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Additional properties? H'(G, [, quadratic algebra

e many vanishing Massey products in arithm. &
® For €dep|€, are there alg. geometry: Deligne-Griffiths-Morgan-

i Sullivan, but also many non-vanishing ones: e.g.
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Massey products provide an obstruction to formality

)

 Is '(Gp, ) a formal dga? © Do at least all Massey products

vanish when they are defined?
" continuous Galois cochains



Massey vanishing conjecture of Minac-Tan: |

for every field F, all n > 3, all primes p
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.| Conjecture: For aj,...,a, € H(Gp,F),
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 Efrat-Matzri, Minac-Tan: all fields, all primes,{{n =3 ;

4 e new examples of profinite groups which are

not absolute Galois groups commutator:
[%,y] =x7'y"\xy
e Example: § = free pro-2 group on generators x, ..., X5 :

' Minac-Tan: | and relation 1 =[x, xs][[xy, x3]x] <

s e R — — — e — = —_——— — p———

For G = S/(r) , €°(G, ;) has non-vanishing triple Massey products,

' and hence G is not the maximal pro-2 quotient of an absolute Galois group
[ s P b




Massey vanishing conjecture of A Minac-Tan:

for every field F, all n > 3, all primes p
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‘ : : for every field F' and
Hopkins-Wickelgren Question:  aiiprimes 2

\

u Question: Is 6°(Gp, I)) formal?

we then say that F is

formal at p

® Yes, for example, for pseudo-algebraically closed fields

e formality implies all
Massey products are
‘defined and vanish |
e Positselski: Q,, for odd # # p, is not formal at p |when neighbouring cup |

products are zero

The answer is no In general

_ ® Harpaz-Wittenberg: U is not formal for p =2

............................. cochains witnessing vanishing

sesneiia

E | —— of triple Massey products
with a,Ua, =a,Ua; =a;Ua, =0 a24‘ ars| * (@, ay, a3, ay) is defined if

both (a,,a-,a,;) and
cochains which < | Ko U 3)

witness vanishing
of cup products

| but (al, a,, as, a4) not defined |
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. : : for every field F' and
Hopklns-chkelgren Question:  aitprimes 2

we then say that F is

Queshon Is %” (GF, [F) Formal? J

formal at p

* Positselski: () ,, for odd 7 # p, is not formal at p
© Harpaz-Wittenberg: Q is not formal for p = 2

® Merkurjev-Scavia:
e every ['/Q of odd degree is not formal for p =2

e every [ of char. # p is in some L which is not formal at p

However, there are also |mpor’ran’r posuhve cases..

every dga Cg over [F W|’rh
it i (G, |) s Formal



A3-Formali+y and Massey produc’rs: we assume all dgas

are over a field F

J‘

all triple Massey products
in &° vanish when defined

and |F aVa, =a,VU a; = ay Ua, = 0 ° provides | s’rronger

then (a,,a,,a.,a,) is defined ... .~ obstruction than vanishing
e et of triple Massey products, Which vanishes for certain

classes of profinite groups...

< € is As-formal <= ¥" is A -formal



Demushkin groups: p a prime number, G a pro-p group

=

Definition: G is called a Demushkin group if e dim[Fle(G, F,) < oo,
" edim, H¥G,F) =1, *the cup-product H'(G,F)xH(G,F,)) - H(G,F)
. g ’ is a non-degenerate bilinear form.
i i
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o the only finite Demushkin group is Z/27

o set d = dim[Fp H'(G, F,) and g :=0 if G Zl‘f e d and g are invariants
and ¢ :=p’ if G = Z/p/Z x Zg_l deftermining G

i —e— —

- Theorem (Pal-Q.): Let d > 2 and G be a pro-p Demushkin

!

.~ group with invariant g:

.o ltg # 3, then G°(G, ) is As-formal.

