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for simplicity

Norm Residue Theorem: k field with char(k) # p containing
primitive pth root of unity

Voevodsky, Rost, ...

Milnor K-theory continuous cohomology of
| T/ (u @ (1 —u),u #0,1) absolute Galois group

IIZ

..... KM(k)/p H* (k ”:)

quadratic algebra . strong restriction on which

® generators in degree 1 [Fp-algebras can occur as the |

® relations in degree 2 Galois cohomology of a field |

Which quadratic algebras occur as H"(k, [F)?



Additional properties? H'(k,[F,) quadratic algebra

e if inclusion K(A) < B(A) of
Koszul complex info bar
complex is a quasi-isom., or

a quadratic algebra A is Koszul
o if cohomology Exty(F,,F)=A"is

M ?
Is K"(k)/p Koszul? .. the quadratic dual

Conjecture of If k contains a prlml’rlve p’rvh root oF
Posﬁselskl-V|sh|k Voevodsky: unity, then H°(k,[F ) is oszul T

“The algebra H'(k,[F,)

5 has a very nice and
e Positselski: local and global fields v simple structure”

® Minac-Panini-Quadrelli-Tan: finite fields, pseudo

algebraically closed fields, elementary type pro p-groups, 4
Pythagorean fields if p =2, ...



Additional properties? H'(k [, quadratic algebra

Is H(k,[F) a ﬂKoszul alg'ea

e Can H(k, I-,) be described
‘in "elementary ferms”?

continuous Galois

€" is quasi-isom as a dga o e T

to (H'(€"),8 = 0) :
® Can the dga 6"(k,[F) be

dg-algebra? described in “elementary
terms” as well?

Is ¢°(k,IF) a 'orm

Massey products provide an
obstruction to formality



Massey PT'OdUC"'SZ (G°,0) a differential graded algebra with coh. H*

a.b,c € H' with e A, B.C e @' represent a, b, c

' make a

g i e E,, E,, with 6E,, = AB,SE,, = BC Lhokce

triple Massey product s defined if such data exist

set of elements in H?

(a,b,c) := [AE, + E,C] in H*/(aH' + H'c)

0] hen (EETZ] < it 4 9 ]

if
i bijection
we may Choose Eab —_— O — Ebc <a, b, C> P It v W (B % Lo > <f.a, f.b, f.C>

generalizes to n-tuple Massey product (a,,...,a,) in all degrees

a,a, = - =a, ia, =0 only a necessary ‘

n—1
condition for (a,, ...,a,) being defined



Additional properties? H’(k, [, quadratic algebra

6" is quasi-isom as a dga

to (H'(6"),6 = 0)
Is €'(k,F,) a |

® Can the dga 6°(k, ) be
| formal | dg algebm7 described in “elementary terms”
as well?

Massey products ® many non-vanishing Massey

: - ducts in arithm. & alg. geometry:
rovide an obstruction i 9. geol
E‘)o Formali’ry Ekedahl, Morishita, Sharifi, Gartner,

Bleher-Chinburg-Gillibert, Deninger,...

Ba————— e = i ==

~© Hopkins and Wickelgren: (a,b,c) # @ < 0 € (a,b,c)

“ k a local or global field of elements in H'(k, )
u char(k) # 2




Massey vanishing conjecture of Minac-Tan:

e — e ——— e —

Conjecture: For a,,...,a, € H'(k,F.):

\i
Ii

\

(@1, .... a0 F @D — 0 (alaild).

_ -

Efrat-Matzri, Minac-Tan: all fields, all primes, |

‘--..__-.___'_:N\erkurjev-Scavia: ﬂl e p=2{n=4

. e New examples of profinite groups which are
not absolute Galois groups

e Example: § = free pro-p group on generators X, ..., Xs

Minac-Tan: and relation 7 = [x,, xs][[x,, x3]x;]

I — = —_——— = e e~ PE—— —

| — -]
|
' Then G = S/(r) is not the maximal pro-p quotient of an absolute Galois grou




Massey vanishing conjecture of Minac-Tan:

for every field k, all n > 3, all primes p

1; Conjecture: For A ;o el l(k, F):
oy |
‘/!g (G, .-, B0 . 0'E (a ). »

. —————— = =

Efrat-Matzri, Minac-Tan: |all fields, all primes,|

iy
§
i

Merkurjev-Scavia: |

l § p=Ztn =4

Harpaz-Wittenberg: m‘allnumber’ all primes, all n >3

and before Guillot-Minac-Topaz-

Wittenberg forp =2, n=4 e Massey

vanishing conjecture

Pal-Szabo: fields with ved < 1
all primes, g () e Xay, ., )
Quadrelli: elementary type 4|1 n > 3

— a;U diy1 =
Pro—p-groups = | i

foralli=1,....n—1



...... for every field k and

Massey vanishing © all primes p?
conjecture \

and Koszulity suggest T

1

| Question: Is " (k,

Hopkins-Wickelgren formality:

l.e., quasi-

| isomorphic to

TN — . (H'(k,F),5 = 0)
as dgas

® Yes, for example, for pseudo-algebraically closed fields

e formality implies all
Massey products are
defined and vanish

Positselski: (0, for odd 7 is not formal at p =2 when neighbouring cup

products are zero

The answer is  no ' in general

Harpaz-Wittenberg: () is not formal for p =2

cochains witnessing vanishing
of Massey products

“exis’r a,b,c,d e H 1(@, F) a Eab E(a,b,c> i .

T (a,b,c,d) is defined

, with a Ub=bUc=cud=0 b E,. E(b,c,d) if both {(a, b, c) and

| but {a,b,c,d) not defined ﬂ SR e 4 g b

hl : s witness vanishing C Ecd A of F
of* cup ‘prodliGts . = bc

d



Hopkins-Wickelgren formality:

for every field k and

Massey vanishing < all primes p?
conjecture v
and Koszulity suggest e L — 1 e, quasi-

iIsomorphic to
(H'(k,F,),5 = 0)
as dgas

|1u Question: Is " (k, I-,) formal?

