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Euler, Abel and Jacobi:

We would like to evaluate the integral

1(1) =J 1/7/F(x)dx.

0

i polynomial of degree 3
with simple roots



Reformulation:

point and path in
space E(C) of
complex solutions
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depends on choice
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: group
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The Jacobian and the Abel-Jacobi map:
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iIsomorphism

E(C) — C/(ZA @ Z4,) ~ Jac(E)
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Lefschetzs theorem on (1,1)-classes:

X compact Kahler manifold

isom. classes of | surjective |
holomorphic —§",

H*X;Z) n H\(X; C)
line bundles on X

ji ! r e CCEN



Lefschetz's proof: X C CP" surface

& family of Jac = WU Jagh€y)
curves on norrr.lal” :
Ve function ( o i HYC; QL Y IH(C,; Z)
common YD \
" poinf
cp! cp!
/_\ :
line bundle D ' 5 VD(t) = JaC(Ct)
on X curve on X PiD)
a — Z )
Dt ., pi) Abel-Jacobi ™

infersection map

points with C,



Lefschetzs proof continued: X c CP" surface

€ family of Jac = WU Jagh€y)
curves on norrr.lal” AR T
¥ witr. & Tinetion P H(C; @) 1H\(C;; Z)
common VD \ > R hOlOmorPhiC
| POinf po
cp' Cp!

vp(t) € Jac(C)  poincaré’s Existence Theorem:

D el ydcoy For every normal for some

0P function . YD I .curve D

curve on X

n) € HZ(X; Z) such that n(yD) =[] Poincare dual of
fundamental class

of Hodge type (1,1)

Every class of Hodge type (1,1) arises as 1(v).



Griffiths” Jacobian: X compact Kahler manifold

complex

submanifold £ C X | Zlyy  in MU(X)
of codim p | fundamental clas |
in complex cobordism | Thom
7 RIS TS morphism
i A1 not always
surjective

Abel-Jacobi
: : Poincare dual of
Sk gkl AJ(Z) | y [Z]@ [Z] | fundamental class

0 S JacGaEe H;P(X; Z(p)) —""HPOHY) — 0

Griffiths’ Dligad integral Hodge
intermediate cohomology classes
Jacobian



Deligne cohomology: infeger p > 0 complex manifold X

De[igne P locally constant sheaf  complexes of
complex ~ sheaves on X
2 5(p) o A
homotopy Qi)
cartesian 4
\/ \ 4
P QQ[* ol ka
t least It
:mneyajjz's s L ‘_ sheaf of smooth forms
local coord. exact I o< cocfT.
sequence
R s hyper-
cohomology of X cohomology

HE(X; Z(p)) = HY(X; Zg(p)



Hodge filtered complex cobordism: jt w/ M. Hopkins

constant y
define as .. PrQShQGF - (2i)P*™ on FundICITenfal
homotopy ¥ -._ 1y (MU) ® C cocy? e
pullback ,

MUg(p) - TMU — U NHC
integer p homotopy ? £ } |
cartesian H ( V*)
i ) F / forms with coeff.
H(FPA™(V,)) > H(A*(V,)) V,=MU,®,C
i . Fp+]d* V | . T A
® : 21) Presheaves " Eilenberg-MacLane

spectra on Mang spectrum functor

MU%(]?)(X) i HomhosPre(zoo(X+)’ ZnMUQZ(p))

stable homotopy category

complex manifold e simplicial presheaves



. MUg(p) —> MU
Hodge filtered complex cobordism: l = l

H(ER*(V,)) —— HEI(V,)

MUE (p)(X) := Homyp.(27(X, ), Z"MUg(p))

e pullbacks along holomorphic maps v

e multiplicative structure

e long exact sequence



MUGlpy=——— MU
A short exact sequence: l - l

X compact Kahler manifold HFPL*(V,)) ——> HA*(V,)

MUG(p)(X) := Homyp,po(27(X,), Z"MUg(p))

"MU-Jacobian”
~ MUP~'(X) Q@ R/Z P
as a real Lie group

"MU-Hodge
classes”

0 — Jaczp 1(X) — MU p)(X) — Hdg (X) — ()

Thom
morphism

0 — Jac¥~'(X) — HZP(X; Z(p)) — Hdg¥(X;Z) — 0



. MUg(p) —> MU
Hodge filtered complex cobordism: l = l

H(ER*(V,)) —— HEI(V,)

MUG(p)(X) := Homyp,po(27(X,), Z"MUg(p))

e pullbacks along holomorphic maps v/

e multiplicative structure
e long exact sequence
pushforward along proper oriented holomorphic maps

- =l = e ———

a geomeftric way to describe elements

,f!

|




Geometric interpretation?

