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Lefschetzs theorem: X projective complex surface

2-dim. topological

l
cycle \ / homologous

Given 1: I' ¢ X. If I'~C for an alg. curve CcX, then

(N) JUa=0 unless a is of Hodge type (1,1).

& form on X
Lefschetz: /class in homology
If (N) holds for I', then [I] is "algebraic”.
L there is an
algebraic

curve C~1°
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Higher (co-)dimensions:

(smooth) 1:ZC X smooth projective complex
subvariety S algebraic variety
of dim. n st forms of

i t ’
Then jzl*(x =0 unless a € Ann(X). i sl

infegral Hodge classes

free abelian ./
of type (p,p)

group on alg. cl

H
subvarieties  CHP(X) ~ Hdg2r(X) c H2r(X;Z)
¢ \_/
of codim. p £
modulo ZcX +— [Zgn] ?“F“L". “”Id‘ .C"‘,f.s )
ol - lof desingularization

* Hodges question: Is this map surjective?

® Question: What is the kernel of this map?
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category of complex

How to do homotopy on AR anifolds

~ presheaves of sets, i.e,
functors: Manor — Set

M | 7 FM 'FM: X HOmMan(x:M)

Presheaves “remember” w

Homp.»e(FM,FM') = HomMan(M,N\')

o presheaves presheaves
of switch to of
N gefs Tt * Setsa /

“allow homotopy”
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How to do homotopy on Man?

~ presheaves of simplicial sets
functors: Manoe — Set,

M »  Fm Fm: X — discrete
. simplicial set Fm(X)

® Given n20, the n-dimensional stalk of Fe
A FY = colim F.(]Bn(r)) in Setx

r—0
“ball of radius r in _n-dim.

complex affine space
¢ A map Fe — G.is a weak equivalence in Pre,

if F.’ — G.'is a weak equivalence in Set, for all n20.
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Homotopy category of Man: homofopy category of
- simplicial presheaves on Man

® Man:oss Sy . hvo preA =preA[W.e.-l]

e Given M with an open cover {Ugj:

~ Fu — Fm is a weak equivalence.
]_[Ua' :; ]_[U(XXXUﬁ 3

sequence of spaces ...,En,Enii,...
 with maps S'AE, —Ens
e Can replace Set, with Spectra and get a
stable homotopy category hoPrespecira 0f Man.

\ o S!A- with S! viewed as a simplicial (constant) presheaf
IS made invertible.
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Homotopy category of Smc: motivic homotopy category of

smoo’r_h complex varieties - simplicial presheaves on Smc

® * Morel
SmC ................ > ho PreA Voevodsky
, : : Jardine
® Nisnevich covers (replacing open covers)  Joyql
Isaksen
® Localize with respect to Dugger

. Fu.— Fx for any X and any (hyper)cov;r U—X
s AlxX — X for any X
affine line over C
e stable motivic homotopy category of Smc

" e Pia- the projective line

o SIA- the “simplicial circle” and (A!-0)A- the "Tate circle”
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: : , 6,
Topological realization: Smc > Manc

X —— XC)--
e. QL aPlakt e PY(C)=CP1=52 “complex

motivic ot manifold of
induced map I s L
spectrum . . top. real.

B (x) — 21, ca b))

"algebraic” "topological”

Questions: How can we detect whether classes

® in Ef.i(X) are topologically trivial,

i.e., become 0 in E§ (X(C))?
e in E (X(C)) are algebraic,

l.e., are in the image of Pg?



