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for simplicity

Norm Residue Theorem: k field with char(k) # p containing
primitive pth root of unity

Voevodsky, Rost, ...

continuous cohomology of
Milnor K-theory

absolute Galois group of k
. Tk (u® (1 —u),u #0,1)

with ’rrivial action on [Fp

IIZ

,,,,, KM(k) Ip = H'(k, [F) ot

quadratic algebra = - strong restriction on which

e generators in degree 1 [Fp-algebras can occur as the |

® relations in degree 2 Galois cohomology of a field |

- Which quadra’rlc algebras occur as H (k, [F )? |

|

I S— — —




Additional properties? H'(k,[F,) quadratic algebra

e if the inclusion K(A) & B(A)
of Koszul complex info bar
complex is a quasi-isom.

= e ———

» Conjecture of  If & contains a primitive pth root of |
- Positselski-Vishik, unity, then H (ki) ds Koszul

” Voevodsky: -

—

Is KM(k)/p Koszul?

"o positselski: local and global fields v/

e Minac-Panini-Quadrelli-Tan: finite fields, pseudo

algebraically closed fields, elementary type pro p-groups, 4
Pythagorean fields if p =2, ...



Additional properties? H'(k,[F)

e Is H'(k,[F,) a Koszul algebra?

quadratic algebra

e Can H (k, I-,) be described

‘in "elementary terms”?

motivates

5 L but does not imply
€” is quasi-isom as a dga

to (H(6"),0 =0)

e Is €°(k,F)) a formal dg-algebra?

continuous Galois
cochdins. "

e Can the dga 6"(k, F,) be

described in “elementary
terms” as well?

Massey products provide an

obstruction to formality



Additional properties? H'(k [, quadratic algebra

e Can the dga G"(k, [Fp) be
o Is 6°(k, [Fp) a formal dg-algebra? described in “elementary terms”
« as well?

Massey products ® many non-vanishing Massey products

; ; in arithm. & alg. geometry: e.q.
Em;"de ":,”f obstruction Ekedahl, Morishita, Sharifi, Gartner,
o formality

Bleher-Chinburg-Gillibert, Deninger,...

v

e Hopkins and Wickelgren: (a;,a,,a;) # @ < 0 € (a;,a,,a3)

| k a local or global field is defined, i.e., _ Massey product |
l of char(k) # 2 ajVay =0 = U a; vanishes

=5 = - - — e == — S

® have COCYCIQS alz, a23, a34 r‘epr‘esenﬂng ® exist COChain 6114 st

a;, d,, a3y and cochains a3, d,, such that 56114 =dpVUay+a3Udayy
56113 == Cllz U a23 Clnd 56124 = Cl23 U a34



Massey vanishing conjecture of A Minac-Tan: *

for every field k, all n > 3, all primes p

—— e e ————— S Pl

| Conjecture: For a,...,a, € H Lk, F),

M
Ii

v

(B, ..., a0 =D «— 0€a. . .

—— —_ —

. oo B A ‘vm * 1
 Efrat-Matzri, Minac-Tan: all fields, all primes, |{

"4 e new examples of profinite groups which are
not absolute Galois groups

- commutator:
e Example: § = free pro-p group on generators X;,...,Xs . [x,y]=x""y"lxy

| Minac-Tan: | and relation 1 = [x, x5][[xp, x3],] <

_ _ — — i — e — e — —

' Then G = S/(r) is not the maximal pro-p quotient of an absolute Galois group |

L : — e




Massey vanishing conjecture of  Minac-Tan: *

for every field k, all n > 3, all primes p

Conjecture: For a,...,a, € H Lk, F):

.‘5
(B, ..., a0 =D «— 0€a. . .

’ vela

gy

(n=4)

* Harpaz-Wittenberg: @allAnumber' :

and before Guillot-—Minac—Topaz =«

—Wittenberg for p =2, n =4

e Pal-Szabo: fields with ved < 1

strong Massey
. Vanishing conjecture

all primes, e @ . a,)
* Quadrelli: elementary type atn>3 . _ . _
l i+1 —

pro-p-groups = " e e 1+n .