X

triples (f,w, h) ?

MUg(p)

htpy cart.

® how can we
 keep track of
. the geometry
. of this map?

. MU '

~ HA* (V)



Geometric interpretation? jt w/ K. Haus

e (stable) normal

.~ ® proper complex Gl Mon 7

oriented map of
........................................................ ' COdim. ’ ; Connec+ion Vf I Nf

Quillen -

Z  K(Vp) =K (Vp. o V) -.)

< f pushforward A Chern-
“""'t¢ I :"-‘. .
~. MUg(p) > VU |  along f _-."“:‘Well

[K( Vf)] = K(Nf)
“ current on X

I R

A

e choose current /1 such that

J«K(V¢) — dh is a closed form
(Gt o T in FPA™(X;V,))

e genus K: MU, — MU, ® C



Geometric Hodge filtered complex cobordism:

® geometric Hodge
filtered cobordism cycles ..

ZMU"(p)(X)

W T

complex
orign’red if such that
codim n ' 1:K( Vf) — dh € FPA"(X; V_ s

X

MU"(p)(X) := ZMU"(p)(X) modulo a bordism relation



How can we compare these theories?  Uniqueness ?

: , R gt o
MU (p)(X) MU"(p)(X)

; additive isomorphism .

: Pontryagin-Thom
zig-zag of weak % & construction plus...
equivalences A
MUy (p) = MUy (p) Up(P)(X) - = R (MUL (P,

. o
M (5 e > Map*™(A* X —, Th(ym,l)) universal bundle
. G | RS

" Mathai-Quillen
Thom form on
universal bundle

FPAA X =3 V,) —— (A X —;V,)



Chern-Simons form

Hodge filtered pushforward: g e D
& X—Y relation if
P aé, = CSx( Vg, V(’g)

proper holomorphic

half off it + orientation (N, V,50,)~ 8NN 6.)

currential
version

g«: MU (p)(X) — MU"24(p + q)(Y)
(f: Z— X, N,V ) — <goﬁ1\g@f*mz\1§, V, ®f*V,.

¢ (K(V,) A HGo A (FK(V) — dh)))

in o~ 1(X; V,) such that
K(V,) —do in FPd(X; V,)



.............................................................. PrOPer holomorphic

Bott orientation: map of codim g

g: X 2 Y  g.: MUY (p)X) — MU 4(p + q)(Y)

»

N, not a +  canonical
holomorphic bundle . orientation
hOlOmOrPhiC E .‘ g*[TYa DY? O] 4 [TXa DX? O] IS a |
, bundietcRg virtual orientation ‘
~ Karoubi R e 7

Bott connection D

locally matrix of

1-forms in Flﬂl(X) — K(D) in FOﬂO(X; Vi) —fp (E, D, O) IS an

orientation!



X compact

Secondary cobordism invariants: il o et

assuming f: Y —> X proper
fi(1ly) =0 / holomorphic codim p

Bott
Abel-Jacobi orientation

invariant

AJ(F) - 2y - fil(1y)
0 — Jach~!(X) — MUP(p)(X) — Hdg? (X) — 0

home for

W\ [
secondary

invariants”



X compact

Abel-Jacobi cobordism invariant: Kahler manifold

assuming f1Y—X
fe(ly) = O / proper holomorphic
normal .
: bandie connection
Abel-Jacobi ~ bordism ey :
invariant data W NG ), Of e T
form
b
A](f) | “measures” the failure
JaCZP I(X) R x X of the normal bundle N;

to be holomorphic

AI(f)=| os Affo+ K(V,)) Af*fw
Jy Y Wio.1

i PP+ gn-2t . V)