Atiyah-Hirzebruch, Totaro, Levine-Morel:

o
CHH*(X)=H2* *(X;Z) — o

- Alg2*(X)< H2*(X;Z)



Atiyah-Hirzebruch, Totaro, Levine-Morel:
/ universal
<" oriented

PMge e MUZ*(X) theories

MGL2**(X)

/

=Cl|
IOH H> Alglz-'*(x)g HZ*(X;Z)

CH*(X)=H2**(X;Z)




Atiyah-Hirzebruch, Totaro, Levine-Morel:

/ universal
A oriented

N\GLZ*f*(X) M > N\UZ*(X) theories
_ coeff.
. 3 ring =
MGLZ*,*(X)@)L*Z - MUZ*(X)@[_;Z ll:;cnzgard

/

Kk Algz*(X)C H2*(X;Z)

\4

=Cl|
CH*(X)zHZ:{)f(X;Z) 4




Atiyah-Hirzebruch, Totaro, Levine-Morel:

/ universal
oriented
N\GLZ*f*(X) M > N\UZ*(X) theories
_ coeff.
. : ring =
MGLZ*,*(X)@)L*Z - MUZ*(X)@[_;Z ll:;cnzgard
Totaro |
A /
¢ **v szclH *v )
CH*(X)=H2".7(X;Z) - Alg?™(X)<C H2*(X;Z)



Atiyah-Hirzebruch, Totaro, Levine-Morel:
‘////////////"”” universal
<" oriented

PMge e MUZ*(X) theories

MGL2**(X)

_ coeff.
Y \ ring =
q Lazard
MGLZ*'*(X)@)L*Z 5 N\UZ*(X)@L*Z .
> oo 5 HY
Levine + Totaro
Levige-Morel = ¢ /
Pu=cl

CH*(X)=H2**(X;Z) " Alg2X(X)C H2*(X;Z)




Atiyah-Hirzebruch, Totaro, Levine-Morel:
/ universal
<" oriented

PMmGL

N\GLZ*'*(X) > N\UZ*(X) theories
MGLZ*'*(X)@)L*Z 5 N\UZ*(X)@L;Z
Levine + : Sy : 5

Levine-Morel =

]
L] n ;
L] % ;
-~ .
.
.

=cl
CH*(X)=H2* *(X;Z) — 2




Atiyah-Hirzebruch, Totaro, Levine-Morel:
(///////////,,,,_ universal
<" oriented

PMge e MUZ*(X) theories

MGL2**(X)

_ coeff.
v \ ring =
2 Lazard
MGLZ*'*(X)@)L*Z 5 N\UZ*(X)@L*Z .
8 B 5 g
Levine + o 5 . gk
Levine-More| = § i
, (€4
S v

=€l
CH*(X)=H2%X(X;Z) — M. Alg2*(X)C HE*(X;Z)

® Atiyah-Hirzebruch: cly is not surjective
onto integral Hodge classes.




Atiyah-Hirzebruch, Totaro, Levine-Morel:
(///////////,,,,_ universal
<" oriented

PMge e MUZ*(X) theories

MGL2**(X)

_ coeff.
v \ ring =
q Lazard
MGLZ*'*(X)@)L*Z 5 N\UZ*(X)@L*Z .
8 By 5 g
Levine + o 5 -+ indorkit
Levine-Morel = : i
s €4
S v
Pu=cl

CH*(X)=H2**(X;Z) " Alg2X(X)C H2*(X;Z)

® Atiyah-Hirzebruch: cly is not surjective
onto integral Hodge classes.

e Totaro: new classes in kernel of cly.
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Abel- Kernel of clyc CHP(X)
Jacobfs =t w3t v ,qu lClHD N.IH
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Generalized Hodge filtered cohomology theories
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Examples:

The new Abel-Jacobi map is able o detect
interesting algebraic cobordism classes:

there is an o € MGL2PP(X)

motivic
Thom map izati
P - top. realization
map for MU
hence O
in J2r-1(X) O :/:O O

HEP(GZ)  THIX) MUZR(X(C))
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In concrete terms: Given p and X smooth projective.

Elements in MU%P(p)(X) consist of triples (f, h, w):

...... (almost)
e o
*" manifold
MU2P(X) 5 f:Y — X
l “... proper
W € FPQ*(X}V*)ZCFID ¢4 Z*(XJV*)ZP cocycles of

total degree 2p
- f = oh

|

closed forms of CE(XV*)2p-1 5 h
total degree 2p
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In concrete terms: Given p and X smooth projective.

