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(communicated by Daniel Dugger)

Abstract

We construct a stable model structure on profinite spectra
with a continuous action of an arbitrary profinite group. The
motivation is to provide a natural framework in a subsequent
paper for a new and conceptually simplified construction of con-
tinuous homotopy fixed point spectra and of continuous homo-
topy fixed point spectral sequences for Lubin-Tate spectra under
the action of the extended Morava stabilizer group.

1. Introduction

Let G be a profinite group. A pointed profinite G-space is a simplicial object in the
category of profinite sets with a continuous G-action together with a basepoint fixed
under G. For example, the simplicial circle S = A!/9A® is a pointed simplicial finite
set. Hence when we consider S with the trivial G-action it is an object of 5'* Pointed
profinite G-spaces form a category which we denote by S.c. A profinite G-spectrum
X is a sequence of pointed profinite G-spaces X,, with maps S* A X,, — X, in S‘*G
for all n.

We show that the category Sp(S.q) of profinite G-spectra is equipped with a
natural stable model structure induced by a simplicial model structure in which the
weak equivalences between fibrant objects are determined by the underlying maps
of spectra. We discuss the simplicial structure of Sp(S’*G) in detail and construct
homotopy limits of profinite G-spectra. Our main result, crucial for the applications
in [22], is that, for a finitely generated profinite group G, every G-spectrum with finite
homotopy groups has a concrete model in the category of profinite G-spectra. More
precisely, let X be a Bousfield-Friedlander spectrum with a compatible G-action on
each space X, and assume that the homotopy groups of X are all finite. Then there
is a functorial G-equivariant map ¢*: X — F&X of spectra from X to a profinite
G-spectrum FZ X built of simplicial finite discrete G-sets such that FZ X is fibrant
in Sp(S*G) and ¢® is a stable equivalence of underlying spectra.

Continuous actions of a profinite group on spectra have been studied in a differ-
ent setting for example by Davis in [5]. Davis considers discrete G-spectra whose
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spaces are simplicial discrete G-sets. But for the purposes of homotopy fixed points
and homotopy orbits under a profinite group action, the category of profinite G-
spectra has the following important feature. The universal principal G-space EG
is an object in Sc and the principal G-fibration EG — BG is a fibration in Sa.
Using the fibrant replacement functor Rg in Sp(S*G), we can define the continuous
homotopy fixed point spectrum of a profinite G-spectrum X as a continuous mapping
spectrum X"¢ = Map.(EG,, RgX) of G-equivariant and levelwise continuous maps
in Sp(s*g). The homotopy fixed point spectral sequence is then obtained just as for
a finite group by filtering F'G by its finite subskeleta. Moreover, homotopy orbits can
be defined as the quotient X, = EG xg X.

There are two main examples of a profinite group acting on a spectrum we have in
mind. The first example is the action of the absolute Galois group on spectra arising
in étale homotopy theory. In this case it is important to have a good notion of homo-
topy orbit spectra and homotopy orbit spectral sequences (see [18] and [20]). The
second example is provided by the Morava stabilizer group and Lubin-Tate spectra.
In [22] we use the present stable model structure on profinite G-spectra to give a
new and conceptually simplified construction of continuous homotopy fixed points
and homotopy fixed point spectral sequences for Lubin-Tate spectra.

Christensen and Isaksen [4] developed a model category structure on pro-spectra,
which are different than our setting of profinite spectra. We give a comparison functor
between pro-spectra and profinite spectra in Section 4.5.
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2. Homotopy theory of profinite spaces

2.1. Profinite spaces

We start with basic definitions and invariants for profinite spaces that will be
necessary to construct a homotopy category for profinite spectra.

For a category C with small limits, the pro-category of C, denoted pro-C, has as
objects all cofiltering diagrams X : I — C. Its sets of morphisms are defined as

Hompo—c(X,Y) := lim colim Hom¢ (X (2), Y (j)).
JjeJ €l

A constant pro-object is one indexed by the category with one object and one
identity map. The functor sending an object X of C to the constant pro-object with
value X makes C a full subcategory of pro-C. The right adjoint of this embedding is
the limit functor lim: pro-C — C, which sends a pro-object X to the limit in C of the
diagram X.

Let &£ denote the category of sets and let F be the full subcategory of finite sets. Let
& be the category of compact Hausdorff and totally disconnected topological spaces.
We may identify 7 with a full subcategory of £ in the obvious way. The limit functor
lim: pro-F — £ is an equlvalence of categories. Moreover the forgetful functor EE
admits a left adjoint ( ): €& — € which is called profinite completion.
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We denote by S (resp., S) the category of simplicial profinite sets (resp., simplicial
sets). The objects of S (resp., S) will be called profinite spaces (resp., spaces). The
category S was studied for the first time by Morel in [16].

For a profinite space X, we define the set R(X) of simplicial open equivalence
relations on X. An element R of R(X) is a simplicial profinite subset of the product
X x X such that, in each degree n, R, is an equivalence relation on X,, and an open
subset of X,, x X,. It is ordered by inclusion. For every element R of R(X), the
quotient X/R is a simplicial finite set and the map X — X/R is a map of profinite
spaces. The canonical map X — limgrer(x) X/R is an isomorphism in S.

The profinite completion of sets induces a functor ( ): S — S, which is also called
profinite completion. For a space Z, its profinite completion can be described as
follows. Let R(Z) be the set of simplicial equivalence relations R on Z such that
the quotient Z/R is a simplicial finite set. The set R(Z) is ordered by inclusion.
The profinite completion is defined as the limit of the Z/R for all R € R(Z), i.e
7= limper(z) Z/R. Profinite completion of spaces is again left adjoint to the for-
getful functor |- |: S — S which sends a profinite space to its underlying simplicial
set.

Let X be a profinite space and 7 a topological abelian group. The continuous
cohomology H*(X;m) of X with coefficients in 7 is defined as the cohomology of
the complex C*(X; ) of continuous cochains of X with values in 7, i.e., C™(X;7)
denotes the set Homeont (X, ) of continuous maps «: X,, — 7 and the differentials
§": C™(X;7) — C"*1(X;7) are the morphisms associating to « the map
ZZLJrOl( 1) aod;, where d; denotes the ith face map X, 41 — X,,. If 7 is a finite
abelian group and Z a simplicial set, then the cohomology H*(Z; ) of the space Z
and the continuous cohomology H *(Z m) of the profinite completion Z are canoni-
cally isomorphic.

Convention 2.1. Above and in the rest of the paper we do not use a special notation
for continuous cohomology. For a profinite space and a topological coefficient group,
cohomology will always mean continuous cohomology.

If G is an arbitrary profinite group, we may still define the first cohomology of X
with coefficients in G following Morel’s idea in [16], p. 355. The functor (S)° — &,
X — Homg(Xo, G), is represented in S by the profinite space EG, whose set of n-
simplices is EG,, = G"*!, the (n + 1)-fold product of G. We define the 1-cocycles
ZY(X;@G) to be the set of continuous maps f: X1 — G such that f(doz)f(d2x) =
f(diz) for every z € X;. The functor (S)°P — &, X — Z'(X;G) is represented by
a profinite space BG = EG/G, whose set of n-simplices is BG,, = G", the n-fold
product of G. Furthermore, there is a map

§: Homg(X, EG) — Z'(X; G) = Homg(X, BG)

which sends f: X — G to the 1-cocycle x + §f(z) = f(doz)f(d17)~t. We denote by
B(X;G) the image of § in Z!(X;G) and we define the pointed set H'(X;G) to be
the quotient Z'(X; G)/B*(X;G). Finally, if X is a profinite space, we define 7y X to
be the coequalizer in & of the diagram dy, d;: X1 = Xo.

The profinite fundamental group of X is defined via covering spaces in the spirit
of Grothendieck. There is a universal profinite covering space (X ,x) of X at a vertex
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x € Xy. Then 7 (X, x) is defined to be the group of automorphisms of (X, z) over
(X, z). As the limit of the finite automorphism groups of the finite Galois coverings
of (X,z) the group 71 (X, z) is naturally a profinite group. For details we refer the
reader to [19].

Definition 2.2. A morphism f: X — Y in S is called

e a weak equivalence if the induced map f.: mo(X) — mo(Y") is an isomorphism of
profinite sets, f.: m (X, z) = m1 (Y, f(z)) is an isomorphism of profinite groups
for every vertex x € Xy, and f*: H1(Y; M) — H4(X; f*M) is an isomorphism
for every local coefficient system M of finite abelian groups on Y for every
q=0;

e a cofibration if f is a levelwise monomorphism;

e a fibration if it has the right lifting property with respect to every cofibration
that is also a weak equivalence.

The category S has a simplicial structure (see also [7], §1.2). Let X and Y be
profinite spaces. The mapping space mapg(X,Y’) is defined as the simplicial set whose
set of n-simplices is given as the set of maps

mapg(X,Y), = Homg(X x An],Y)

and whose simplicial structure is induced by the cosimplicial structure of the standard
simplex [n] — Al[n]. This defines a functor

mapg(—, —): SP xS S,

The tensor and cotensor structure on the category S is defined as follows. Let K
be a finite simplicial set, i.e., a simplicial set with only finitely many nondegenerate
simplices. This implies, in particular, that K is a simplicial finite set. Let X be
a profinite space. The tensor object X ® K € S is defined as the levelwise defined
product of simplicial profinite sets X x K. For the cotensor object, we recall that
any profinite space X is canonically isomorphic to a limit limg Xz of simplicial finite
sets. This implies that the set of maps Homg (K, X) inherits a natural structure as a
profinite set given by the limit of finite sets

lignHomg(K, Xﬂ).

The cotensor or function object in & is defined as the profinite space hom s(K,X)esS
whose set of n-simplices is given by the profinite set of maps

homg(K, X), = Homg(K x A[n], X).

If K is an arbitrary simplicial set, it is isomorphic to the filtered colimit over its
finite simplicial subsets K,. For a profinite space X, we define the tensor object
X ® K to be the colimit in S of the profinite spaces X ® K, (see also [7], §1.2), i.e.,

X® K :=colimX x K, in S.
«

The function object is defined to be the limit in S of the profinite spaces
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homg(Kq, X), ie.,
homg(K, X) := limhomg(K,, X) in S.
«

Let X and Y be profinite spaces and let K be a simplicial set. Then mapping
space, tensor and function objects are connected by the natural bijections

mapg(X ® K,Y) =2 mapg(K, mapg(X,Y))
and
mapg(Y,homg(K, X)) = mapg (K, mapg(X,Y))
where mapg(—, —) denotes the mapping space functor on S. This defines the structure

of a simplicial category on S in the sense of [23], IT §§1+2.
The following theorem was proven in [20], Theorem 2.3.

Theorem 2.3. The classes of weak equivalences, cofibrations and fibrations, as
defined above, provide S with the structure of a fibrantly generated left proper simpli-
cial model category. We denote the homotopy category by H.

