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continuous maps

test SPGCQS ...................................... L SPGCQS
dim O o L e
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\/ (free abelian

_- group of...)
dim 3

Homology of X:

Hn(X;Z) = n-dim.
modulo boundaries
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;finduces |
Hn(Y;Z) B Ha(X;Z) & compact, * every point has a

oriented neighborhood = Rn

Assume: Y=M is a smooth n-manifold. -

[M] € Hn(M;Z) falM] € Ha(X;Z)

(M,M-p)~(Rn,Rn-0)
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smooth n-manifold M — X? ?eXiSf manifold ? M
& COmPGC'l', Fn[M] = a € Hn(X,Z) l]c
oriented X

Example: Every elt in Hi(X;Z) is realized as S! — X.

Thoms answer: In general, no! \With rational
because coefficients: Yes!

manifolds obey some universal
geometric operations and @ may nof!
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Modify the problem: Step |
e choose a nice X

complex smooth algebraic variety X

“. set of solutions in some CN

Examples: of polynomial equations

® p(x,y,z) = 0 in C3 for p(x,y,z) = x"+yn+zn-1.

e yn-q(x) = 0 in C2, q without multiple roots, e.g. q(x)=x3+x+1.

" Abelian integrals [ e
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fundamental class of an V—Vemn  [VI=[Vsnl]
algebraic subset VcX? oA in Han(X;Z)
X
e Example:
curve . . surface  z1,z2 local
N coordinates on X

& =-2-g dziadz;
(HOdge) [ J*a i O Tk unless .................... s a=>f dzl/\d21
V A

form on X a-=-2 Hr dzrrdz;
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Can every class in Han(X; Z) of Witk #atismal
Hodge Type be realized as the coefficients this

fundamental class of an is still an
algebraic subset VcX? open question!

Atiyah-Hirzebruch: In general, no!

e However, for n = dimX-1, the answer is yes.

given a in Had2(X;Z) V g e
Poincare \ o b { K(2;Z)
dual - ; SIN7 :
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The Brown-Peterson tower: fix a prime p
. p-local universal ’rheory

Brown-Peterson spectra BP with b o ol

Quillen
¢ . BB, = Z(P)[Vl,Vz, ]  vil=2(pi-1) Wilson
ovaludbad i g .
ais "quotient map”

For every n:  BP >~ BP/(vn,...) =2 BP(n)
Zpvive,...] i Zp)[V1, e V0 (T BP<n),

The Brown-Peterson tower:

BP — "B —'BP<1> —>BP<O>—> BP<- 1>

p-local
connective K-theory HZ(p) ~— HFP
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BP<n>2*(X)—> BP(n- 1>2*(><) BP(ny2*+Val+l()

B

al‘gebraic VcX H2*(XGF,) — H2*+|V”I+1(X;Fp)
‘o i n
................. v Ol > Q. £ 0
e

Levine-Morel-Totaro obstruction:

If Qua # O, then a is algebraic.
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Generalize the question:

IS there e L aagiven
so far an algebraic? + — o
V c X [V] = a e H2Z*(X;Z)
topological
NOW oo = e : Voevodsky
Smc - Manc Morel
motivic/algebraic Vezzosi
spectrum induced hem. . #1op. redl :::OP::"P
; u-Kriz
BP<n>§T;g+(X) ~ BP(n)s (X) Ormsby
Hoyols
"algebraic” "topological”  Ormsby-@stveer

Question: How can we produce non-algebraic
elements in BP(n)2*(X)?
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We can lift...

e but we pay a Price...

Qn+1 : Bp<n+1>k+|Qo|++|Qn+ll(X)

BP(n)yk+|Qol+..+|Qal (X)

i
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................ map
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Theorem (Q.): For every n, there is a smooth
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Bp<n>2(p“+...+l)+2 (X)
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Proof continued: H*(BGK Fp)= Folys . yd @A X1, .. Xk);
Q;(xi)= YI , Qj(yi)=0.

Choose: k=n+3 and @:=x;...Xns3 in H"3(BGk;Fp).

Check: Qn.1...Qo(a) O.

Hence x:=qp...qo(a) in BP(ny2P™+-+1+2(BG )

is not in the image of the map

pp 2Pl Edss - Bp(nP PR . ).

Finally, set X = Godeaux-Serre variety
associated to the group Gn.3 and pullback x via

X > BGn+3 x CP=. a 2(pmi+..+1)+1-

connected map

[l
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