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_ manifolds
e Presheaves OF
Manc ¢ Prea simplicial sets
M e

. Fm: X — discrete
simplicial set Homman(X,M)

Presheaves “remember”

HO mPre(FN\,FM') - HO mManC(M,M’)

® Given n20, the n-dimensional stalk of Fe
L, FY = colim F.(B“(r)) in Setx

r Y .
“ball of radius r in n-dim.

complex affine space
® A map Fe — Geis a weak equivalence in Prex

if F’ — G.'is a weak equivalence in Set, for all n20.
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¢ Man - P;o Prex =Prex[w.e.-1]

e Given M with an open cover {Uqj}:

- Fu.— Fm is a weak equivalence.
" UUa’3 LVaxxUp 3 ..

e Can replace Sety with Spectra and get a
stable homotopy category hoPrespecira 0f Manc.

2 o S!A- with S! viewed as a simplicial (constant) presheaf
IS made invertible.
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smooth complex varieties - simplicial presheaves on Smc

= SMc » hoPrea (\/Aooervecldsky
Jardine
e Nisnevich covers (replacing open covers)  7oyq
Isaksen
® Localize with respect to Dugger

bé Fu.— Fx for any X and any (hyper)cover U—X
S AIXX — X for any X
affine line over C

e stable motivic homotopy category of Smc

" e Pia- the projective line

4

o SIA- the “simplicial circle” and (Al-0)A- the "Tate circle’
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Topological realization: Smc P_. Manc

X | -~ X(C) P b

complex

eg. P PY(C)=CP!=52 manifold of

solutions in C

mofivic induced map top. realization
sp ectrum ‘ gk o
p v
Ess(X) - € (X(©)
"algebraic” "topological”
Example:
VeXl € HZmor (X) - HZip(X(C)) = H2(X;Z)

........................................................................................................... [Vsm]
Question: How can we produce classes in

EZ" (X(C)) which are not algebraic,
l.e., are not in the image of p?
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algebraic VCX - . [V]H = HZH(X;Z) general
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The Brown-Peterson tower: fix a prime p
. p-local universal theory

Brown-Peterson spectra BP with Brown-FRgIRn

5 Quillen
P*z Z(p)[VhVZIo:o]- ...... |Vi|=2(Pi‘1) \E/\/ilSOn
quotient map
For every n: BP >~ BP/(vn,...) =2 BP(n)

Zpviva,...] v ZE)Vi,.Vn] = BP<,

The Brown-Peterson tower:
BP— .- — BP{(n)— --- —BP1) —>BP<Q>—> BP<-:1>

HZ(P) St HFE
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Milnor operations:

For every n:
stable cofibre sequence

> WlBp(ny = BP(nY — BP(n-1) — 3 Va+1BP(n)

with an induced exact sequence (for any space Y)

BP(ny**Vil(yy — BP<n>*(Y))

3p<n_1><3p<n 1>*(Y) Bp<n>* +|vnl+1 (Y)

nth Milnor
l Thom @ = l l operation:
map Qo_Bgcks‘reln 8
HF H*(Y;F,) — H* Hval+ oy ) Q=P Qni-QuP

Qn
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There are motivic operations

mot 2pn-1,pn-1 mod p-motivic
Qn'e o ~  Steenrod algebra

For a smooth complex variety X:

mot

@ i+2pn-1,j+pn-1
mo‘r(>< |:P) - le;of ¢ (X;FP)

mod p-motivic
cohomology

Recall:  H.(X; Fp) =0 if i>2].
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Obstructions revisited: X smooth complex variety

mot
n

BT o

— er?o’r : g
Hmgt(XiFp) HstT - T e =0

B sl £ e l
l " topological realization
i 2i+2pn-1
H2i(X;Fp) e dra
& B < Qna O
Uif

Observation: The LMT-obstruction is particular
to smooth varieties and bidegrees (2i,i).

Example: Qq1+0 for L the fundamental class of a
suitable Eilenberg-MaclLane space, though t is algebraic.
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Back to our task:

Find non-algebraic classes in EZ(X).

For example: E=BP({n)?

Recall: BP and BP<{(n) exist in the motivic world

(e.g. Hopkins, Vezzosi, Hu-Kriz, Ormsby, Hoyois, Ormsby-
@stveer).

Question: How can we produce non-algebraic
elements in BP<n>+OP(X)?
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Lifting classes:

We produced

®amap @ BPk+Qol+..+lQnl (X)
® an obs’rrum }

\4

(:=qn...q
e i (p(ﬂ) the degree
Qnalln G I I Ar increases
Hk+|Q°|+°°-+|Q”+1|(X;FP) : BP(n+1)k+Qol+..+1Qnul ()

o If Qn:i1..Qo(a)#0, then @(a) is algebraic.

But we also pay a price...
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Wilsons unstable splitting:

The price is as little as possible.

Theorem (Wilson): For any finite complex Y, the map
BPi(Y) - BP(n)i(Y)

is surjective if i<2(pn+...+p+1).

Recall |Qnl=2pn-1, hence |Qol+...+|Qnl=2(p+...+1)-n-1.

need to pick k2n+3 BPK:IQOH"*Iin(X)

\4

P Bp<n>k+|Q0|+...+|Qn|(X)

HK(X;FP)
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Examples of non-algebraic classes:

Theorem (Q.): For every n, there is a smooth
projective complex algebraic variety X and a class in

Bp<n>2(p“+...+l)+2 (X)
which is not in the image of the map

top. realization

BP(n)2*¥(X) ~ BP{(n)2*(X).

mot

Proof: Let Gk:=TTk(Z/p) (following Atiyah-Hirzebruch).

We know: e H*(BG;F,) = Folyi,..., YkI®A(X1, .., Xk);
S lyil=2 i |xil=1

-~ QJ(Xi)=Y?j, Qj(y;)=0.
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Proof continued: H*(BGK Fp)= Folys . yd @A X1, .. Xk);
Q;(xi)= YI , Qj(yi)=0.

Choose: k=n+3 and @:=x;...Xns3 in H"3(BGk;Fp).

Check: Qn.1...Qo(a) O.

Hence x:=qp...qo(a) in BP(ny2P™+-+1+2(BG )

is not in the image of the map

pp 2Pl Edss - Bp(nP PR . ).

Finally, set X = Godeaux-Serre variety
associated to the group Gn.3 and pullback x via

X > BGn+3 x CP=. a 2(pmi+..+1)+1-

connected map

[l
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Lets check the numbers:

The minimal complex dimension of X is 2n+3-1 for
p=2.

For n=1 and p=2:
BP<(1) is 2-local connective complex K-theory ku.

There is a smooth proj. variety X of dimension 15
over C with a non-algebraic class in BP<1)8(X).
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-~ non-torsion classes in BP(n)*(BG)
* Yagita, Pirutka-Yagita, Kameko, ... :
" non-torsion class in H*(BG;Z) for alg. group G with (Z/p)3cG

* Antieau:  class in H*(BG;Z) for alg. group G, represent. theory

“*on which the Qs vanish, but a higher differential in
the AH-spectral sequence is nontrivial.