We consider the category S of simplicial sets with the usual model structure of [23].
We denote its homotopy category by H. Then the next result was shown in [19].

Proposition 2.4.

(a) The levelwise completion functor (T): S — S preserves weak equivalences and cofi-
brations.

(b) The forgetful functor |-|: S — S preserves fibrations and weak equivalences
between fibrant objects.

(c) The induced completion functor (): H—H and the right derived functor
R|-|: H — H form a pair of adjoint functors.

2.2. Pointed profinite spaces

Let S, be the category of pointed profinite spaces, i.e., profinite spaces X with a
chosen map from the one-point space to X. Profinite completion of spaces induces in
the obvious way a profinite completion functor (T): S, — S*, where S, denotes the
category of pointed spaces.

For pointed profinite spaces X and Y, let X VY be the wedge of X and Y over
the base point. The smash product X AY is defined to be the quotient in S.

XAY = (X xY)/(XVY).

The category S. also has a simplicial structure (cf. again [7], §1.2). Let X and Y be
pointed profinite spaces. The mapping space mapg_ (X,Y) is defined as the simplicial
set whose set of n-simplices is given as the set of maps

mapg (X, V), = Homg (X ANAn]4,Y)
where A[n]; denotes the standard simplicial set with an additional disjoint base
point. This defines a functor

mapg (—,—): SP xS, — 8.

The tensor and cotensor structure are defined as follows. Let K be a finite simplicial
set, and X a pointed profinite space. The tensor object X ® K € S, is defined as the
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smash product X A K. The function object in S, is defined as the pointed profinite
space homg (K, X) € S, pointed by the constant map to the basepoint of X, whose
set of n-simplices is given by the profinite set of maps

homg_ (I, X), = Homg (Ki AAn]y, X).

If K is an arbitrary simplicial set and X a pointed profinite space, we define the
tensor object X ® K to be the colimit in S, of the pointed profinite spaces X A K,y
where K, runs through the finite simplicial subsets of K (see also [7], §1.2).

The function object homg (K, X) is defined to be the limit in S. of the pointed
profinite spaces homg (K, X).

Let X and Y be pointed profinite spaces and let K be a simplicial set. Then
mapping space, tensor and function objects are connected by the natural bijections

mapé* (X ® K7 Y) = mapS(Kv mapg* (X7 Y))

and
mapg (Y, homg (K, X)) = mapg(K, mapg (X,Y)).

This defines the structure of a simplicial category on S..

If the finite simplicial set K is already equipped with a base point and X is a
pointed profinite space, we also denote by homg (K, X) € S, the pointed profinite
space whose set of n-simplices is given by the profinite set of maps

homg (K, X), = Homg (K A Aln]y, X).

Moreover, if X is a pointed profinite space and K is an arbitrary pointed simplicial
set, we define the pointed profinite space homg (K, X) € S, to be the limit in S,

homg (K, X) = liénhomé* (Ka, X)

where K, runs through the pointed finite simplicial subsets of K such that K is
isomorphic to colim, K, as a pointed simplicial set.

If K and L are pointed simplicial sets and X a pointed profinite space, we also
have the following natural isomorphism

homs* (K, homs* (L, X)) = hOHlS* (KANL X)) homs* (L,homs* (K, X)). (1)

Example 2.5. As an example of function objects, let S be the simplicial circle, i.e.,
the quotient S' = A[1]/0A[1] of the standard simplex A[1] by its boundary. The
pointed simplicial set S! is finite in each degree, i.e., it is a simplicial finite set and
hence also an object in S.. Taking the smash product with S! defines a functor
S, — S*, X — ST A X. It is left adjoint to the functor S, — S, defined by sending
a pointed profinite space X to the function object homg (S, X) in S.. We denote
homs*(S LX) also by QX. Hence for pointed profinite spaces X and Y there is a
natural isomorphism

map g (S*AX,Y) = mapg (X, QY).
As an under-category of S , S, inherits a model structure. We call a map in S, a

weak equivalence (cofibration, fibration) if its underlying map in S is a weak equiva-
lence (cofibration, fibration). It follows from the general theory of model categories,
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as explained for example in [13], Proposition 1.1.8 and the dual of Lemma 2.1.21,
that Theorem 2.3 implies the following result.

Theorem 2.6. The classes of weak equivalences, cofibrations and fibrations provide
S« with the structure of a fibrantly generated left proper simplicial model category.
We denote the homotopy category by H..

The Quillen adjunction of Proposition 2.4 can be rephrased in terms of mapping
spaces. Let K be a pointed simplicial set and X be a fibrant pointed profinite space.
Then there is a natural isomorphism of fibrant simplicial sets

mapg (K, X) = mapg, (K, |X|).
Moreover, if K = S! is the simplicial circle, there is an isomorphism in S,
|QX]| = |h0m3*(51,X)| = mapg*(Sl,X) ~ mapg_ (S',]X|) =: Q|X]|.

Remark 2.7. Let X be a pointed profinite space. The maps do,d;: A[0] = A[l] and
s%: A[1] — A[0] induce maps X VX — X AA[1]; and X A A[1]; — X and make
X A A[l]4 into a cylinder object for X in S,. For the maps X — X A A[1], induced
by dy and dy are cofibrations and weak equivalences and the induced map
X ANA[l]; — X is a weak equivalence in S.. Hence if Y is a fibrant pointed profinite
space, there is a natural bijection

momapg_(X,Y) = Homy (X,Y).

Moreover, let K be a pointed simplicial set, X, Y pointed profinite spaces, and Y’
fibrant in S,. If we denote the homotopy category of pointed simplicial sets by H.,
then there are natural bijections

Homy; (K ® X,Y) = Homy, (X,homg (K,Y)),
Homy; (K ® X,Y) = Homy,, (K, mapg (X,Y)), and
Homﬁ* (K7Y) = HOIIlH* (Ka |Y|)

2.3. An explicit fibrant replacement functor

As indicated by Morel for pro-p-completion of spaces in [16], §2.1, p. 367, there is
an explicit construction for the fibrant replacement in S. This construction is based
on the work of Quillen [24] and Dwyer-Kan [9]. We refer the reader to [21] for more
details.

First, let X be a reduced simplicial finite set. We denote by I'X the free loop
group construction of X. When we apply the profinite completion of groups levelwise
to the simplicial group I'’X, we obtain a simplicial profinite group denoted by Ix.
Its profinite classifying space WI'X is a fibrant object in S. It is equipped with a
canonical map 7n: X — WI'X and one can show that this is a weak equivalence of
profinite spaces. The crucial point is that free groups are good in the sense of Serre
which we will discuss below.

Second, let X be an arbitrary simplicial finite set. We can generalize the previous
argument by applying to X the free loop groupoid construction I'X (see [9] or [11],
V §7). It is defined in degree n to be the free groupoid on generators x: x7 — x¢ with
x € Xp41, subject to the relations sozo = 1;,, 2o € X,. The objects of this groupoid
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are just the vertices of X. One can define a functor I'X,, — I'X,,, for each ordinal
number morphism [m] — [n]. Then we apply the degreewise profinite completion
functor to groupoids. We call a groupoid H finite if the set of objects of H is finite and
the group of automorphisms of any object is finite as well. The profinite completion
of a groupoid is then the limit as a groupoid of the filtered system of its quotient
groupoids which are finite groupoids in this sense (see also [16], p. 367). We obtain
a simplicial profinite groupoid IX. We apply again the classifying space functor W
for simplicial groupoids of [11], V, to get the fibrant profinite space WI'X and a
canonical map n: X — WI'X inS.

Finally, let X be an arbitrary profinite space. It is isomorphic in S to the limit
limg X/@Q where @ runs through the simplicial open equivalence relations on X, i.e.,
those simplicial relations such that @Q,, is an open subset of X,, x X, for each n. We
define its free simplicial profinite groupoid by

GTX = lim [(X/Q).

Then we apply W to get a fibrant profinite space RX equipped with a canonical map
n: X - RX :=WI'X = lim WID(X/Q).

As before one can show that 7 is a weak equivalence. Hence 7 gives a fibrant
replacement functor in S. In particular, we can write RX as a limit

RX = limlim W (D(X/Q)/Ug)

where Ug runs through the normal subgroupoids of I'(X/Q) such that the quotient
I'(X/Q)/Ugq is a simplicial finite groupoid. Hence we can decompose a fibrant profinite
space into a limit of simplicial finite sets which are fibrant in S. Moreover, after taking
Postnikov sections we can write RX as a limit
RX = limlim cosk, W (I'(X/Q)/Uqg)
Qn Ug

of simplicial finite sets which are also finite spaces, i.e., simplicial sets whose homotopy
groups are all finite and only a finite number of them are nontrivial.

Finally, let X be a pointed profinite space with basepoint given by a map p: * — X
from the discrete simplicial set * with a single vertex. The decomposition of X as a
limit of simplicial finite sets X = limg X/ is then also a decomposition as a limit
of pointed simplicial finite sets, since p induces compatible maps * — X/@Q which
provide basepoints for each X/Q. Hence the map

n: X - RX

provides in fact a fibrant replacement in the model structure of pointed profinite
spaces such that RX is a limit of pointed simplicial finite sets which are fibrant in

Ss.

2.4. Homotopy groups of profinite spaces
Let X be a pointed profinite space. The profinite fundamental group has been
defined above. For n > 2, we define the nth homotopy group of X as follows.
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Definition 2.8. Let X be a pointed profinite space and let RX be a fibrant replace-
ment of X in the above model structure on S,. For n > 2, we define the nth profinite
homotopy group of X to be the group

T (X) := mo(Q"(RX)).

As shown in [19], this is consistent with the definition of 71 as well. For n > 2, the
higher homotopy groups 7, X are abelian groups, since 2" X is a group object in H,.

Lemma 2.9. Let X be a fibrant pointed profinite space. The profinite homotopy
groups of X defined in Definition 2.8 are naturally isomorphic to the usual homo-
topy groups of the underlying fibrant simplicial set | X|.

Proof. By Proposition 2.4, the forgetful functor |-|: S, — S, preserves fibrant
objects and weak equivalences between fibrant objects. Since X is a fibrant pointed
profinite space, for every n > 0 we have an isomorphism of groups (respectively sets
for n = 0)

T (X) = mo(Q" (X)) = mo(Q" (| X)) = mn (| X])

where 7, (] X|) denotes the nth homotopy group of the simplicial set | X]|. O

Remark 2.10. The assumption in the previous lemma that X is fibrant in S, is of
course crucial. If we start with an arbitrary pointed profinite space Y, then the
homotopy group m,(|Y]) of its underlying space |Y| is in general not isomorphic to
the homotopy group m,(Y") of Definition 2.8. Since the notion of weak equivalences
in S* is different from the one in S,, the fibrant replacement in 3* does not preserve
the homotopy type of |Y] in H..

