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Milnor conjecture: k field with char(k) # 2

Milnor K-theory
T(k*)/(a ® (1 —a),a #0,1)

.. continuous Galois cohomology

Voevodsky

i

KM(k)/2 — H*(k, F,)

ea——— - . -3

- | strong restriction on which

............................... L IR

quadratic algebra
I,-algebras can occur as the |

‘ e generators in degree 1 Galois cohomology of a field |

“ e relations in degree 2

Question: What other restrictions are there?



n-fold Massey product: (C*,0,U ) = a differential

graded k-algebra
a, ...,a, classes with a, € H

e With i < j, (@, ) # (Ln+ 1) * a;; represents ¢,
d g - (— l)dikal_k
ta; € C%} is a defining system if =1y
J ® 5(aij) = Z Ay Y a;
k=i+1

* The n-fold Massey product (a;, ...,a,) is the set

n
e = d
{(Cll, ...,a,,l){alj} o= Zalkuakn+1 E H n+1}

v. k=2

A N For all deﬁr"ng Sys-l-ems

| S5 qi it . <a19 £ an> “VGI’IIS
a defining system exists. contains zero.

o (s R is'eﬁn




Formal dg-algebras: (C*,0,U) a diFFeren’rialadik-algebra

IS called "ol »} if

cohomology of C*
iy = & dga with trivial
...................... > dIFFeren.hal

MaSSey Produc-l- Se-l- PO P T SR s A.} MaSSey Produc-'- 5e1-
(st iy bijection (B 7D

€

6 = 0 implies (by, ..., b,) vanishes

al products
ot
IR My R they are defined

Formality implies strong Massey vanishing.




if nonempty.

Massey product vanishing:

if it contains O.

Hopkins and Wickelgren CH = CxT (k)P

“... absolute Galois group

for k a global field of char # 2

e triple Massey products of elements in H LTk, )
vanish whenever they are defined.

for every field k

Mina¢ and Tan



Massey vanishing conjecture of Minac-Tan:
for every field k, all n > 3, all primes p

Conjecture: n-fold Massey products of elements in
H\T(k), [Fp) vanish whenever they are defined.

* o Matzri, Efrat-Matzri, Minaé-Tan: all fields, all primes{n = 3,

e Guillot-Minac-Topaz-Wittenberg: all number fields, p = 2 =5 ] v

* Harpaz-Witfenberg: all number fields, all primes, n>

e Merkurjev-Scavia: all fields, p = 2, n = 4 v 4

® Quadrelli: Efrat’s Elementary Type Conjecture for pro-p-groups
implies Massey vanishing.




Hopkins-Wickelgren formality:

for k a global field of char # 2 Massey vanishing
conjecture suggests

Question: Is C*(I'(k),F,) formal?

a5

Question: Is C*(I'(k),F,) formal for all fields and all primes?

Positselski: C*(I'(k),[,) can be not formal. =

e local fields of characteristic # p which but safisfy friple

: P ) Massey vanishing
contain a primitive pth root of unity

Merkurjev-Scavia: C*(I'(k),[F)) may be not formal.

>

o for every Kk of characteristic #2
there is an extension k/k, such that -



Real projec’rive groups: G a profinite group, A, B finite groups

lembedding problem Eiation

f | , , for every
G is real projective | if it has ar G mVOI; ¥
open subgroup without 2-torsion i )
ord ol = A b ey
has a solution. ‘.“"‘commu’res }
k a field with there exists it 4 o :
absolute Galois an ' inEiEion b 2 Cb(t) + 1
group F(k) i surjective

Examples: o ['(k) real projective, if cd(k(i)) < 1
['(k) is real projective
, * k pseudo real closed field,

Haran-Jarden

=" then ['(k) is real projecfivé'*-.,..._,__

k(1) pseudo algebraically closed, i.e:, every
k has V'rfualuCOhomOIOQ'cal dimension < 1 geometrically irreducible k(i)-variety has a

k(1)-rational point



Our main results (Pal + Q.): G a real projective group

T Formalify of C*(G’ [l:p) For.p odd follows
, from Hi(G, [Fp) =0%%or ">"2.

