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Rational points - nice algebraic
~ variety over Q

X = {x* = 177* = 2(y% + 42%)?}

o ? ............... ; 5
soligthlons over (02 0 3 solutions over O

X(Q) = rational points 2  X(Q) = geometric points

e action by absolute
fixed pointsags. " = Galoié group Gal(Q/Q)

X(Q) = X(Q)%@D « x(Q)



A fundamental exact sequence: k a number field,
k a separable closure

X smooth geometrically connected

variety over k ;
X € X(k) a geometric point

geometry arithmetic

1 = ﬂ'lt(X X) — ﬂlt(X X) — Gal(k k) —.d

A=A gt L2 Galois

etale fundamental group = nft(l_c, %)
group



Sections: y: Spec k — X a rational point
aPPIY ﬂlt( P )

choose etale “path” et(X
)

D: y~X 71'1 . Sy
& 0 P

1 - 7f'(X,X) > ﬂlt(X %) — Gal(k, k) — 1

yields a section after composition with p

up to conjugation by z{'(X, X)



The Section Conjecture:

X(k) — S(X/k) = set of ﬂft()_(, X)-conjugacy

classes of sections
s, ]

A

| - 7zf'(X, %) - #f'(X, %) > Gal(k, k) - 1

Vo e

: This map is a bijection if X is a geom.
connected projective smooth curve of genus >2.

see
~.__Anabelian work

Injectivity ¢/ geometry  of Stix



A motivating reformulation:

outer homs compatible with

X(0) ~— SO, % s Gaien

. Homout(Gal(k/k) (X, X))
morphisms in the
homotopy category

over BGal(k/ k)

- [BGal(k/ k) Bﬂ' I(X X)] BGal(k/l)

; X is a K(r,1)-space

|12

7, (( )hGal(k/k))

homotopy fixed point space
of the etale topological type

under the action of Gal(k/k)



Rational points and homotopy fixed points:

X( k) b ( ( Xét)hGal(l_c/ k))

. Gal(k/k)-homotopy
fixed points of the
etale topological type

This map exists in general!

“ﬁomo’ropical approximation” to X(k)



Rational points and homotopy fixed points:

X( k) 4 71.0(( t)hGal(k/k))

. Gal(k/k)-homotopy
fixed points of

\W ‘l’ .C . 1-- 7 1_ X k
glelple Op! al dapproxima 'Or' 0 ( ) etale topological type

oy ght lead to
e obstructions v

® existence ?

o ¢



A brief detour: with an action of
‘" agroup G

topological space Y
. fixed points

Problem: homotopy invariant

X ~ Y does imply X¢ ~ Y©



A brief detour: X ~ Y does imply X9 oy

Example: G = Z the integers, ¥ = R the real line.

n: x—=x4+n

—1.0 . 1 9 o n R

o Y ~ {pt} contractible

Y=g - - e {pt)f#0

action is free



I-Iomofopy fixed poin’rs: space of G-equiv. maps
Y = Map(pt,Y) and YY = Mépr(pt, Y)

Problem: point a "well-behaved” G-space

Solution: replace pt by a cofibrant resolution £G

canonical G-bundle

| EG a contractible space
..... l with a free G-action



Homofopy fixed poin’rs: Space of G-equiv. maps

Y = Map(pt,Y) and YY = MéiaG(pt, Y)

EG = contractible space with a free G-action

Define homotopy fixed points as

Yo = Map(£G, Y)

Example above: Yo ipt} v



Fixed and homotopy fixed points:
Homotopy fixed points are homotopy invariant:

X ~ Y implies X"¢ ~ Y"0 v

Canonical map ...................... EG g3 5 pt

YO = Map(pt, Y) i Map (EG,Y) =Y e

In general a homotopy equivalence!



Sullivans question: X an alg. variety over R

how to recover the homotopy type ?

of from

X(R) X(C)

G, acts by
~ complex conjugation

XR)=X(O)%2 ..

: The homotopy type of X(R) may not be determined by
the one of X(C) by taking fixed points.



Sullivans question:
Example: X = P! the projective line p odd prime

«X(C)=$? o m,(X(C),") = m(X(C),)"

TRl p-completion of X(C)

e however X(R) ~ S! and

e 1(X(C);) = {1} # m(X(R),)



Sullivan conjecture:

/\

p a prime, G a finite p-group, nice space Y G-action

e.g. finite complex

or Br, x finite group

Theorem (Miller, Lannes, Carlsson):

Ylg; — YZ}G is an equivalence

p-completion of ¥

- equivalence

Example: X a variety over R

X(R), ~ X(([:)zcz %X(C)’;Cz



Etale homotopy in a nutshell (after .., _o

Artin-Mazur, Friedlander, Sullivan,...): o W0

X an algebraic variety over a field k k < C and X2
.................................. IOCOI diffeomor‘phism ‘

Serre:
U = X be an etale cover

intrinsic!

think of as an “open” cover

Cech nerve Ny(U) = U.

this is the simplicial scheme

U S Uxxl = UxyUxyU

U, is the n + 1-fold fiber product of U over X



The idea: ~__ connected
components

simplicial set 7,(U.)