Furthermore, the homotopy groups of Definition 2.8 carry a natural profinite struc-
ture. To simplify notations, let X be fibrant in S.. Using the explicit fibrant replace-
ment functor defined in the previous section, we can assume that X is given as the
limit limg X of pointed simplicial finite sets which are fibrant in S.. Since the under-
lying space of a fibrant object in &, is a fibrant simplicial set, we see that the spaces
underlying X and each underlying space of Xz are fibrant as simplicial sets. Further-
more, since S.isa simplicial model category, homg_ (S1, X;) is a simplicial finite set

which is fibrant in 3* Hence
homg_ (81, X) = homg (Sl,liénXﬂ) = liénhomg*(Sl,XB)
is a cofiltered limit of fibrant simplicial finite sets. The fact that 7, (X) is a profinite

group is now implied by the following proposition due to Dehon and Lannes [6],
Proposition 1.1.3.

Proposition 2.11. Let {Xg}g be a cofiltered diagram of fibrant simplicial finite sets.
Then the canonical map

Fo(lién Xg) — lién(ong)

is a bijection.
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2.5. Homotopy limits of pointed profinite spaces

Homotopy limits of diagrams of profinite spaces can be defined using the construc-
tion of Bousfield and Kan in [3], XI. Let I be a small category and BI be the nerve
of I. Recall that this is the simplicial set whose n-simplices are sequences

u=(ig & - Liy,)

of morphisms in I. Moreover, for an object ¢ in I, one can form the over-category
I/i whose objects are maps ig — ¢. The nerve B(I/i) of this over-category is the
simplicial set whose n-simplices are sequences
of morphisms in 1.

Let X(—): I — &, be a functor from I to pointed profinite spaces. The existence
of cotensor objects in S, allows to define the pointed profinite space

homg (B(I/-), X(-)) € S.
as the equalizer in S, of the diagram of pointed profinite spaces
[[roms (B(1/i),X(i)) =[] homg (B(I/i), X(i))
i€l a: i€l
where the two maps are induced by the maps in S,

homg (B(I/i), X (i) “% homg (B(I/i), X(i"))

and

homg_ (B(I/i), X (")) "5 homg (B(1/1), X(1).

In analogy to [3], XI §3, we make the following definition.

Definition 2.12. Let I be small category and X (—): I — S, be a functor. The homo-
topy limit of X (—) is defined to be the pointed profinite space

h?éiImX(i) :=homg (B(I/-), X(-))-

Lemma 2.13. Let X(—) be a functor from a small category I to pointed profinite
spaces. If X (i) is fibrant for every i € I, then holim;c; X (i) is fibrant in S.. Let
f(=): X(=) = Y(-) be a natural transformation of functors from the small category
I to the full subcategory of fibrant pointed profinite spaces. Let

f= h?éllm f@@): h?éllmX(z) — h?éllm Y (i)

be the induced map on homotopy limits. If f(i): X (i) — Y (i) is a weak equivalence
in Sy for every i € I, then f is a weak equivalence in S.

Proof. This is proved in [12], Theorem 19.4.1 and Theorem 19.4.2. See also Remark
19.1.6 and Proposition 16.6.6 in [12] that show that the definition of homotopy limits
n [12], §19, coincides with the construction in Definition 2.12. O
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Lemma 2.14. Let X(—): [ — S. be a small cofiltering diagram such that each X (i)
is connected and fibrant in Si.. Then there is a natural isomorphism of homotopy
groups of underlying simplicial sets for every q > 0

| gl X (7)) = Tim (| X (2)).

Proof. Since the right Quillen functor | — |: S, = S, of forgetting the profinite struc-
ture commutes with limits and cotensor objects, it also commutes with forming the
homotopy limit of the diagram X (—): I — S, i.e., there is an isomorphism in S,

| h?éllmX(zﬂ = h?éllm | X (7).

By [3] XI §7.1, since each | X (i)| is a fibrant pointed simplicial set, there is a spectral
sequence involving derived limits

st ) lim7m (| X (4)]) for0<s <t
By = { 0 else (2)

converging to s holim; | X (¢)]. As we pointed out in Lemma 2.9, the homotopy
groups 7(|Y'|) of the pointed simplicial set |Y'| underlying a fibrant pointed profinite
space Y satisfy

m([Y]) = m(Y)

where the right hand group is the profinite homotopy group of the fibrant pointed
profinite space Y of Definition 2.8. This implies that the groups 7| X (¢)| in (2) are
profinite groups for all ¢ and all 4. Since the functor sending a small cofiltering diagram
to its inverse limit is exact on the category of profinite groups ([25] Proposition 2.2.4),
spectral sequence (2) degenerates to a single row and implies the desired isomorphism.

O

2.6. Comparison with the work of Artin-Mazur, Morel and Sullivan

Let Hgn, denote the full subcategory of ‘H of finite spaces, i.e., of simplicial finite sets
whose homotopy groups are all finite and only a finite number of them are nontrivial.
The morphisms are homotopy classes of maps. Let Hy denote the full subcategory of
connected spaces. Artin and Mazur showed in [1] that, for every space X € Hy, the
functor

Hen — &, F = [X, F],

is pro-representable in Hgy,. The representing pro-object XAM ¢ pro — Hgy, is called
the (Artin-Mazur) profinite completion of X. Then Sullivan showed in [27] that the
underlying diagram in Hg, of XM has a limit XS" in 7, which is called the profinite
completion of Sullivan (see also [16]).

The previously constructed fibrant replacement functor in S for the model struc-
ture of Theorem 2.3 provides a rigid model of the Artin-Mazur and Sullivan profinite
completion and extends it to nonconnected spaces. This rigidification is obtained as
follows.

Given a profinite space Z, we have seen above that we can decompose it into
an inverse system of fibrant profinite spaces with finite homotopy groups. Together
with taking finite Postnikov sections, this yields a decomposition of Z into an inverse
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system of finite spaces in S. By applying this to the completion X of a space X, we
get a functor

T:S—>$—>pro—8ﬁn

where Sg, is the full subcategory of S of finite spaces. Now we can consider this
functor on the homotopy level

T:H — H — pro — Hn.

It follows immediately from the previous results on profinite spaces and [1], The-
orem 4.3, that T3, is isomorphic to the Artin-Mazur completion functor. Moreover,
this implies that the fibrant replacement of X in S is a rigid model for the Sullivan
completion of X, i.e., that |[RX| is canonically isomorphic to X5* in H. Hence |RX|
provides a rigid model for profinite completion.

In [16] Morel proved that there is a model structure on S for each prime number
p in which the weak equivalences are the maps that induce isomorphisms on con-
tinuous Z/p-cohomology. The generating fibrations are given by the canonical maps
L(Z/p,n) = K(Z/p,n+ 1), K(Z/p,n) — *, and trivial fibrations are given by the
maps L(Z/p,n) — = for every n > 0. The fibrant replacement functor RP of [16]
yields a rigid version of the pro-p-finite-completion of Artin-Mazur and Sullivan.

An extended discussion of this comparison and further aspects of profinite com-
pletion of spaces can be found in [21].

2.7. Completion of spaces versus completion of groups

Beside the completion functor of spaces (T): S — S there is a well-known profi-
nite completion functor for discrete groups. For lack of better notation we will also
denote the profinite completion of a group G by G. It is equipped with a natural
homomorphism G — G which is universal among continuous homomorphisms from
G to profinite groups.

Given a pointed space X € S,, the homotopy groups of Definition 2.8 of its profinite
completion X e 8, are profinite groups. Hence the induced map m X — X factors
through the group completion of m; X, i.e., there is a commutative diagram

m X WtX

7TtX.

It is a fundamental question if completion of spaces and groups commute. Unfor-
tunately, ¢; is not an isomorphism in general. A similar phenomenon is well-known
for group completion and cohomology. In [26], this led Serre to call a group G good if
the induced map ¢ : H*(G; M) — H*(G; M) between continuous and discrete group
cohomology is an isomorphism for every finite G-module M. It turns out that after
modifying slightly the notion of good groups by considering the action of the fun-
damental group on the higher homotopy groups, one gets a sufficient condition such
that the completion of spaces commutes with the one of groups.
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Following [27], for a pointed space X, we call m; := mX a good fundamental
group, if it is a good group in the sense of Serre above such that

H'(7ty; M) = H"(my; M)

is a finite group for all finite 7m1-modules M and all ¢ > 0.

Let m, := 7, X, n > 2, be a higher homotopy group of X. It carries a canonical
action of m;. Let P be the filtered set of finite m-quotients of m,. We denote by
rt = limgep @ the m-completion of m,. This is, in particular, a profinite group
on which 7 acts continuously. The m;-module 7, is called a good higher homotopy
group if

H'(mn; A) 2= H' (7713 A)

is an isomorphism of finite groups for all finite coefficient groups A and all i > 0.
With these definitions we reinterpret the following result of Sullivan [27], Theorem
3.1.

Theorem 2.15. Let X be a connected pointed space.

(a) The canonical map ¢1: 7:13( — mX is an isomorphism of profinite groups, i.e.,
mX — mX equals group completion.

(b) If X has a good fundamental group and good higher homotopy groups, then
pi: m X — m X is an isomorphism of profinite groups for every t.

Proof. The first assertion follows immediately from the definition of the profinite
fundamental group of a profinite space via profinite covering spaces with finite fibers
and the analogous description of the usual fundamental group of X (see [19]). The
second assertion follows from Theorem 3.1 in [27] together with the fact discussed
above that |RX | is a rigid model for the profinite completion of Sullivan, i.e., that
|RX| is canonically isomorphic to X5" in . O

2.8. A concrete profinite replacement functor

The result of Sullivan shows that profinite completion of spaces with finite homo-
topy groups induces a weak equivalence of underlying spaces. For a slightly smaller
class of spaces, we have a more concrete description of a profinite model.

We recall that a space X is called simple if it has an abelian fundamental group
and if the action of the fundamental group on the higher homotopy groups is trivial.