Elements in MU (p)(X) consist of triples (f, h, co)

________ (almost)
“F* OF universal genus OF ........................................................................ o5 - Complex
curvature form” of normal . manifold
bundle of Y if Y is a MU2(X) 5 f: Y — X
smooth projective variety ... proper

|

61)6 FPQ*(X,V*)%:FID l0 Yy Z*(X,V*)ZF;

éocycles of

total degree 2p
- f = oh

|

closed forms of C*(X;V*)ZP‘I 5 h
total degree 2p

V*¥=MU*®C
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Arakelov algebraic cobordism:

Let S be a scheme of finite type over Z, and let
N be the generic point.

MGLArakelov = MGLs — n*(MUD)

:

homotopy fibre represents
"Arakelov algebraic cobordism”

Question: What is the arithmetic-geometric
information encoded in the Chern classes
in Arakelov algebraic cobordism?
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Recall: Sm i » Man

II. Image:
X : > X(C)
~manifold of
2 solutions in C

motivic induced map
spectrum o

E454(X) » E,,(X(C))

algebraic topological

Question: e How can we detect whether classes in
Eo(X(C)) are  algebraic, i.e.,

are in the image of pPe?

e How can we constfruct such classes?
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A different perspective:

. . Brown-Peterson,
FIX a prime p. Quillen

lvil=2(pi-1
MUy splits as a wedge of vil=2(p'-1)

suspensions of spectra BP with BR.= Z()[vy,va,...].

quotient map

For every n:  BP > BP/(Vnsy,...) = BP<n)
with BP{n)x= Zp)lvy,...,Vn]

The Brown-Peterson tower (Wilson):

BP — --- —» BP(n) — --- —BP(l) —BP(0) — BP(-1)
p=2: 2-local i ) )

connective K-theory RZp) — HFp
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Milnor operations:

For every n:
stable cofibre sequence

>WlBp(ny == BP(n) — BP(n-1) — 3 Val+1BP(n)

with an induced exact sequence (for any space X)

BP(ny**Vil(x) — BP<n>*(X))

nth Milnor

l oM LT l l operation:
map Qo_Bgcks‘reln s
HF H*(X;Fp)  — H* HVal+1 . F ) =P’ Qui-QoiP

Qn
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The LMT obstruction in action:

~ BP2*(X)

an 1 > qnan_l O
BP<n>2*(X)—> BP(n- 1>2*(><) BP(n)y2*+Val+l(x)

oy

CHH(X) - HZ*(XGF) — Herth( )
a » Qnat O
e

Levine-Morel-Totaro obstruction:

If Qua + O, then a is algebraic.
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Voevodsky's motivic Milnor operations:

There are motivic operations

mot 2pn-1,pn-1 mod p-motivic
Qn'e o .~ Steenrod algebra

For a smooth complex variety X:

mot

Qn 1+2pn-1,j+pn-
mo’r(>< l:P) ¥ le;of et 1(X;FP)
mod p-motivic J
cohomology
Recall:  H2L(X;F,) = CHI(X;Z/p) and

mof(x Fp) = O |F i>2j.
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Obstructions revisited: X smooth complex variety

Ty +\\‘

A Qnmo'f . b e
Hmot (XiFp) B pebl ) o hER

2 A SRE L l
l " topological realization
T 2i+2pn-1
H2i(X;Fp) -5 He (XF)
a v Qna O
if

Observation: The LMT-obstruction is particular
to smooth varieties and bidegrees (2i,i).

Example: QqL O for L the fundamental class of a
suitable Eilenberg-MaclLane space, though U is algebraic.
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Back to our task:

Study AlgZ*(X) and its complement in Emp(X)

For example: E=BP({n)?

Recall: BP and BP<n) exist in the motivic world
(e.g. Vezzosi, Hopkins, Hu-Kriz, Ormsby, Hoyois,
Ormsby-@stvaer).

Question: How can we produce non-algebraic
elements in BP<n)2;(X)?

