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Lecture 15

G. Quick
15. LECTURE 15: THE COHOMOLOGY OF THE GRASSMANNIAN

Our first goal is to show the following result.

Proposition 15.1. The cellular boundary map
4l CN(9,) © 2/2 — C(0,) 972

1S Zero.

Let z, be the homology class corresponding to the cellular cycle given by the
map s,: D* — €, defined in the previous lecture. Then the above result implies
the following fundamental fact.

Corollary 15.2. The classes
Ty € Hy(;Z/2)

with @’ < a form a basis for the homology groups, where |a| = a; + ... + ay.

15.1. The flag varieties. The aim of this section is to prove Proposition 15.1.
Therefore, we start with an observation. Suppose that X is a CW-complex, M
is a closed manifold of dimension n, and f: M — X is a map form M to the
n-skeleton of X. Let apy € H,(M;7Z/2) be the fundamental class. The image of
oy under the map

H,(M) — Hn(X(”)) _ Hn(X(n),X(”_l)) = Cell(X)

defines a cellular chain ¢y € C<¥(X). In fact this chain is a cycle since it lies in
the image of H,,(X ™) and so goes to zero under the first map in the factorization

Hn(X(n)’X(nfl)) _ anl(Xnil) _ Hnil(X(nfl)VX'(an))

of the cellular boundary map. In this way, maps of manifolds give homology
classes, and, in fact cycles in the complex of cellular chains.

We will need to be able to specify the cycle we constructed more precisely. If

the map
fiM— X =X"Yyprcx®
and that for some point = in the interior of D] there is a neighborhood U of z,
contained in the interior of D!, with the property that the restriction of f is a
homeomorphism
f7HU) = U.
1
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In that case, the diagram

H,(M)—=>H,(M,M — f~(z))

~
=~

Hy (X)——Hy (X', X' — {x})

~
~

H,(Dg, S37") Cr(X)

shows that the cellular cycle cps is just the chain represented by the cell D. In
particular, one learns in this case that the cellular represented by D7 is, in fact,
a cycle. We will use these ideas to prove Proposition 15.1.

For each a, let
Fg C Gl"l(Hl) X oo X GI‘k(Hk)

be the subspace consisting of sequences (Vi, ..., V}) with

VicVaC--CV

For some purposes it is useful to note that Fj, can also be identified with the
space
F, CP(H) x --- x P(Hy)

consisting of sequences of lines ({1, ..., ¢;) which are pairwise orthogonal. There
is an obvious homeomorphism between these, under which V; corresponds to
(@ --- DY, and ¢; to the orthogonal complement of V;_; in Vj.

Proposition 15.3. The space F, is a manifold.

Proof. The proof is very similar to the proof of Proposition 11.3. Let

(1) Vi Vs Vi
L |
H, H, H,

be a point in F,, and write W, for the orthogonal complement of V; in H;. By
identifying W; with the quotient space H;/V;, the W; fit into a sequence

W1—>W2—>"'—>Wk.

(This sequence is not, in general, a sequence of monomorphisms.)

Let U C F, be the open neighborhood of the point (1) consisting of sequences
(V{ € --- C V/) with the property that for all ¢, V/ N W, = {0}. For such a
sequence, we may think of V; as the graph of a homomorphism V; — W;. This
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correspondence gives a homeomorphism of U with the space of sequences of linear
maps V; — W, fitting into a diagram

Wl W2 Wk

By choosing a basis {vy,..., v} of Vi with v; € V; one can identify this space
with
Wl DD Wk-

Hence this is a vector space with of dimension

dile_F."—i_dika:a’l—i_"'—i_ak.

Now let
Jai Fo — Qg

be the map sending a sequence (V7 ..., V) to Vj.

Proposition 15.4. The map
17190 — 98

a a a

1s a homeomorphism.