Lemma 2.16. Let X be a connected simple pointed space whose homotopy groups
are all finite. Then there is a pointed simplicial finite set which is fibrant in S, and
a pointed map X — FX which is a weak equivalence of underlying simplicial sets.
In particular, it induces an isomorphism ., X = 7w, FX of homotopy groups of the
underlying simplicial sets.
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The assignment X — FX 1is functorial in the sense that given a map g: X —'Y
between connected simple pointed spaces with finite homotopy groups, there is a map
F(g) in S such that the following diagram of underlying simplicial sets commutes

x—2 >y

L

FX ——FY.
F(g)

Proof. We can assume that X is a fibrant simplicial set. Let m, := 7, X be the
nth finite homotopy group of X. We define the pointed profinite space FX as the
limit in S, of a specific Postnikov tower {X(n)},>1 of X. Let cosk,X € S, be the
nth coskeleton of X. It is equipped with natural pointed maps X — cosk, X and
cosk,+1X — cosk, X for each n > 0. The fibrant pointed space X is isomorphic to
the limit lim,, cosk,, X. Moreover, the map cosk, X — cosk,,_1 X sits in a homotopy
pullback square in S,

cosk, X ——= WK (m,,n) (3)

| X

cosk,_1 — K(mp,n+1).

n

The map g, is the universal bundle over the simplicial group K(m,,n+1). For a
simplicial group I, the contractible space WT is defined by

(WF)n = Fn X Fn—l X e X Fo.
The map k,, is the k-invariant defined by a class
[kn] € H" Y (cosk,, 1 X;m,)

in the cohomology of cosk,_1 X with coefficients in 7,.

Now we define the pointed profinite spaces X(n) together with pointed maps
Jn: cosk, X — X (n) which are weak equivalences of underlying pointed simplicial
sets. For n = 1, we define X (1) := Bm X. It is a pointed simplicial finite set and a
fibrant object in S,. Choosing any weak equivalence cosk; X — Bm X of simplicial
sets provides a map j;: cosk; X — X (1).

For n > 2, assume we are given X (n — 1) and a map j,—1: cosk,—1 — X(n —1).
Up to homotopy there is a factorization in the category of pointed simplicial sets

cosk, 1 X =L X(n-1)

-

K(mp,n+1).

The space X (n) and the map X(n) — X(n — 1) is then defined as the pullback of
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the diagram of simplicial finite sets

X(n) ——=WK(m,,n) (4)

L

X(n—-1) T>K(7rn,n+1).
Since 7, is a finite group, K(m,,n + 1) and WK (m,,n) are finite in each degree.
Moreover, the map

Gn: WK(mp,n) = K(m,,n+1)

is a fibration in S. by [21], Theorem 3.7. Hence the pullback of (4) can be constructed
in S, and X (n) is a simplicial finite set which is a fibrant object in S,. Since the map

cosk, X — WK (mp, 1) X g (r, n+1) CO8Kp 1 X

is a weak equivalence, the induced map j, : cosk, X — X(n) is a weak equivalence of
underlying simplicial sets. We define F'.X to be the limit

FX :=lim X(n).

Since the finite set of m-simplices of X (n) is isomorphic to the finite set of m-
simplices of X(n —1) for m <n—1, FX is a simplicial finite set, and FX is a
fibrant object in 5’*, since it is the limit of a tower of fibrations in S* Since the
two maps X — lim,, cosk, X and lim,, cosk,, X — lim,, X (n) are weak equivalences of
underlying simplicial sets, the associated map ¢: X — FX is a weak equivalence of
underlying simplicial sets and hence induces an isomorphism 7, X = 7, F X. Finally,
we deduce the last assertion of the lemma from the fact that all the constructions
involved in order to define F'X are functorial. O

Lemma 2.16 provides a functorial construction F' that associates a weakly equiva-
lent profinite space to a connected simple pointed space with finite homotopy groups.
Since we also want to apply this construction to spectra, we need to understand its
behavior with respect to taking loop spaces.

Lemma 2.17.

(a) Let X andY be connected simple pointed spaces with finite homotopy groups and
let f: X =Y be a weak equivalence of pointed simplicial sets. Then the induced
map F(f) is a weak equivalence in S,.

(b) Let W be a connected simple pointed space with finite homotopy groups. Then
there is a natural weak equivalence F(QX) = Q(FX) in S,.

(c) If V — QW is a weak equivalence between connected simple pointed spaces with
finite homotopy groups, then the composite map FV — F(QW) — Q(F'W) is a
weak equivalence in S.

Proof. (a) Let {X(n)}, and {Y(n)}, be the two towers of fibrations corresponding
to X and Y, respectively, used in the proof of Lemma 2.16 in order to construct F'X
and FY. For each n, the map X (n) — Y (n) of simplicial finite sets induced by f is a
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weak equivalence in S, and in S'* Hence the map of limits of the towers of fibrations

FX =lim X(n) — limY (n) = FY

is a weak equivalence in 3* as well.

(b) This follows now from the fact that the map K(w,n) — Q(K(r,n+1)) is a
weak equivalence in S, and S, for every finite group 7 and every n.

(¢) This is a consequence of (a) and (b). O

3. Profinite G-spaces

3.1. The simplicial model category of profinite G-spaces

Let G be a fixed profinite group. Let S be a profinite set on which G acts contin-
uously, i.e., the group G is acting on S via a continuous map p: G x S — S. In this
situation we say that S is a profinite G-set. If X is a profinite space and G acts con-
tinuously on each X,, such that the action is compatible with the face and degeneracy
maps, then we call X a profinite G-space. We denote by S¢ the category of profinite
G-spaces. The morphism are given by G-equivariant maps of profinite spaces.

While a discrete G-space Y is characterized as the colimit over the fixed point
spaces YV over all open subgroups, a profinite G-space X is the limit over its orbit
spaces Xy. More explicitly, for an open subgroup U of G, let Xy be the quotient
space under the action by U, i.e.,the quotient X/ ~ with z ~ y in X if both are in
the same orbit under U. It is easy to show that the canonical map ¢: X — limy Xy
is a homeomorphism, where U runs through the open subgroups of G.

Moreover, we have the following lemma which was proven in [21], Lemma 4.2.

Lemma 3.1. Let G be a profinite group and X a profinite G-space. Then X has a
decomposition
X= lm X
Qc€ERG(X) /QG

in S¢ as an inverse limit of simplicial finite G-quotient sets where Ra(X) denotes
the set of G-invariant simplicial open equivalence relations of X.

The category of profinite G-spaces has a simplicial structure. Let X and Y be
profinite G-spaces. The mapping space map S (X,Y) is defined as the simplicial set
whose set of n-simplices is given as the set of G-equivariant maps

mapg,_ (X,Y), = Homg_ (X x Aln],Y)
where Aln] has trivial G-action. This defines a functor
mapg,_ (—, —): SP x Sg — S.

Let K be a finite simplicial set, and X a profinite G-space. We consider K as a
profinite G-space with trivial G-action. The tensor object X @ K € S¢ is defined as
the product X x K in S¢ with the diagonal G-action. The function object in Sc is
defined as the profinite G-space homg (K, X) e S¢ whose set of n-simplices is given
by the profinite set of maps

homg (K, X), = Homg(K x Aln], X)

on which G acts continuously via its continuous action on the target X.
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If K is an arbitrary simplicial set, isomorphic to the colimit colim,, K, of its finite
simplicial subsets K,, and X a profinite G-space, the tensor object X ® K is the
colimit in S¢ of the profinite G-spaces X x K.

The function object homg (K, X) is defined to be the limit in S. of the pointed
profinite spaces homg (Ko, X).

Let X and Y be profinite G-spaces and let K be a simplicial set. Then mapping
space, tensor and function objects are connected by the natural bijections

mapg, (X ® K, Y) = mapS(K7 mapg, (X’ Y))

and
mapSG(K homSG (K, X)) 2 mapg (K, mapg . (X, Y)).

This defines the structure of a simplicial category on Se.

In order to get a model structure on Sg one can find explicit sets of generat-
ing fibrations and trivial fibrations. They arise naturally by considering continuous
G-actions on the corresponding generating sets for the model structure on S. The
following result was proven in [20].

Theorem 3.2. There is a fibrantly generated left proper simplicial model structure on
the category of profinite G-spaces such that a map f is a weak equivalence (fibration)
in Sc; if and only if its underlying map is a weak equivalence (fibration) in S. A map
f: X =Y is a cofibration in Sc if and only if [ is a levelwise injection, and the
action of G on Y, — f(Xy) is free for each n > 0. We denote its homotopy category
by Ha.

Let S.¢ be the category of pointed profinite G-spaces. The objects of S.q are
profinite GG-spaces that are equipped with a base point that is fixed under G. The
morphisms in S.¢ are the morphisms of profinite G-spaces that preserve the base
points. Let X and Y be pointed profinite G-spaces. The smash product X AY is
again a pointed profinite G-space on which G acts via the diagonal action. The
mapping space mapg (X,Y) is defined as the simplicial set whose set of n-simplices
is given as the set of maps

mapg (X,Y), = HomS*G (X ANA[n]4,Y)

where A[n], is considered as a pointed profinite G-space with trivial G-action. This
defines a functor

mapg (=, —): S:g xS,.c—S.

Let K be a finite simplicial set and X a pointed profinite G-space. The tensor object
X ® K € S,¢ is defined as the smash product X A K where K is considered as a
pointed profinite G-space with trivial G-action. The function object in S.¢ is defined
as the pointed profinite G-space homS*G (K,X) e S.c whose set of n-simplices is
given by the profinite set of maps

homg_ (K, X)n = Homg (K4 A Aln]y, X)

on which G acts continuously via its action on the target X.
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If K is an arbitrary simplicial set isomorphic to the colimit colim, K, of its finite
simplicial subsets K, and X a pointed profinite G-space, we define the tensor object
X @ K to be the colimit in S,¢ of the pointed profinite G-spaces X ® K.

The function object homg (K, X) is defined to be the limit in S.¢ of the pointed
profinite G-spaces homg (Ka, X).

Let X and Y be pointed profinite G-spaces and let K be a simplicial set. Then
mapping space, tensor and function objects are connected by the natural bijections

mapS*G <X ® K7 Y) = mapS(K7 mapS*G (Xa Y))
and
mapS*G(Y, hOmg*G(K,X)) > mapg (K, mapS*G(X, Y)).

Again, if the finite simplicial set K is already equipped with a base point and X
is a pointed profinite G-space, we also denote by homg*G(K,X) € S.«c the pointed
profinite G-space whose set of n-simplices is given by the profinite set of maps

homg (K, X), = Homg (K AA[n]y, X) =limHomg (Ko A Aln]y, X)
. . Py .
on which G acts continuously via its action on the target.

FEzample 3.3. We consider the simplicial circle S! as a pointed simplicial finite set
with trivial G-action. Taking the smash product with S 1 defines a functor S, — S*G,
X +— St A X Tt is left adjoint to the functor S, = S, defined by sending a pointed
profinite G-space X to the function object homs*G (S, X) in S.¢. In particular, the
profinite loop space 2X inherits from X the structure as a pointed profinite G-space.

As in the nonequivariant case, the category of pointed profinite G-spaces inherits
a model structure from Sg, since S, is an under-category of Sg.

Theorem 3.4. The category S, has the structure of a fibrantly generated left proper
simplicial model category for which a map is a weak equivalence (cofibration, fibra-
tion) if and only if its underlying unpointed map is a weak equivalence (cofibration,
fibration) in Sc:. We denote the homotopy category by Hac.