\/ will drop the “top” again
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Back to the cofibre sequence:

Recall:
stable cofibre sequence

>WlBp(ny == BP(n) — BP(n-1) — 3 Val+1BP(n)

and the induced map

Bp<n 1>*(X) Bp<n>* +|vnl+1 (X)

/\ Bockstein homomorphism

n=0: H*(X;F,) —— H**1(X;Z(y),

For example:

n=l:  H*(X;Z@p) —— BPY*+2P1(X),
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e > BP<n+l>k‘|‘|VO|+m+|Vn+l|(X)

BP(n)k +Ivol+...4|vnl (X)

4
| BP<{n+l)
qu l Thom
e
BP(1)k+1+2p-1(X) HFPmaP
o]
Hk+1(X; Z(p))
9| v
HK(X;FP) > |..|k+|Vo|+...+|Vn+1| (X,FP)
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We get
® amap @ BPk+vol+...+Ival (X)
® an obs’rru®
:=qn...q
HK(X;FP) O> Bp<n>k+|VO|+...+IVnI (X)
vt : (p(ﬂ) the\degree
Qn+1Qn...Qo I 1 g Increases
Hk+Vol+...+|Vnsil (X;Fp) 5 Bp<n+1>k+|VO|+...+|Vn+1l (X)

o If Qns1..Qo(a)-0, then p(a) is algebraic.

But we also pay a price...
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Wilsons unstable splitting:

The price is as little as possible.

Theorem (Wilson): For any finite complex X, the map
BPi(X) - BP(n)i(X)

is surjective if i<2(pn+...+p+1).

Recall |vnl=2pn-1, hence |vol+...+Ival=2(p"+...+1)-n-1.

need to pick k2n+3 Bpkjlvo kil 9,

A) : 4

=qr...q :
HK(X;FP) ! > Bp<n>k+|VO|+...+|Vn| (X)
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Examples of non-algebraic classes:

Theorem (Q.): For every n, there is a smooth proj.
complex variety X and a class in

Bp<n>2(p“+...+l)+2 (X)
which is not in the image of the map

top. realization

BP{(n)2*¥(X) ~ BP(n)2*(X).

mot

Proof: Let Gk:=Tk(Z/p) (following Atiyah-Hirzebruch).

We knOW: o H*(BGK;FP) = FP[YII"‘ka]®A‘(xll"‘lxk);
b lyil=2 = |xil=1

o Qi(x)=y, Qj(y:)=0.
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Proof continued: H*(BGK Fp)= Folys, . Y] @A, .. Xk);
Q;(xi)= YI , Qj(yi)=0.

Choose: k=n+3 and @:=X;...Xns3 in H"+3(BGk;Fp).

Check: Qn+1...Qo(a) 0.

Hence x:=qgn...qo(@) in BP(ny2P -2 (BG,, 5)

is not in the image of the map

B ElR -2 (p iy - BP(nP P (B L),

Finally, set X = Godeaux-Serre variety
associated to the group Gn.3 and pullback x via

X > BGn+3 x CP=. a 2(pmi+..+1)+1-

connected map

[l
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Lets check the numbers:

The minimal complex dimension of X is 2n+3-1 for
p=2.

For n=1 and p=2:
BP(1) is 2-local connective complex K-theory ku.

There is a smooth proj. variety X of dimension 15
over C with a non-algebraic class in BP(1)8(X).
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® For n=0: the example of Atiyah and Hirzebruch.

e Other types of non-alg. classes in H*(X;z): not
topological”

* Kollar: non-torsion classes on hypersurface in P4:

* Voisin: torsion classes based on Kollars example.+"

»non-torsion classes in BP{n)*(BG)

* Yagita, Pirutka-Yagita, Kameko, and others:
“> non-torsion class in H*(BG;Z) for alg. group G with (Z/p)3cG

. class in H*(BG;Z) for alg. group G, represent. theory

Antieau: ""on which the Q;s vanish, but a higher differential in

the AH-spectral sequence is nontrivial.



Thank you!