\/

* However, by Positselski such G is not A_-formal for ¢ #2 and d =2



Demushkln groups: p a prime number, G a PrOSD group

Deﬁm’rlon G Is called a Demushkln group |F ° dmn[F Hl(G F,) < oo,
ﬁ

i dimy H(G,F,) =1, ° the cup-product H'(G,E)x H'(G,F)) - HAG,F)
‘ . p is a non-degenerate bilinear form.

e - - —_ —

Theorem (Demushkin, Serre, Labute): GG is isomorphic to the pro-p group with

' generators Xy, ..., X; subject to a single relation r: \
" .- commutator: [x,y] = T oy |

eg#2:d>2even r= xlq[xl,xz][X3,X4]“'[Xd_1,Xd]

oeg=2d =D 88 r— xlxzzf[xz, Xl lx, 1, x] with f 2202 =1

o g=2:d>2even r=xt¥[x, %] [x; 1, %] with f 22 or 2 = 1

eg=2:d>=4even r= xlz[xl,xz]xff[x3,x4]---[xd_1,xd] with [ > 2

— — = — — — _————




Demushkln groups p a prime number, G a pro-p group

Deﬁnl’non G is called a Demushkln group |F . dlm[F Hl(G F,) < o,

u + dimg, HAGIF) =11, NS il H' (G, F)x H'(G,F,)) »> HY(G,F)
is a non-degenerate bilinear form.

!L L skl i i

Examples: ¢d:=dimg H'(G,F,) and ¢ =0if G* = Z} and g = p’ if G** = ZIp'Z x 7}

o (7 = Zp b Zp with g = 0O (this G is even formal)

e pro-p completion of the fundamental group of compact orientable surface of
genus g, d = 2g and g = 0 is A;-formal

* G =27Z,XZ,=(x. %)/ (x[x, %,]) is Az-formal iff g # 3

for this type of G

."'A

* However, for every g # 2, H'(G, ) is an exterior algebra on two generators



Demushkln groups p a prime number, G & LD group

Deﬁm’non G is called a*Démushkin group |F . dmn[F Hl(G F,) < oo,
‘\

u + dimg, HAGIF) =11, NS il H' (G, F)x H'(G,F,)) »> HY(G,F)
is a non-degenerate bilinear form.

lL = sk

Examples: «d:= dim[Fle(G, F)and g =0 if G** = Z{ and g = p’ if G** = ZIp'Z x 75"

e K/, of finite degree, Gx(p) := maximal pro-p quotient of G, £ # p

Then GK(p) is Demushkin if y, C K with * d =2, g = p/ maximal power such that
a primitive gth root of unity is in K

oL S Gr(p) = (X1, %)/ (x]/[x2, X5])
e K/Q), of finite degree n; if u, C K then Gg(p) is Demushkin with

ed=n+2,q= pf maximal power such that a primitive gth root of unity is in K

two examples with g = 2:

Py

o G@2(2) (X1, Xy, ()c1 x5 [x2 X5]) * Gy \/_—2)(2) = e, X)) (x12+4[x2, X5 ][%3, X%4])



Demushkln groups p a prime number, G & LD group

Deﬁnl’non G is called a*Démushkin group |F . dmn[F Hl(G F,) < oo,
‘\

u + dimg, HAGIF) =11, NS il H' (G, F)x H'(G,F,)) »> HY(G,F)
is a non-degenerate bilinear form.

lL = o

Examples: , -
Efrats Elementary Type Conjecture ..

e Demushkin groups are the building blocks for groups of elementary type
in number theory

B i.e., g GF(p)

v for a field containing 1,
e not known whether all Demushkin groups are realisable

o G = (x;,%,x3)/(x7[x5, X3]) not known to be realisable

o G = (x|, Xy, X3, X4 )/ (x7[xy, X5][x3, %4]) only Demushkin group of rank four
known to be realisable: G = G@3(3) (Efrat, Koenigsmann)



As-formality for Demushkin groups:

e ———— ————— e —

- Theorem (Pal-Q.): Let d > 2 and G be a pro-p Demushkin group with
|

| invariant g: e If g # 3, then €*(G,F,) is As-formal.
e If g = p =3, then €°(G, ) is not A;-formal.

. o = E L — S ——— —_—

also considered by
Benson-Krause-Schwede
for different purposes

e H := H'(G, ) is Koszul algebra (Minac-Pasini-Quadrelli-Tan)

Strategy for the proof:

e 6°(G, [Fp) is Ay-formal if and only if [m;] € HH>~1(H") is zero’.‘v,......--’"

A

1 canonical class of €°(G, [Fp) |

!

e use Dwyers Theorem relating Massey products and unipotent representations
of G to compute [m;] € HH>(H")

¢ use the classification of Demushkin groups and single relation
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