Remark 3.5. Let X be a cofibrant pointed profinite G-space. As discussed in
Remark 2.7, the pointed profinite G-space X A A[l]; is a cylinder object for X in
S.c. For the maps X — X A A[l], are trivial cofibrations in S,g, and the map
X AA[1]4 — X is a weak equivalence in S,g. Hence if X is a cofibrant pointed profi-
nite G-space and Y is a fibrant pointed profinite G-space, there is a natural bijection

momapg . (X,Y) = Homy (X,Y).

Since weak equivalences and fibrations in S¢ are determined by their underlying
maps in S , one can hope that the fibrant replacement functor constructed for S above
also yields a fibrant replacement in Sc. In fact, this is the case. The point is that
the loop groups and loop groupoids are free. If G acts continuously on a profinite set
S, then G also acts continuously on the free profinite group on this set. Hence the
construction of the fibrant replacement functor in S is the same as for S. We just
use Lemma 3.1 above to decompose a profinite G-space X into a limit of simplicial
finite G-sets. With a suitable notion of continuous group action on a groupoid we
obtain a G-equivariant fibrant replacement in Sg (for more details see [21], §4.4).
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Since we will be working with pointed profinite G-spaces, we would also like to
have a fibrant replacement in S,o. For a pointed profinite G-space X € S.¢, the
basepoint p: * — X and the decomposition of X as a limit X = limg, X/Q¢ as
pointed simplicial finite G-sets provides each X/Q¢ with a choice of basepoint which
is compatible in the system {X/Q¢}. Then [21], Theorem 4.12, implies the following
pointed version.

Theorem 3.6. Let G be a profinite group and let X be a pointed profinite G-space.
The map
X 5> WIX =  lim  WD(X
7 QcERG(X) ( /QG>

is a weak equivalence in S.c. The pointed profinite G-space WX is fibrant in S.c.
Hence 1 defines a functorial fibrant replacement in S Moreover, X is weakly equiv-
alent in S, to a limit of simplicial finite G-sets which are fibrant in S.q

X~ C}lﬂg W((X/Qc))/Uqs
where Ug,, rTuns through the G-invariant normal subgroupoids of I'(X/Q¢) such that
the quotient I'(X/Qqa)/Uq, is a simplicial finite groupoid

3.2. Homotopy groups of pointed profinite G-spaces

Definition 3.7. Let X be a pointed profinite G-space and let Rz X be a fibrant
replacement of X in the model structure on S,¢. Then we define the nth profinite
homotopy group of X for n > 2 to be the group

Tn(X) := mo(Q"(ReX)).

Remark 3.8. Let X be a pointed profinite G-space. Since weak equivalences and fibra-
tions in S, are determined by the underlying maps in S., the underlying homotopy
groups of X of Definition 3.7 coincide with the homotopy groups of Definition 2.8 of
X after forgetting the G-action on X.

Moreover, the homotopy groups of Definition 3.7 coincide with the homotopy
groups of the underlying fibrant pointed simplicial set |RgX]|.

Proposition 3.9. Let X be a pointed profinite G-space. The set of connected compo-
nents of X is a profinite G-set. The profinite fundamental group of X is a profinite
G-group. The nth homotopy group of X is a profinite G-module for n > 2.

Proof. Let Rg be the functorial fibrant replacement functor of Theorem 3.6. Since
R X is the limit limg(RgX)g of simplicial finite G-sets which are fibrant in S.q, we
obtain that

homg (S', RgX) =homg (5", lién(RgX)ﬁ) = lién homg (S, (RaX)p)

is a cofiltered limit of fibrant simplicial finite G-sets. Moreover, the underlying
profinite space of homg (S',RgX) is equal to the fibrant profinite space
homg (S', RgX). Hence in order to prove the assertion, it suffices by Proposition 2.11
to show the assertions for a simplicial finite G-set which is fibrant in S*G.

So we can assume that X is a simplicial finite G-set which is fibrant in S.c. The
set Xy of O-simplices and the set X; of 1-simplices of X are finite discrete G-sets.
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Hence they can be written as colimits of the fixed points under the open subgroups
of G, i.e.,

Xo = co{ljing, X = co(ljileU

where U runs through the open subgroups of G. The set my X of connected components
is defined as the colimit of the diagram

X, —1 X,

|

XO _— 7TOX.

Since 7y commutes with filtered colimits, we also get moX = colimy mo(XY). Since
X is a fibrant simplicial finite set and since the fixed points can be viewed as a
cofiltered limit, Proposition 2.11 shows that we have mo(XY) = (79 X)Y. Hence we
obtain

moX = co[ljirn(on)U7

Le., that G acts continuously on the finite discrete set moX. Since homg (S, X) is
a fibrant simplicial finite G-set if X is a fibrant simplicial finite G-set, the assertions
on the fundamental group and the higher homotopy groups follow from the result on
- O]

3.3. Homotopy limits of pointed profinite G-spaces

Homotopy limits of diagrams of pointed profinite G-spaces can be constructed
in the same way as for pointed profinite spaces. Let I be a small category and let
X(=):I— S.c be a functor from I to pointed profinite G-spaces. We define the
pointed profinite G-space homg _(B(I/—), X(—)) as the equalizer in S.c of the dia-
gram of pointed profinite G-spaces

[[bhoms  (B(1/i),X(i))= ] homgs (B(I/i), X(i)).
el a:i1—i'el

Definition 3.10. Let I be a small category and X (—): I — S.c be a functor. The
homotopy limit of X (—) is defined to be the pointed profinite G-space

h?éiImX(i) :=homg _(B(I/-), X(-)).

Lemma 3.11. Let X(—) be a functor from a small category I to pointed profinite
G-spaces. If X (1) is fibrant for every i € I, then holim;c; X (¢) is fibrant in S.c. Let
f(=): X(=) = Y(—) be a natural transformation of functors from the small category
I to the full subcategory of fibrant pointed profinite G-spaces. Let

f= h?éllm f@): hcl_)éllmX(z) — h?éllm Y (i)
be the induced map on homotopy limits. If f(i): X (i) — Y (i) is a weak equivalence
in Siq for everyi € I, then f is a weak equivalence in S.q.

Proof. As for pointed profinite spaces, this follows from [12], Theorem 19.4.1 and
Theorem 19.4.2. O
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Lemma 3.12. Let X(—): [ — S.c be a small cofiltering diagram such that each X (i)
is connected and fibrant in S.g. Then the natural isomorphism of homotopy groups
of underlying simplicial sets

(| holim X (3)) = lim (| X (3))

of Lemma 2.14 is an isomorphism of profinite G-groups for q > 0.

Proof. The construction of the spectral sequence computing the homotopy groups
of the homotopy limit is functorial. Hence the isomorphism of Lemma 2.14 for the
underlying diagram of pointed profinite spaces is in fact a G-equivariant isomorphism
of profinite G-groups. O

3.4. A concrete equivariant profinite replacement

In this section we discuss a functor that sends certain G-spaces to profinite G-
spaces. We call a simplicial set X a G-space, if X is a simplicial object in the category
of G-sets for the abstract underlying group of G. In order to simplify the argument
and in order to make the construction more concrete we will make two assumptions,
on the one hand that the profinite group G is strongly complete and on the other
hand that the spaces have finite homotopy groups.

A profinite group G is called strongly complete in [25], if every subgroup of finite
index is open in G, or, in other words, if G = G as profinite groups. The profinite
completion of an abstract group is itself strongly complete. But in general there are
subgroups of finite index which are not open in the given topology. The significance
of this property for us, is that for a strongly complete profinite group G, every finite
set S with a G-action is a continuous discrete G-set.

Serre conjectured that every topologically finitely generated profinite group G is
strongly complete, where topologically finitely generated means that G contains a
dense subgroup which is finitely generated as a group. He showed this conjecture for
finitely generated pro-p-groups. Recently, Nikolov and Segal proved the full conjecture
for every finitely generated profinite group in [17]. The proof relies on the classification
of finite simple groups. The most important examples of stronlgy complete profinite
groups for us are provided by the extended Morava stabilizer group G,, and all of its
closed subgroups (see e.g. [5], p. 330).

The following lemma is an equivariant version of Lemma 2.16 which is of funda-
mental importance for this paper.

Lemma 3.13. Let G be a strongly complete profinite group and X be a connected
simple pointed G-space whose homotopy groups are all finite. Then there is a simpli-
cial finite G-set FgX which is a fibrant object in S, and a natural G-equivariant
pointed map p: X — FgX which is a weak equivalence of underlying simplicial sets.
In particular, it induces an isomorphism m, X = w,FgX of homotopy groups of the
underlying simplicial sets.

The assignment X — FgX is functorial in the sense that given a G-equivariant
map h: X — Y between connected simple pointed simplicial G-sets with finite homo-
topy groups, there is a map F(h) in S.c: such that the following diagram of underlying
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simplicial G-sets commutes

) L v

L

Proof. Let X — X' be a functorial fibrant replacement in S,. The map X — X’ is
G-equivariant and a weak equivalence of underlying simplicial sets. Hence we can
assume that the underlying simplicial set of X is a fibrant object in S,.

Let 7, := m,X be the nth finite homotopy group of X. Since X is a G-space,
each m, is a G-module. Moreover, since G is strongly complete, G acts continuously
on each finite discrete group m,,. We define the profinite G-space FX again as the
limit in S.¢ of a specific Postnikov tower {X(n)},>1 of X. Let cosk, X € S, be the
nth coskeleton of X. Since cosk,, is a functor, the space cosk, X is a simplicial G-
set and the associated natural pointed maps X — cosk, X and cosk, X — cosk,_1X
are G-equivariant for each n > 0. Moreover, the map cosk,, X — cosk,,_1 X sits in a
homotopy pullback square of G-equivariant maps

cosk, X ——— WK (m,,n) (5)

T

cosk,_1X —— K(m,,n+1).
kc

The map kff is the G-equivariant k-invariant defined by a class
kS) € HA (cosk,,—1 X5 my)

in the G-equivariant cohomology of cosk,,_1X (see e.g. [10], pp. 207-208).

Now we define profinite G-spaces X (n) together with G-equivariant pointed maps
Jn: cosk, X — X (n) which are weak equivalences of underlying pointed simplicial
sets. For n = 1, we define X (1) := Bm; X. It is a pointed simplicial finite G-set and
a fibrant object in S,¢. Choosing any G-equivariant map cosk; X — B X which is
a weak equivalence of simplicial sets provides a map j;: cosk; X — X(1). (This G-
equivariant choice is possible, since the category of simplicial G-sets, for the under-
lying abstract group of G, can be equipped with a model structure in which weak
equivalences and fibrations are determined by their underlying non-equivariant maps.)

For n > 2, assume we are given X (n — 1) and a map j,—1: cosk,—; = X(n —1).
Up to G-equivariant homotopy there is a factorization in the category of pointed
simplicial G-sets

cosky,_1X I X(n—-1)
lkc/
K(mp,n+1).