Hopkins-Wickelgren formality: b, S

Massey vanishing all primes p?
conjecture i

and Koszulity suggest : T ., quasi-

- Question: Is G (k, ”:p) formal? | isomorphic to
L. o (W) 6= D)

as dgas
® Yes, for example, for pseudo-algebraically closed fields

| @ formality implies all
Massey products are
defined and vanish

* Positselski: (J,, for odd 7 # p, is not formal at p |when neighbouring cup '

| products are zero

The answer is no ' in general

_ ® Harpaz-Wittenberg: U is not formal for p =2

e COChains witnessing vanishing
TaE el of triple Massey products

e exist a;,a,,a5,a, € H(Q,F,)

° (ay,a,,as,a,) is defined if

with a1Ua2=a2Ua3=Cl3Ua4=O

S

both (a.,a,,a,) and
cochains which < 1D 3>
witness vanishing

ﬂ‘ but <Cl1, Cl2, Cl3, Cl4> not deﬁned \
3 g _ PR of cup products "

i}

<Cl2, Cl3, Cl4> vanish ...

i — =

with the same choice of a,,




Hopklns-chkelgren formality: T AN

Massey vanishing Clll Pmmgs p?
conjecture \

and Koszulity suggest : ‘

l.e., quasi-
isomorphic to

(H'(kF),8=0)
Ak dgas

® Positselski: O, for odd ¢ # p, is not formal at p

e Harpaz-Wittenberg: () is not formal for p =2

® Merkurjev-Scavia: more examples of fields of
characteristic # p which are not formal at p

However, there are also important positive cases..

— e B _ _ e = e ——— .

‘, ® Theorem (Pal-Q.): If k has virtual cohomological dimension < 1,

L then H"(k, [F) E m’rrlnsucally formal and Koszul.
| | . e il s
e every dga o o F, with

H = H(G, [F) is Formal




A3-Formali+y and Massey produc’rs: = e awne lagy

are over a field F

"’A

Deﬁnl’rlon We say ’rha’r the dga % IS A3-Formal |F |’rs |
4m|n|mal model satisfies n; = 0. *

l“ ———— _ — =

" e.g. Buijs—Moreno-Fernandez—Murillo

all triple Massey products
in €° vanish when defined
and if g, U, =@, Ua =G 'lig =0
then (a,a,,a;,a,) is defined .. . .-

< €' is As-formal <= ¥" is A -formal

e provides a stronger
- obstruction than triple
Massey products which vanishes for certain
classes of profinite groups...



Demushkln groups: p a prlme number, G a e group

Deﬁm’non G is called a Demushkln group |F o dmn[F Hl(G F,) < oo, |

\

| e dimy HAG,F,) =1, ° The cup-product H'(G,E)x H'(G,F)) » H(G,F)
. i is a non-degenerate bilinear form.

S = - p— —

e the only finite
Demushkin group is Z/27

Theorem (Demushkm) Assume g= 2 Then G is |somorph|c ’ro ’rhe
u ‘pro-p group with generators x;, ..., x,, where d is even, subject to

[l the single rela’rlon I — X, [xl,xz][x3,x4] [xd_l,xd].
| ~ commutator: [x,y] = x~ly~lxy

Serre and Labute: For g = 2 there are three further types of presentations,
one with d odd.



Demushkln groups: p a prime number, G & PRSP group

Deﬁnl’rlon G Is called a Demushkln group |F ° dmn[F Hl(G ) < oo, |

ﬁ

& dime HAGHE )~k the cup-product H'(G, F,) X HY(G, ) = H*(G, )
. i is a non-degenerate bilinear form.

»ibh L o w— — S e —

Examples: Demushkin: G = (xy, ..., x,)/ (x/[x}, X1+ [y, x4])
e pro-p completion of the fundamental group of compact orientable

surface of genus ¢ ed=2g e g=0

< K/@f of finite degree 17, G = maximal pro-p Galois extension of K

Then G is Demushkin with ed=n+2 e g = p/ maximal power such that
* assume £ £ p a primitive gth root of unity is in K

e Demushkin groups are the building blocks for groups of
elementary type in number theory

e Efrats Elementary Type Conjecture



A3-Formal|’ry for Demushkin groups

.1:5'_ =

| Theorem (Pal Q.): Let d > 7 be even and let G be a pro-p “

‘\

. Demushkin group with invariant g.

o If g=0 or g > 4, then €°(G, [Fp) is As-formal.

Examples:
o (G = Zp X Zp with g = 0 (this G is even formal)
= G = Z, X Z, with Z  acting via a homomorphism ¢: Z, — 1 + gZ,
o e.g. max pro-p quotient of Gal(Q,), (¢,p) =1, g = max p-power st ¢|Z — 1
o G = (xy, % %3 i)l [, o sl il with =

" Efrat, Koenigsmann:
max pro-p quotient of Q({3)



- Assume that Cg is a dga over IF with H a |
’u Koszul algebra .e. K(A) L>B(A) is a quc15| —iso. ?'