* The dga CH(G, I,) s ﬁm/ and satisfies
strong Massey.vanishing

k a field of virtual cohomological dimension < 1

- e kis formal and satisfies strong Massey vanishing.

first case for field with ' f | cohomological dimension

o H*(I'(k), ) is Koszul.



Kadeishvilis theorem: k field

Hochschild A pos. graded k-algebra, A, = k

cohomology

some tensor algebra

then A |sm|n+r|1n5|cally 1

> every dga with cohomology

algebra equal A is formal = dy \ of dgas::::;

~-map
apply this for A = H*(G,[F,) = ?

i lifts to

and get C*(G, ) is formal. H*(B¥)

112



Scheiderers theorem: G a real projective group

connected sum of

~quadratic algebras
2 (G) = set of conjugacy e (AMB),=A @B,
classes of involutions and A, -B, =0=B,-A,

H*(G, )

B = ring of continuous

e (ANB), =F,

|12

D ke

ﬁ dual algebra |

functions Q%‘(G) =23 [|:2 ik | .. .......... % V() gl ”:2, ‘/izz E-
| graded Boolean
‘algebra |
e Boolean ring B: * B.=®,50B,: By=1IF,and B,=B for

X o=y o all-os n > 1 and use multiplication in B



Koszul algebras: A = T(V)/(R) quadratic algebra

fenso=RUSas N A,
of vector space V R = ker(t) n (V& V)
o Koszul complex: (K(A),d) KfA=F K@=V KA)=R
KA =ARK A QA K@= [| V¥@R® VT2V, >3
0<j<i—2

* Ais a Koszul algebra |if the multiplication map y : K(A) — A

!
IS a quasi-isomorphism. shift grading by s:
T U S TR | AT M. =M.

\)

“es the complex Hom, (K3#(A), M[s, 9) computes HH*(A, M)

graded . T /T
homomorphisms

") ® -+ ®x,)

=5 /(@ - ®x)+f(x @ ®x, 1) Bx,



Cohomology algebra is Koszul:

dual algebra
graded Boolean ;

algebra .
® Boolean ring B: S v
x> = x for all x A B
P @nZO Bn: BO = ”:2' i 3 I_I V*
B, =B for n > 1, multiply in B
e B. is a Koszul algebra. e V. is a Koszul a[gebra,
e - if locally finite, then ROA= bar resolutions auuN

connected sums and colimits preserve Koszulity

Theorem (Pal-Q.): A is a Koszul algebra.



Hochschild vanishing theorem:

dual algebra
graded Boolean ;

algebra .
® Boolean ring B: ¥

x2 = x for all x

o B. = @HZOBn: BOZ ”:2, A . B* I_I V*

B, =B for n > 1, multiply in B

Theorem (Pal-Q.): HH™*"(A, A) = 0 for all n > 3.

A

Idea of proof:

e Step 1: prove assertion for B. C B. locally finite

o explicit combinatorial computation: every cocycle is a coboundary

e Step 2: colimit over all locally finite subalgebras

spectral sequence and show higher lim-terms vanish



Hochschild vanishing theorem:

Simple case: A = B. =[x M- M K[x,]

d* : Homg (K{(A), A)) - Homg (KH(A), Ay)

df):x® - ®x x5 ®f® - ®x )+fly @ ®x)®xX

]kl Jkl Tit1

fo,® = ®x) =x7+x;  forj, #J

d(f) =10 Jik | %
5, ® - ®x) =X for ji =i

o dimg K{(B) =n - (n— 1)*!
o dimg Homg (K{(B), B,) = n* - (n — 1)*!

BN dimg, Homg (K{(B), B,) — dimg, ker(d")

=n’-(n—=1D"1=n.(n- 1! ~—=s-—s-'———=—

d 1m(d’< 1) . ker(k)

o

“«

]l

=n (n—l) : (n <

e Unfortunately, taking ’rhe sum with V. makes life much more complicated...