The space X (n) and the map X(n) — X(n — 1) is then defined as the pullback of
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the diagram of simplicial finite G-sets

X(n) ——=WK(m,,n) (6)

C

X(n—l)—k>K(7rn,n—|—1).

Since 7, is a finite G-module, the spaces K (m,,n + 1) and WK (m,,n) are simpli-
cial finite G-sets. Moreover, since G is strongly complete, the action of G on all the
finite sets involved is continuous and the map

Gn: WK (mp,n) = K(mp,n+1)

is a fibration in S,¢ by Theorem 3.4, and [21] Proposition 3.7. Hence the pullback of
(6) can be constructed in S, and X (n) is a simplicial finite discrete G-set which is
a fibrant object in S.c.

Since the map

cosk, X — WK (mp,n) X g (r, n+1) CO8Kp 1 X

is a weak equivalence, we obtain an induced weak equivalence j,: cosk, X — X(n)
of underlying simplicial sets. Now we can define Fg X to be the limit

FeX :=1lim X (n).
n

Since the finite discrete G-set of m-simplices of X (n) is isomorphic to the finite
discrete G-set of m-simplices of X (n — 1) for m < n— 1, FgX is a simplicial object
of finite discrete G-sets. Moreover, FX is a fibrant object in S,¢, since it is the
limit of a tower of fibrations in S,¢. Furthermore, since the G-equivariant maps
X — lim, cosk, X and lim, cosk, X — lim, X (n) are weak equivalences of underly-
ing simplicial sets, the associated map ¢: X — FgX, which is functorial and hence
G-equivariant, is a weak equivalence of underlying simplicial sets. In particular, it
induces an isomorphism 7, X = 7w, FgX.

The functoriality follows as in the non-equivariant case from the fact that all
constructions used to define FgX are functorial. O

As in the non-equivariant case, we have to know how Fg behaves with respect to
taking loop spaces.

Lemma 3.14. Let G be a strongly complete profinite group.

(a) Let X andY be connected simple pointed simplicial G-sets with finite homotopy
groups and let f: X =Y be a G-equivariant map that is a weak equivalence
of underlying pointed simplicial sets. Then the induced map Fg(f) is a weak
equivalence in S*G.

(b) Let W be a connected simple pointed simplicial G-set with finite homotopy groups.
Then there is a natural weak equivalence Fo(QX) = Q(FgX) in S.q.

(c) If V — QW is a G-equivariant map between connected simple pointed simplicial
G-sets with finite homotopy groups which is a weak equivalence of underlying
simplicial sets, then the composite map FGgV — Fg(QW) — Q(FcW) is a weak
equivalence in S.c.
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Proof. Since weak equivalences in S.¢ are determined by their underlying maps in S*,
the lemma follows from the corresponding results in Lemma 2.17 and the construction
of Fg. O

4. Stable profinite homotopy theory

4.1. Profinite spectra

Now we want to stabilize the model structure of profinite spaces. Since the sim-
plicial circle S = Al/9A! is a simplicial finite set and hence an object in S., we
may stabilize S, by considering sequences of pointed profinite spaces together with
connecting maps for the suspension.

Definition 4.1. A profinite spectrum X consists of a sequence of pointed profi-
nite spaces X, € S, and maps o,: ST A X, — Xnt1 in S, for n > 0. A morphism
f: X =Y of profinite spectra consists of maps f,: X,, = Y, in S, for n >0 such
that o, (L A f) = fut10n. We denote by Sp(S*) the corresponding category of profi-
nite spectra.

As for profinite spaces, the word “profinite” in the term “profinite spectrum” does
not mean that we look at inverse systems of finite spectra in the usual sense. Instead
we look at spectra that are built out of simplicial profinite sets.

The category of profinite spectra is a simplicial category. Let X and Y be profinite
spectra. The mapping space mapg, 3*)(X ,Y) is defined as the simplicial set whose
set of n-simplices is given as the set of maps

mapSP(S*) (X’ Y)n = HomSp(S*) <X A A[n]+a Y)

where X A Aln], is the levelwise smash product of X with the pointed simplicial
finite set A[l]4. This defines a functor

mapg, s (= —): Sp(S.)°P x Sp(S.) — S.

Let K be a simplicial set, and X a profinite spectrum. The tensor object X ® K €
Sp(S.) is defined as the spectrum whose nth pointed profinite space is X;, A K. The
function object in Sp(S,) is defined as the profinite spectrum homg, ¢ (K, X) €

Sp(S..) whose nth pointed profinite space is given by
(homg s (K, X))n = homg (K, Xy).
Recall that the structure S* A X,, — X, 41 is determined by its adjoint
Xn = QX4
Hence the structure map of homsp( SA*)(K , X) is determined by the map
homg (K, X,) — homg*(K, OXpp1) & Q(homs* (K, Xnt1))

given by adjunction (1).
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Let X and Y be profinite spectra and let K be a simplicial set. We have the natural
bijections
mapg, s (X ® K,Y) = maps (K, mapg s ,(X,Y))
and
mapg, s (Y, homg, ¢ (K, X)) = mapg (K, mapg, s (X,Y)).
If the simplicial set K is already equipped with a base point and X is a profinite

spectrum, we also denote by homsp(s*)(K, X) e Sp(‘SA’*) the profinite spectrum whose
nth space is homg (K, Xp).

Observing that the functor Sp(S,) — Sp(S,), X — S A X is a left Quillen endo-
functor, the stable model structure on Sp(S,) is constructed as in [18] in two steps
as a dual version of the stabilization techniques in [14]. First we need a projective
model structure.

Definition 4.2. A map f in Sp(S,) is a projective weak equivalence (projective fibra-
tion) if each map f,, is a weak equivalence (fibration) in S,. A map 4 is a projective
cofibration if it has the left lifting property with respect to all projective trivial fibra-
tions.

The following proposition is proved as in [14], Proposition 1.14.

Proposition 4.3. A map i: A — B in Sp(S.) is a projective (trivial) cofibration if
and only ifio: Ao — Bo and the induced maps jn: Ap gina, , S' A Bu_1 — By, for
n > 1 are (trivial) cofibrations in S..

Proposition 4.4. The projective weak equivalences, projective fibrations and projec-
tive cofibrations define a left proper fibrantly generated simplicial model structure on

Sp(Sy)-

Proof. That we obtain a left proper fibrantly generated model structure can be proven
in essentially the same way as Theorem 1.13 in [14]. In order to show the factorization
axiom one uses a cosmall object argument and the fact that S, is fibrantly generated.
It remains to prove that this model structure is simplicial. We have defined mapping

spaces and tensor and cotensor objects for Sp(S.) above. Let i: A — B be a cofi-

bration of simplicial sets and p: X — Y a projective fibration in Sp(S,). We have to
show that the induced map

(1", p«): homg s (B, X) — homg s (4, X) Xhomg, s, (A,Y) homg, s (B,Y)
is a projective fibration in Sp(S'*), which is trivial if either ¢ or p is trivial. For n > 0,
the nth map (i*, p.), is given by the map of pointed profinite spaces

(%, Pn+): homg (B, Xp,) — homg (A, X,) Xhomg_ (A,Y,) homg (B,Y,).

The model structure on S, is simplicial. This implies that (1%, pn«) s a fibration, since
i is a cofibration and p,, is a fibration. Moreover, (i*,p,.) is a weak equivalence if
either i or p,, is a weak equivalence. Since projective weak equivalences and projective
fibrations are determined levelwise, this shows that (i*,p.) is a projective fibration
which is a trivial projective fibration if either i or p is trivial. O
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In the second step we enlarge the class of weak equivalences by localizing the
projective model structure further.

Definition 4.5. A profinite spectrum £ € Sp(8,) is called an Q-spectrum if each E,
is fibrant in S, and the adjoint structure maps

En — QFEy 41 =homg (S, Eny1)

are weak equivalences in S* for all n > 0.
A map f: X — Y of profinite spectra is called

° 2 (stab}e) equivalence if any projective cofibrant replacement Qf: QX — QY
in Sp(S.) induces a weak equivalence of mapping spaces

mapg, ., (QY: E) - mapg, s ,(QX, E)
for all Q-spectra E;
e a (stable) cofibration if and only if it is a projective cofibration;

e a (stable) fibration if it has the right lifting property with respect to all maps
that are stable equivalences and stable cofibrations.

The following result was shown in [19], Theorem 2.36. The proof is based on the
dual of the general stabilization machinery for model structures by Hovey [14] and
the localization for fibrantly generated simplicial model structures in [18], Theorem
6 (see also [18], Theorem 14).

Theorem 4.6. The classes of stable equivalences, stable fibrations and stable cofi-
brations define a stable simplicial model structure on profinite spectra. The fibrant
objects in Sp(S‘ ) are exactly the Q-spectra. A map in Sp(S’ ) between Q-spectra is
a stable equivalence if and only if it is a projective weak equivalence. We denote the
corresponding homotopy category by SH. In particular, the functor S* A -: SH — SH
is an equivalence of categories.

Let Sp(Si«) be the stable model category of Bousfield-Friedlander spectra of [2].

Proposition 4.7. The levelwise profinite completion functor
(): Sp(S.) = Sp(S.)
preserves cofibrations and stable equivalences between cofibrant objects. The forgetful
functor
|- |: Sp(S.) — Sp(S.)
preserves stable fibrations and weak equivalences between fibrant objects. In particular,

(*) and | - | induce derived functors on the homotopy categories and the pair ((T)7 -]
is a Quillen pair of adjoint functors.

Proof. Let i: A — B be a cofibration in Sp(S,). Since (A) Sy — S’ preserves cofi-
brations and pushouts as a left Quillen functor, the maps iy and Jn are cofibrations
in S,. Hence i is a cofibration in Sp(S,).
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Let Y be a pointed profinite space. As a right adjoint the forgetful functor for
pointed profinite spaces | - |: Sy — S, commutes with cotensors. Hence we have

[homg_(S",Y)] = homs, (S,]Y1).

Moreover, |-|: S. — S, sends fibrant pointed profinite spaces to fibrant pointed
spaces and preserves weak equivalences between fibrant objects. Hence if F is an
Q-spectrum in Sp(S,), then |E| is an Q-spectrum in Sp(S.,).