* Yes, for example, for pseudo-algebraically closed fields

The answer is  no ' in general

Positselski: (), for odd # is not formal at p =2

e formality implies all
Massey products are
defined and vanish
when neighbouring cup

Merkurjev-Scavia: more examples of fields of | Products are zero
characteristic # p which are not formal at p

Harpaz-Wittenberg: () is not formal for p =2

However, there are also important positive cases...



Projective groups and PAC fields:
embedding problem

G is iﬂrojec if every

embedding problem has a solution

solution G

profinite group

—~—

o

" commutes !
A 4

B > A finite groups

04
AX, Lubo’rzky-van den Dries surjective

" cohomological dimension at most 1 @ continuous

k a field with absolute Galois group I'(k)

o k is called | pseudo algebralcally closed |F every geometrically

k is pseudo algebraically closed ['(k) is projective

there is a PAC field k with I'(k) =2 G G is projective



Real projec’rive groups: G a profinite group

alembedding problem

ia
ss

G is real projective | if it has an P

: e i i - involutions are no
open subgroup without 2-tforsion R g
and every real embedding problem solution G

has a solution ~

Haran-Jarden ~ compuitessi

th st BT A "
e k a field with absolute e.re eX|§ 2 b . ¢(t) == |
; an involution
Galois group ['(k)

[ involution

¢

(k) is real .. ..k is pseudo
" projective real closed

e every geometrically irreducible k-variety, which ;
has a k-rational simple point in every real closure k,

has a k-rational point

G is real there is a PRC field k
b iackive, N with T(0) = G

~ k has virtual cohomological
l[dimension at most one <1




. every dga 6" over [, with
QOur main resulfts: H' = H'(G,F,) is Formal

— — i — ——— —— — e

Theorem (Pal-Q.): IF G is a real prOJec’rlve proﬁm’re group,}
| then H*(G, ) is intrinsically formal - |
and Koszul.

absolute Galois group
['(k) is real projective

k has virtual cohomologlcal
dlmensmn <1 !l

| Theorem (Pal Q.): If k has virtual cohomologlcal dlmensmn =

| then H*(k, [F) is |n’rr|n5|cally formal and Koszul. |

for p odd: H'(G,F,) = 0 for i > 2 and
intrinsic formality and Koszulity are easy



. ¢« (BND)=F, ¢((BND=B&D),
Scheiderers theorem: i Dt B

connected sum of
quadratic algebras

G a real projective group — H'(G, ) =A = B D b

Scheiderer

* X(G) = set of conjugacy quadrahc algebra with generators Di=0Ff
classes of involutions o = or

e B = ring of continuous |
functions X(G) = F, u

e H(G, [F,) = B is surjective for i > 1 and
iso for i > 2 with kernel =: D! fori=1

— —

- © Theorem (Pal-Q.): The connected sum of a graded Boolean
. algebra and a dual algebra is Koszul.

L

LA

Proof: e D’ is Koszul e colimits and connected e B° is Koszul
Koszul-complexiR @)D sums preserve Koszulity

v

if locally finite, then
= bar resolution B'=RKx]n...nklx,]



Hochschild vanishing theorem:

connected sum of
Scheiderer quadratic algebras

G a real projective group — H'(G,)=A=B"ND"
. graded Hochschild cohomology

|
(’
‘1

© Theorem (Pal-Q.): HH”’zj”(A,A) =0 for all n > 3.

L

contain the obstructions to define an A_-map -~
A — € which lifts A S H(€")
Kadeishvili: = A is intrinsically formal

some tensor algebra : E
i.e., every dga 6" over [,

~ OFW w’ dgas ‘;V'*h fll = H'(G, ) is
orma
Aoo -map / °

and get G°(G, ) is formal

>~ of
algebras




Proof of the Hochschild vanishing theorem:

connected sum of
Scheiderer quadratic algebras

G a real projective group — H'(G,)=A=B"ND"
. graded Hochschild cohomology

 Theorem (Pal- Q) HH"2- ”(A A) - 0 For all n> 3 |

|SEEN AN -

finite dimensional
in each degree

Idea of proof: =

B

e Step 1: prove assertion for all B;, C B" locally finite

fie explicit combinatorial computation: every cocycle is a coboundary

 Sfep 2: take colimit over all locally finite subalgebras

spectral sequence and show higher lim-terms vanish



Reconstructing the group coalgebra

G a profinite group (G(2) := maximal pro-2 quotient

. assume

H® :=H(G,[,) = H'(G(2),[) is Koszul and formal

Positselski

can reconstruct the coalgebra [,(G(2)) from H* |

‘@

—— —— — -

if G is real projective, we can improve this ...



Quam—Boolean groups

Scheiderer

e (G is real projec’rivexl:; H'(G,F) =B"nD’

connected sum of a ]
graded Boolean and a )

e and we can reconstruct G from H°
{ dual algebra

_ i 8 — 3 >

. as a pro-2 group via
Principal construction: generators and relations

B o2 group free pro-2 product

.~ of 2-groups over a
__v____topological space”

e then G = F(Y)*, B(X) |
I‘ is a free pro- 2 product |

on set Y

e given H'(G, ) =B D"

“» o Bl is a Boolean ring,

i.e., x2 = x for all x

o set X = spectrum of Bl e this uses profinite versions of Qui.llen's F-isom theorems
on group cohomology, work of Scheiderer, Haran-Jarden
e set Y = basis of D! on the arithmetic of field, existence of sections of

principal G-bundles (Morel), ...