Proof. The inverse map sends V € Qg to the sequence (Vi,...,V,) in which

Now are finally ready to prove Proposition 15.1. The Schubert cell of 2, has
one cell of dimension a; + - - - + a; and all other cells of lower dimension. We just
proved that F, is a manifold. Hence the argument described at the beginning of
this section applied to the map

F, — Q,,

shows that the corresponding chain is a cycle. This shows that the boundary
map d°“ vanishes on the one cell in dimension |a|. All other elements in the
cell complex are given by maps from cells D for ¢’ < a to Q2,. It follows from
the ordering of the Schubert cells and the definition of Schubert varieties that
the map s,: DY — €, factors through the map Q, — €,. This shows that
the boundary map d°? actually vanishes on all elements in C¢(Q) ® Z/2. This
completes the proof of Proposition 15.1.
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15.2. The cohomology ring H*(Gry;Z/2). We will finally determine the co-
homology ring of the Grassmannian manifold Gry.

Theorem 15.5. The cohomology ring H*(Gry; Z/2) is a polynomial algebra over
Z)2 freely generated by the Stiefel-Whitney classes wi(Y¥), ..., wi(¥¥).

The idea of the proof is to show first that the Stiefel-Whitney classes of the
canonical bundle over Gry, freely generate a polynomial algebra over Z /2 contained
in H*(Grg;Z/2). Our knowledge about the cell structure of Gry then allows us
to show that H*(Grg;Z/2) is actually equal to this polynomial algebra.

We start with the following lemma.

Lemma 15.6. There are no polynomial relations among the w;(v*).

Proof. Suppose that there is a relation of the form p(w;(7*), ..., wp(7*)) = 0,
where p is a polynomial in k variables over Z/2. By the naturality of Stiefel-
Whitney classes, for any k-dimensional bundle £ over a paracompact base space
there exists a bundle map g: £ — ~*. If we denote the induced map on base
spaces by g we get
wi(€) = g (wi(y")):

It follows that the cohomology classes w;(£) must satisfy the corresponding rela-
tion

p(wi(€), ..., wi(§)) = g plwr(VF), ..., w(7*)) = 0.
Thus to prove the lemma it suffices to find some k-dimensional bundle ¢ such
that there are no polynomial relations among the classes wy(§),. .., w(§).

Let ! be the canonical line bundle over P* = Gr;. We know that H*(P>;Z/2)
is a polynomial algebra over Z/2 with one generator a of dimension one and
w(y!) = 1+ a. Taking the k-fold product

X =P% x ... x P>
it follows that H*(X;Z/2) is a polynomial algebra on k generators as,...,ax
of dimension one. Here a; can be defined as the image 77 (a) induced by the
projection map
mi: X — P
to the ith factor. We define £ to be the k-fold product
E=7"x - xy = ()@@ ().
Then € is a k-dimensional bundle over X, and the total Stiefel-Whitney class
w(é) = mj(wyh)) - m(wy')) = (L+a)(1+az) - (1+ ag).
Hence w;(€) is the ith elementary symmetric function of ay,...,ax. It is a
well-known theorem in algebra that the k elementary symmetric functions in
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k variables over a field do not satisfy any polynomial relations. Thus the classes
wy(€), ..., wg(€) are algebraically independent over Z/2, and it follows that the

wi(YF), ..., we (7). O

Now let us turn to the proof of Theorem 15.5. By the previous lemma, we
know that H*(Gry;Z/2) contains a polynomial algebra over Z/2 freely generated
by wi(v%),. .., wi(¥*). We will show that H*(Gry;Z/2) actually coincides with
this sub-algebra.

We know from the discussion of the cell discussion of Gry, is equal to the number
of partitions of 7 into at most k integers. Hence the dimension of H"(Gry;Z/2)
is at most equal to this number of partitions. On the other hand, we claim that
the number of distinct monomials of the form

wi (YF)™ -+ wg (")
in H"(Gry;Z/2) is also precisely equal to the number of partitions of r into at

Tk

most k integers. For to each sequence 71, ..., 7, of non-negative integers with
(2) ri+2rg+ -+ krp=r

we can associate the partition of » which is obtained from the k-tuple

(3) ThyTh + Thoty oo TE +Th1 - 411

by deleting any zeros which may occur. Conversely, to a partition (3) corresponds
a sequence 71, . .., 7 of non-negative integers satisfying (2).

Since Z/2[wy (v%), . .., wi(7¥)] is a sub-algebra of H*(Gry;Z/2), comparing the
degrees and dimensions proves the theorem.
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