The canonical class:

s o H' = T(HY/(R) with R C H' @ H!

There are [ -linear maps cKyH)=H' @R NRIH') C (HH®

o f,: H' — Ker @' which induces id;,. on cohomology

o R — €' st 5h(x,y) = = L) UF,(7)

Then we can define the [ -linear map o i;: K5(H") — Ker(o) C e
by x3(x,¥,2) = — fi(0) U/H(,2) — /r(x, ) U £3(2)

can check that formula
~ always vyields a cocycle

and we can check that the induced map [i;]: K5(H*) — H” is a cocycle for
0: Hom[Fp(K,(H'),H'[—l]) which computes Hochschild cohomology HH>~'(H")

R o — =

Theorem (Kadeishvili): %" is A;-formal if and only if [z<3] € HIP- (1)

| is zero.

! o g

1 - also considered by
Benson-Krause-Schwede
for different purposes

|




Idea of the PI"OOF: p a prime number, G a pro-p Demushkin group

e compute the canonical class y; of €°(G, ) in HH>~Y(H*(G, F.))

e construct y, using the Koszul complex of H*(G, [Fp) —

Koszul algebra by
Minac-Pasini-Quadrelli-Tan

e compute ¥ using Dwyers Theorem relating Massey products
and unitary representations of G



Dwyers Theorem: p aprime, G a pro-p group, a;,ay, a3 € H'(G, F,)

e a—— — _

.~ set of continuous group |

| set of defining systems i bijectign . ~homomorphisms
M for <a1,a2, a3> ‘ | ﬁM: G — U4([Fp) such that
2 (i,i + 1)-component = —a. |
cont. homomorphisms cont. maps EE G e ;
G — [Fp G — [Fp o B A LR @
; v , ~ Ly ¥ _a23 —a24
M — {alz, a23, a34, a13, a24} 45“ } Pm = 1 ay
(and (ay, a5, a3)y = a;y Uy +a;zUay, ) \ =
nl and O — <CZ1, az, a3>M f G (1 —dpn
if and only if ‘ pM 5 Py = :
pyy lifts to py,
: LR commutes | \
Uy(F) - Oy(F,) := Uy(F,)/Z,(F,)

group of unitary
(4 X 4)-matrices - centre in Uy(F,)



Sketch of proof: p a prime number, G a pro-p Demushkin group

e Assume that G is generated by x,.x, with relation 1 = x[x,, x,] and ¢ # 2.
then H'(G,F,)
e Let y;: G - F, be the generator of H'(G,F)) = Hom(G,F) st y(x) = —8;. is an exterior

algebra on two

. such that H* = T(H)/(R) fo-have TERERR T generators

signs later

*Then R= {1 ® 1.0 @111 ® 12+, ® 11} since y;Uy, =0 and y, Uy, = — Vg
- can choose identity on Hom(G, [

e need to construct f,: H' — Ke:rc‘g1 f: R — €', and then x;: K3(H) — Ker(6) Cc &2,

K3(%, ¥,2) = = 1il0) U/(,2) = /olx, ) U £1(2) . can be done via .. here of dimension 4;
in general of

Dwyers Theorem : . i
o KAH ) = H'QR)N(RRQHY dimension d” — 2d

®)(2 ®){27 ){] ®){1 ®){2 +)(1 ®){2 ®){1 +)(2 ®){1 ®){1,

HLRLANT LR+ Q1 ® 1l

pure tensors leading

to triple Massey do not correspond
products R directly to triple

Massey products



Sketch of proof: p a prime number, G a pro-p Demushkin group, g # 2

e want to check whether «x;(y; ® v1 ® x1) = — 11 Uil @ xy) - fz()(l Ry Ufi(x) IS a
coboundary in ¢*(G.F)

this is a cocycleina T B ®m=—nUn
triple Massey product

(1 - A ®x) O T ‘\

such that

: : - L 1 - ®
e can use Dwyers Theorem: p: G — U4([Fp) with p = fl ][2()(1% 1)
]
|
F g0 : | o
= i i M

e define p by x; = A:= iy and x, = Iy in Uy(F,)

\ 1

* need fo check relation A%[A.1,] =I;  always in UF)

#Olnﬂ:3lfq—3 /an4([F)|Fandonly|Fq U OF g = pf>4
A= 3} """ ® check Hochschild coboundaries
1 Ty g vanish on ) R x; ®)(1
" eoRay ol u K obs’rruc’rlon For g =5
\ Ly more complicated

when d > 4 lLFOI" every d :