Let f: X =Y be a stable equivalence between cofibrant objects in Sp(S,) and

let F be an Q-spectrum in Sp(S,). Since profinite completion is left adjoint to the
forgetful functor we get a commutative diagram of simplicial sets

mapsp(s*)(yv E) —— mapsp(s*)(j(a E) (7)

:i i:

mapgy s, ) (Y, [B]) —— mapg,s, ) (X; [ E])

whose vertical maps are isomorphisms. Since the map f is a stable equivalence
between cofibrant objects in Sp(S.) it induces a weak equivalence of mapping spaces

mapg, (s, ) (V,F)— mapg, (s, ) (X,F)

for every Q-spectrum F' in Sp(S.). (This follows for example from [14], Corollary
3.5.) Since |E| is an Q-spectrum in Sp(S,), this shows that the lower horizontal map
in (7) is a weak equivalence. Since the vertical maps are isomorphisms, this implies
that the upper horizontal map in (7) is a weak equivalence as well. Since this holds
for every Q-spectrum FE in Sp(S*), the map f is a stable equivalence in Sp(‘SA‘*). The
same argument shows that (A) preserves trivial cofibrations.

Since the forgetful functor is the right adjoint of profinite completion, this implies
that | - | preserves fibrations and stable equivalences between fibrant objects. O

4.2. Homotopy groups of profinite spectra
For a positive integer k& > 0, there is an evaluation functor

Evi: Sp(S.) — 8., X — Xy,

sending a profinite spectrum X to its kth pointed profinite space Xj. It is a right

Quillen functor for the stable model structure on Sp(Ss). Its left Quillen adjoint is
the functor ¥*(—): S, — Sp(S.) defined by

(2FY),, = §™FY if m > k and

(2*Y),, = * otherwise,

where S™~*Y denotes the pointed profinite space obtained by smashing the pointed
profinite space Y (m — k)-times with S*.

Let S° be the discrete pointed simplicial finite set generated by two points as 0-
simplices one of which is the basepoint. We define the sphere spectrum S° to be the
profinite spectrum %9(S%) whose mth pointed profinite space is S™, i.e., S* smashed
with itself m-times.
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For a negative integer n < 0, we define the nth suspension S™ of the sphere spec-
trum to be the profinite spectrum X ~"(SY). Its mth space is S™*" if m > —n and
just a point otherwise.

For a positive integer n > 0, we define the nth suspension S™ of the sphere spectrum
to be the profinite spectrum X°(S™) whose mth space is S™*" for every m > 0.

Via the model structure of Theorem 4.6 we can define homotopy groups of a
profinite spectrum X. Let RX denote a functorial fibrant replacement of X in the

stable model structure on Sp(S,) and, for an integer n, let S™ be the nth suspension
of the sphere spectrum. We define 7, X to be the group

X := Homg, (S", RX).

Proposition 4.8.

(a) Let X be a fibrant profinite spectrum, i.e., an Q-spectrum in Sp(Sx), and n € Z.
Let k>0 be any natural number such that n+k > 0. Then there is a natural
isomorphism of groups

Tn X = Tk Xk

where T4+ X denotes the profinite homotopy group of the kth pointed profinite
space of X.

(b) The homotopy groups of a fibrant profinite spectrum X are isomorphic to the
homotopy groups of the underlying Q-spectrum | X| in Sp(Si).

(¢) The homotopy groups of a profinite spectrum are abelian profinite groups.

Proof. (a) If n > 0, then the Quillen adjoint pair (X% Evg) yields a natural isomor-
phism

7, X = Homg,, (S", X) = Homg,, (X°(S™), X) = Homy, (S, Xo).

The right hand side is naturally isomorphic to mo(2"(Xo)) = m,(Xp). Since the
maps X — QF(X},) are weak equivalences of fibrant objects in S, for every k >0,
this proves the assertion for n > 0.

For n < 0, the Quillen adjoint pair (¥~", Ev_,) yields a natural isomorphism

7, X = Homg,, (S", X) = Homg,, (£7"(5°), X) = Homy, (S°, X_,).

The right hand side is naturally isomorphic to mo(X_,). Reindexing and using
the fact that X is an Q-spectrum gives m, X = mp41(Xx) for any k > 0 such that
n + k > 0. This finishes the proof of (a).

(b) Since the underlying spectrum |X| is an -spectrum in Sp(S,), the nth homo-
topy group of | X]| is given by the abelian group m,4x(|Xx|) for any & > 0 such that
n+ k > 0. By Lemma 2.9, there is a natural isomorphism

Tk (| Xk]) = gk (Xi).

The assertion now follows from (a).

(c) This follows from the fact that the homotopy groups of a profinite space are
profinite groups and that Q?Y is an abelian group object for any pointed profinite
space Y. O]
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We can also define generalized cohomology groups with coefficients in profinite
spectra. Let X be a fibrant profinite spectrum. Let Z be a spectrum in Sp(S.) which
is isomorphic to a colimit of suspended sphere spectra S™ for integers n,, € Z indexed
by a filtered category. In this case, we can define the kth generalized cohomology group
of Z with coefficients in X to be the filtered limit

X*Z := limHomg,, (S™, X[k]) (8)
where X [k] denotes the Q-spectrum in Sp(S*) whose mth space is X,,,_r for m > k
and a point otherwise. Since each abelian group

Homg;, (S™, X[k]) = m,, (X[k])

carries a profinite structure by Proposition 4.8, we deduce that the group X*Z is also
a profinite abelian group.

Moreover, since each space in the sphere spectrum S™ is a pointed simplicial finite
set for any integer n, the Quillen adjunction of Proposition 4.7 between profinite
completion and the forgetful functor yields a natural isomorphism of abelian groups

Homgz, (S™, X) = Homsyx(S", | X]).

Hence the kth generalized cohomology group of Z with coefficients in the profinite
spectrum X coincides with the kth generalized cohomology group of Z with coeffi-
cients in the underlying Q-spectrum | X| in Sp(S,), i.e., there is a natural isomorphism

Xtz = lim Hom g, (", X [k]) 22 lim Homs (S, | X [K]|) = |X*2Z. (9)

4.3. Homotopy limits of profinite spectra

Let I be a small category and let X (—) be a functor from I to the full subcategory
of Q-spectra in Sp(S.). For each n >0 and each i € I, we have a fibrant pointed
profinite space X, (i) := X (i),. So for every n > 0, this defines an I-diagram X, (—)
of fibrant pointed profinite spaces. The homotopy limit holim;e; X,,(7) in S, is again
a fibrant pointed profinite space by Lemma 2.13. Since the homotopy limit is defined

using cotensors, there is a natural isomorphism
holim Q(X,,(7)) = Q(holim X, (7)).
olim Q(Xn (7)) = Q(holim X, (1))
Since each X (7) is an Q-spectrum in Sp(S*) and since holim;¢; preserves weak equiv-

alences between fibrant objects by Lemma 2.13, for each n > 0 we obtain a weak
equivalence in S,

holim X, (i) = holim Q.X,, (i) = Q holim X, (7).
i€l i€l i€l

Hence together with these structure maps the sequence of fibrant pointed profinite
spaces holim;e; X,,(¢) defines an Q-spectrum in Sp(S,.) that we denote by
holim;ec; X (4) and call the homotopy limit of the diagram X (—) (see [28], §5, for

the analogous story for Sp(S.)).
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Lemma 4.9. Let f: X(—) — Y(—) be a natural transformation of functors from a

small category I to the full subcategory of Q-spectra in Sp(S.). If f(i): X (i) — Y (4)
is an equivalence in Sp(Sy) for every i € I, then the induced map

holim X (i) — holim Y (4)
iel icl

is an equivalence of Q)-spectra in Sp(s’*).

Proof. We already know that holim sends a small diagram of Q-spectra in Sp(Sy)

to an Q-spectrum in Sp(S,). Since holim is constructed termwise and since stable
equivalences between Q-spectra are exactly the projective equivalences in Sp(S.), the
assertion follows from the corresponding result Lemma 2.13 for S,. O

Lemma 4.10. Let X(—): I — Sp(S«) be a small cofiltering diagram of Q-spectra in

Sp(Ss). There is a natural isomorphism of homotopy groups of underlying spectra for
every q € 7

o gl X (7)) & T, (| X (2)).

Proof. Since the profinite spectrum holim;c; X (7) is constructed levelwise and is an

Q-spectrum in Sp(S,), the assertion follows from Proposition 4.8 and Lemma 2.14. [

4.4. Spectra with finite homotopy groups

The functors given by taking profinite completion of spectra and taking profinite
completion of abelian groups are related to each other in a similar way as the corre-
sponding profinite completion functor for spaces. For the purposes of this paper, the
following concrete result will be sufficient.

Theorem 4.11. Let X € Sp(S.) be a spectrum whose homotopy groups are all finite
groups. Then there is a natural map

X = F°X

of spectra from X to a profinite spectrum F*X built of simplicial finite sets such
that F*X is fibrant in Sp(S'*) and X — F*X is a stable equivalence of underlying
spectra. In particular, it induces an isomorphism m. X = m.|F*X| of homotopy groups
of underlying spectra.

The assignment X — F*X is functorial in the sense that given a map g: X =Y

between spectra with finite homotopy groups, there is a map F*(g) in Sp(S.) such
that the following diagram of underlying spectra commutes

x—L >y

L

Proof. Let X be a spectrum whose homotopy groups are finite. We can assume that
X is an Q-spectrum in Sp(Sy), i.e., that each pointed space X, is fibrant in S, and
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X, — Q(X,41) = homs, (S, X,,.1) is a weak equivalence for all n > 0. This implies
forall k >0

e (Xn) = (U Xnt1)) = 1 (Xngr)-

The ith stable homotopy group of the spectrum X is given as any of the isomorphic
homotopy groups m;1+,(X,,) for positive n such that ¢ +n > 0. Since the homotopy
groups of X are finite, each of the groups 7 (X,,) is a finite group for all k,n > 0.

Since X is a spectrum, we can assume that each X, is a connected simple pointed
space. Hence we can apply the finite replacement F of Lemma 2.16 to each space X,
and obtain the profinite spectrum F*X. By Lemma 2.17, the induced maps

FX, = QFXpni1)

are weak equivalences in S.. Since each FX,, is fibrant in S*, this implies that
the levelwise fibrant profinite spectrum F*X is already an Q-spectrum in Sp(Si).
Furthermore, the ith stable homotopy group of the profinite spectrum F*®X is given

by any of the isomorphic finite groups
7Ti+n(FXn) = 7Ti+n(Xn)

for positive n such that ¢ +n > 0. This shows that the map X — |F*X]| is a weak
equivalence of underlying spectra and induces an isomorphism 7, X = 7, F°X. Func-
toriality follows from the functoriality of F' in Lemma 2.16. O

4.5. Profinite spectra versus pro-spectra

In [4], Christensen and Isaksen develop a model structure on the category of pro-
spectra. Unfortunately, the comparison between the category of pro-spectra and profi-
nite spectra is not as straightforward as we would like it to be. First, Christensen and
Isaksen use the category of symmetric spectra as a model for the stable homotopy
category. Since the category of profinite spectra is based on a more naive notion of
spectra, we have to limit our comparison with symmetric spectra to their underlying
Bousfield-Friedlander spectra. Second, for an arbitrary profinite spectrum there is
not a canonical way to write it as a cofiltered system of spectra. Nevertheless, we can
define a functor from pro-spectra to profinite spectra as follows.