Observation: variety X over a field

11mHS (my(U,), F) = H,(X, F)

smg
U

singular cohomology e I n009y

A candidate for an etale homotopy type:

"system of all spaces m,(U,)s"



Friedlanders rigidification:

A rigid cover is a disjoint union of pointed, etale,
separated morphisms

a,: (Ux, ux) - (X, x) one for each X in X(l_c)

geometrically geometric
connected point over X

* Rigid covers form a filtered category RC(X).



Friedlanders rigidification:

The “rigid etale type of X” is the pro-simplicial set

“.. functor from
a filtered
simplicial sets .. category fto...

X,: RCX) = sS, U w> my(TL).

o Cech nerve
set of connected

components

Intrinsic topological invariant of X



Friedlanders rigidification:

Example: X = Spec k

* rigid etale covers of k = finite Galois ext. K < L in k
o« Nyih), = || Gal(L/k)
n+1 copies

. finite Galois

= (Spec k),, {BGal(L/k)}k<L<k



Friedlanders rigidification:

X ;o RCXT 88 U my(U,)
* X defined over C: (Xet)A e X(C)A

© weak equivalence of pro-spaces
after profinite completion

e X defined over R:

e (X,) ~X(C) b (X0 o X(C);?ral(C/R)

Borel
construction



Profinite spaces of Lannes and Morel:

$S = category of simplicial profinite sets

"profinite spaces” " cofiltered limit of
finite sets

profinite group ..

Example: Brr = classifying space of 7Z'

Br, = X - X & is a profinite set



Profinite spaces with a continuous action:
G a group

S§G = category of simplicial profinite sets
with a levelwise (G -action

"profinite G-spaces”

profinite group with a
continuous G-action

Example: Brr = classifying space of 7

Br, =X --- X 7w is a profinite set with a
continuous G-action



Quillen-adjunction: G a profinite group

...................... R Y XG EG i Y proﬁni’re spaces
r‘lgh + g with G-action
Borel
construction 2 /\ A
SSBG SSG with G-action
\/ ................ induced by the
left ’ one on EG
| X866 =3 X K@ 5
profinite spaces i l
over BG
X — BG

Theorem (Q.):

Both categories have fibrantly generated model structures.



Continuous homotopy fixed poinfts:

G a profinite group Y in Sgg

homotopy fixed points

Y"C = M?lpng(EG, R:Y)

" fibrant replacement

mapping space in sSg



Continuous descent spectral sequence: G profinite
group

Y in SSG Yo .= Mapng(EG, R;Y)
We have a descent spectral sequence:

ES = H: (Gm(Y)hm (F).

b e g rou P

applica’rions;,,,........, e

In



Profinite completion:

There are profinite completion functors

levelwise profinite
SS SO completion of sets

pro—sSf»pro—sg—j sS

complete take fibrant replacements
objectwise objectwise and then
(homotopy) limits



Profinite etfale type:

profinite completion functor

complete holim

pro—-sS—»pro—sﬁ—*s@

For X/k and G := Gal(k/k):

. is an object in sSg,
apply etale type and Xet J BG

complete+holim

and Xét IS an object in SSG.



Continuous Galois homotopy fixed points:

X/k and G = Gal(k/k) as before

We get Galois homotopy fixed points:

(X;)"” =Mapg (BG, RGXA X EG).

. fibrant
replacemen’r in $S¢

Theorem (Q., D. A. Cox for k = R, 1979):

The canonical map X;, X EG — X,
is a weak equivalence in sSpg;.



Back to rational points:

X = geom. connected smooth projective variety
over a number field k

X(k) = Hom(k, X) = set of rational points.

Functoriality of all constructions

homotopy category

X(k) — Hom%k (ks X3,)

(Spec k = X) — (k;, = X;,)



From rational to homotopy fixed points:

X(Kk) o Hom%k (ks X5,)
Gl G s Gal (I_C / k)

fibrant

replacement of

= myMapg (BG, X;)

~ hG
e ﬂO(Xét )



Obstructions to rational poinfts:

different
hG construction
G 1010 6 of my(X7)

e Obstruction for existence of rational points (e.g. Pal
Harpaz-Schlank, Corwin-Schlank,...)

e For X and k as in the Section Conjecture, we
Know

Ry=BA(RD,  Kabwe
g a0 i anabelian

thG ~ ( B ]Z.Iet(X, )_C))hG






