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H H   2i+2pn-1,i+pn-1(X;Fp)
Qn(X;Fp)2i,i

mot mot

HH2i(X;Fp)
2i+2pn-1

X smooth complex variety

(X;Fp)

↺
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= 0

𝝰
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Observation: The LMT-obstruction is particular 

to smooth varieties and bidegrees (2i,i).

topological realization

mot

Qn
mot

Example: Qn𝛊≠0 for 𝛊 the fundamental class of a 
suitable Eilenberg-MacLane space, though 𝛊 is algebraic.

Qn𝝰 ≠ 0
if
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Back to our task:  

Find non-algebraic classes in E2*(X).top

For example: E=BP⟨n⟩?

Recall: BP and BP⟨n⟩ exist in the motivic world 

(e.g. Hopkins, Vezzosi, Hu-Kriz, Ormsby, Hoyois, Ormsby-
Østvær).

Question: How can we produce non-algebraic 
elements in BP⟨n⟩2*(X)?top
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We produced
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But we also pay a price…

the degree

increases

• If Qn+1..Q0(𝝰)≠0, then 𝜑(𝝰) is not algebraic.

≠0 ≠0
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Check: Qn+1…Q0(𝝰)≠0.

Choose: k=n+3 and 𝝰:=x1…xn+3 in Hn+3(BGk;Fp).

H*(BGk;Fp)= Fp[y1,…,yk]⊗𝚲(x1,…,xk);
Qj(xi)=yi , Qj(yi)=0.
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is not in the image of the map
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Finally, set X = Godeaux-Serre variety 
associated to the group Gn+3 and pullback x via  

X BGn+3 × CP∞. a 2(pn+1+…+1)+1-

connected map

□
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There is a smooth proj. variety X of dimension 15 
over C with a non-algebraic class in BP⟨1⟩8(X).

The minimal complex dimension of X is 2n+3-1 for 
p=2. 

BP⟨1⟩ is 2-local connective complex K-theory ku. 

For n=1 and p=2:  



Some final remarks:  



Some final remarks:  

• For n=0: get example of Atiyah and Hirzebruch. 



Some final remarks:  

• For n=0: get example of Atiyah and Hirzebruch. 

• Other types of non-alg. classes in H*(X;Z):  



Some final remarks:  

• For n=0: get example of Atiyah and Hirzebruch. 

• Other types of non-alg. classes in H*(X;Z):  
･ Kollar: non-torsion classes on hypersurface in P4. 

･ Voisin: torsion classes based on Kollar’s example. 

“not 

topological”



Some final remarks:  

• For n=0: get example of Atiyah and Hirzebruch. 

• Other types of non-alg. classes in H*(X;Z):  
･ Kollar: non-torsion classes on hypersurface in P4. 

･ Voisin: torsion classes based on Kollar’s example. 

“not 

topological”

･ Benoist-Ottem: torsion classes of degree 4 on 3-folds. 



Some final remarks:  

• For n=0: get example of Atiyah and Hirzebruch. 

• Other types of non-alg. classes in H*(X;Z):  
･ Kollar: non-torsion classes on hypersurface in P4. 

･ Voisin: torsion classes based on Kollar’s example. 

“not 

topological”

･ Yagita, Pirutka-Yagita, Kameko, … :

non-torsion class in H*(BG;Z) for alg. group G with (Z/p)3⊂G 

･ Benoist-Ottem: torsion classes of degree 4 on 3-folds. 



Some final remarks:  

• For n=0: get example of Atiyah and Hirzebruch. 

• Other types of non-alg. classes in H*(X;Z):  
･ Kollar: non-torsion classes on hypersurface in P4. 

･ Voisin: torsion classes based on Kollar’s example. 

“not 

topological”

･ Yagita, Pirutka-Yagita, Kameko, … :

non-torsion class in H*(BG;Z) for alg. group G with (Z/p)3⊂G 

･ Antieau: class in H*(BG;Z) for alg. group G, represent. theory
on which the Qi’s vanish, but a higher differential in 

the AH-spectral sequence is nontrivial.

･ Benoist-Ottem: torsion classes of degree 4 on 3-folds. 



Some final remarks:  

• For n=0: get example of Atiyah and Hirzebruch. 

• Other types of non-alg. classes in H*(X;Z):  
･ Kollar: non-torsion classes on hypersurface in P4. 

･ Voisin: torsion classes based on Kollar’s example. 

“not 

topological”

･ Yagita, Pirutka-Yagita, Kameko, … :

non-torsion class in H*(BG;Z) for alg. group G with (Z/p)3⊂G 

･ Antieau: class in H*(BG;Z) for alg. group G, represent. theory
on which the Qi’s vanish, but a higher differential in 

the AH-spectral sequence is nontrivial.

non-torsion classes in BP⟨n⟩*(BG)

･ Benoist-Ottem: torsion classes of degree 4 on 3-folds. 



Thank you!


