(X; M) =H"(X,, X, 1; M) H" (X1, X0 M) = C"H(X; M)

H"(X,; M)

where 0" is the connecting homomorphism in the long exact sequence of
cohomology groups of pairs and 5™ is the homomorphism induced by the
inclusion (X,,,0) < (X,,,X,—1). Define the cellular cochain complex
of X with coefficients with M to be the cochain complex (C*(X; M),d*).
Note that the cup product defines a product on the cellular cochain
complex.
a) Show that C*(X; M) is in fact a complex, i.e., d* o d"~! = 0.
b) Show that C*(X; M) is isomorphic to the cochain complex Hom(C\(X),M)
where C(X) is the cellular chain complex of X.
(Hint: Remember the Kronecker map x.)
c) Use the UCT for cohomology and the isomorphism between H,,(X)
and H,(C.(X)) to show

H"(X;M)= H"(C*"(X; M)).

Note that the isomorphism we produce this way is not functorial.

Let X = M(Z/m,n) be a Moore space constructed by starting with an
n-sphere S™ and then forming X by attaching an n 4 1-dimensional cell
to it via a map f: S™ — S™ of degree m

X = S"u; D™
Let
g: X — X/S" ~ "t
be the quotient map.
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Recall that we showed that ¢ induces a trivial map on H;(—;Z) for
all 1.

a) Show H"™(X;Z/m) = Z/m and that H""'(g;Z/m) is nontrivial.
(Hint: Use the UCT for cohomology.)

b) Use the previous example to show that the splitting in the UCT for
cohomology cannot be functorial.
(Hint: You need to show that a certain square induced by the UCT
does not commute.)

Show that if a map g: RP™ — RP™ induces a nontrivial homomorphism
g H'(RP™,Z/2) — H'(RP™;Z/2),

then n > m.

Show that there does not exist a homotopy equivalence between RP3 and
RP? v S3.

The next exercise is a bit more challenging.

Let X be the cell complex obtained by attaching a 3-cell to CP? via a
map

S? — S? = CP' c CP?

of degree p. Let Y = M(Z/p,2) vV S* where M (Z/p,2) is a Moore space.
We observe that the cell complexes X and Y have the same 2-skeleton,
but the 4-cell is attached via different maps.
a) Show that X and Y have isomorphic cohomology rings with Z-
coefficients.
b) Show that the cohomology rings of X and Y with Z/p-coefficients
are not isomorphic.
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