Let {X;} be a pro-spectrum. We denote by the same symbol its underlying pro-
object in the category Sp(S.) of Bousfield-Friedlander spectra. First we apply the
(set-theoretic and levelwise) profinite completion functor Sp(S.) — Sp(S.) to each
spectrum in the system. This yields a pro-object of profinite spectra {XZ} Second we
take a levelwise functorial fibrant replacement in Sp(S*) and obtain the pro-object
of profinite spectra {R)A(l} In the final step we take the homotopy limit in Sp(g*)
of the cofiltered diagram underlying the pro-object {RXi}. By abuse of notation we
denote the resulting profinite spectrum by X.

As for pro-spaces, the comparison of the cofiltered system of homotopy groups
{7, X;} and the profinite homotopy group m,X is difficult in general. But if the
groups 7 X; are finitely generated for all 4, then one can show, using the results
stated in the second section, that e X is the profinite completion of the pro-group
{WkXZ}

If a map f: {X;} = {Y;} of pro-spectra is a levelwise equivalence of Bousfield-
Friedlander spectra, then Proposition 4.7 and the invariance of homotopy limits show
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that the induced map f : X — Y is a stable equivalence in Sp(‘SA'*). But for a general
T*-equivalence f of pro-spectra (see [4], §6) f does not have to be an equivalence in
Sp(S*). Moreover, since the completion functor is a composition of profinite comple-
tion, which is a left adjoint, and the homotopy limit functor, it is neither a left nor a
right adjoint functor.

We can modify the completion functor a little bit when we start with a restricted
class of fibrant pro-spectra. In [4] a spectrum is called homotopy-finite if it is weakly
equivalent to a finite complex. By [4], Proposition 6.8, the fibrant objects in the
m*-model structure on pro-spectra are the pro-spectra which are isomorphic to a
pro-spectrum that is levelwise homotopy-finite and strictly fibrant. Let {X;} be a 7*-
fibrant pro-spectrum. After possibly changing it by an isomorphism, we can assume
that {X;} is a levelwise homotopy-finite spectrum. We assume moreover that the
homotopy groups of each X; are all finite. In this case, we can apply the functor F**
of Theorem 4.11 levelwise to obtain the pro-object {F*X;} of Q-spectra in Sp(S,).
Taking the homotopy limit of the underlying diagram yields a profinite spectrum XF,
By its construction, the functor {X;} — XF preserves fibrant objects. Moreover, since
{m X} is a cofiltered system of finite groups, which are preserved by F*, the profinite
homotopy groups 7. XF are isomorphic in the category of pro-groups to {m.X;}.

5. The equivariant profinite stable homotopy category

5.1. Profinite G-spectra
Let G be again a profinite group. We consider S! as a simplicial finite set with
trivial G-action.

Definition 5.1. A profinite G-spectrum X is a sequence of pointed profinite G-
spaces {X,,} together with maps S* A X,, — X,,+1 of pointed profinite G-spaces for
each n > 0. A map of profinite G-spectra X — Y is a collection of maps X,, — Y,
in S, compatible with the structure maps of X and Y. We denote the category of

profinite G-spectra by Sp(S.q)-

In [20] a slightly different notion of profinite G-spectra was introduced by using a
cofibrant replacement of S! in S,¢. This notion turns out to be less appropriate for
our purposes. Therefore, we consider Definition 5.1 as the correct notion of profinite
G-spectra.

The category of profinite G-spectra is a simplicial category. Let X and Y be profi-
nite G-spectra. The mapping space mapsp(g*c)(X, Y') is defined as the simplicial set
whose set of n-simplices is given as the set of maps

mapgy,(s,q) (X Y)n = Homg g (X A An]4,Y)

where A[n]; is considered as a simplicial finite G-set with trivial G-action. This
defines a functor

mapg, s (= =) Sp(S«a)? x Sp(Sia) = S.
Let K be a simplicial set and X a profinite G-spectrum. The tensor object X ® K €

Sp(S.¢) is defined as the profinite G-spectrum whose nth pointed profinite G-space is
X, A K4, where we consider K as a pointed simplicial set with trivial G-action. The
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function object in Sp(S*G) is defined as the profinite spectrum homsp(&c)(K, X) e
Sp(S*G) whose nth pointed profinite G-space is given by

(homsp(s*c) (K, X))n = homg (K, X,).

The structure map of homsp( S*G)(K ,X) is determined by the G-equivariant map

homg (K, X,) — homg (K, QX,11) = Q(homg (K, X;41)).
Let X and Y be profinite G-spectra and let K be a simplicial set. We have natural
bijections

mapsp(s*c)(X ® K,Y) 2 mapg (K, mapsp(é*c)(X,Y))

and

mapsp(g*c)(Y, homsp(é*c)(K, X)) & mapg(K, mapsp(s*e)(X, Y)).

If the simplicial set K is already equipped with a base point and X is a profinite
G-spectrum, we also denote by homsp( S*G)(K ,X) € Sp(S’*) the profinite G-spectrum
whose nth space is homg (K, X»)

As for profinite spectra we would like to construct a stable model structure on
Sp(8.c). Therefore, we have to check the following lemma.

Lemma 5.2. The functor X — S' A X is a left Quillen endofunctor of S

Proof. We saw in Example 3.3 that smashing with S 1is a left adjoint functor whose
right adjoint is given by the functor S.¢ = Sic, X — QX. Since weak equivalences
in S, are determined by the underlying maps in S*, it follows that the functor
X STA X from S, to itself preserves weak equivalences. In order to see that it
preserves cofibrations we recall that a map f: X — Y in S.¢ is a cofibration if and
only if f is a levelwise injection and the action of G on Y;, — f(X,,) is free for each
n 2 0. We know that the smash product preserves levelwise injections. Now G acts
diagonally on the smash product S* A Y. This implies that if the G-action is free on
Y,, — f(X,), then the G-action on (S* AY), — (ST A f)((S* A X),,) is free as well.
Hence X — S' A X is a left adjoint endofunctor that preserves weak equivalences
and cofibrations in S*G. O

As for profinite spectra, we start with a projective model structure.

Definition 5.3. A map f in Sp(S*G) is a projective weak equivalence (projective
fibration) if each map f, is a weak equivalence (fibration) in S.¢. A map i is a
projective cofibration if it has the left lifting property with respect to all projective
trivial fibrations.

The following proposition follows again as in [14], Proposition 1.14.
Proposition 5.4. A map i: A — B in Sp(S*G) is a projective (trivial) cofibration
if and only if ig: Ag — Bo and the induced maps jn: Ay Ugina, , S'ABu_1 — B,
forn =1 are (trivial) cofibrations in S,q.

Proposition 5.5. The projective weak equivalences, projective fibrations and projec-
tive cofibrations define a left proper fibrantly generated simplicial model structure on

Sp(S*G) .
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Proof. That we obtain a left proper fibrantly generated model structure can be proven
in essentially the same way as Theorem 1.13 in [14]. In order to show the factorization
axiom one uses a cosmall object argument and the fact that S is fibrantly generated.
It remains to prove that this model structure is simplicial. We have defined tensor and

cotensor objects for Sp(S.c) above. Let i: A — B be a cofibration of simplicial sets

and p: X — Y a projective fibration in Sp(Si¢). We have to show that the induced
map

(i*,p*) : homSp(S*G)(B’ X) — homsp(g*c) (A, X) XhomSp(S*G)(A’Y) homsp(g*c) (B, Y)

is a projective fibration in Sp(S*G), which is trivial if either 7 or p is trivial. For n > 0,
the nth map (i*, p.), is given by the map of pointed profinite spaces

(i*)pn*): homS*G(B’X") — hOHlS*G(A7 Xn) Xhomg*G(A,Yn) homS*G (B, Yn)

The model structure on S, is simplicial. This implies that (i*,p,«) is a fibration,
since 4 is a cofibration and p,, is a fibration. Moreover, (i*, p,«) is a weak equivalence if
either i or p,, is a weak equivalence. Since projective weak equivalences and projective
fibrations are determined levelwise, this shows that (i*,p.) is a projective fibration
which is a trivial projective fibration if either ¢ or p is trivial. O

In the second step we enlarge the class of weak equivalences by localizing the
projective model structure.

Definition 5.6. A profinite G-spectrum E € Sp(S.¢) is called an Q-spectrum if each
E,, is fibrant in S,.g and the adjoint structure maps

En = QE, 11 =homg (S, Epi1)

are weak equivalences in S, for all n > 0. A map f: X — Y of profinite G-spectra
is called

e a (stable) equivalence if any projective cofibrant replacement Qg f: QcX —

QcY in Sp(S.¢) induces a weak equivalence of mapping spaces
mapsp(s*c)(QGK E) — mapsp(g*c)(QGX, E)

for all Q-spectra E in Sp(é*g);
e a (stable) cofibration if and only if it is a projective cofibration;

e a (stable) fibration if it has the right lifting property with respect to all maps
that are stable equivalences and stable cofibrations.

Theorem 5.7. The classes of stable equivalences, fibrations, and cofibrations of Def-

inition 5.6 provide Sp(S«c) with a stable simplicial model structure. The fibrant profi-

nite G-spectra are ezactly the §1-spectra in Sp(Sig). Its underlying profinite spectra
are Q-spectra in Sp(S«). A map in Sp(S.q) between Q-spectra is a stable equivalence
if and only if it is a projective weak equivalence. We denote its homotopy category by
SHg.

Proof. In order to show that there is a stable model structure on Sp(S.g) we apply
again the dual methods of Hovey [14]. We know from Theorem 3.4 that S, satisfies
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the necessary properties. From Lemma 5.2 we know that smashing with S! is a
left Quillen endofunctor on Sp(S'*G). By Proposition 5.5, we know that the projective
model structure on Sp(S*G) is simplicial. By localizing the projective model structure
with respect to the -spectra in Sp(S*G), we obtain a stable model structure on
Sp(S*G).

The Q-spectra are the fibrant objects in the stable model structure, since they
are the local objects. Since weak equivalences and fibrations in S.c are determined
by their underlying maps in S*, this shows that the fibrant objects in Sp(S*G) are
exactly the profinite G-spectra whose underlying spectrum is fibrant in Sp(‘SA'*)‘

The assertion on stable equivalences between {2-spectra in Sp(S*G) follows from
the general theory of Bousfield localizations. O

Corollary 5.8. Let K be a closed subgroup of the profinite group G. If X is an
Q-spectrum in SP(S*G); then its restriction to a profinite K-spectrum is also an -
spectrum in Sp(Six)-

Proof. Since weak equivalences and fibrations for S*G and S* i are determined by
their underlying maps in S,, the assertion follows from the definition of an -
spectrum. O

Proposition 5.9.

(a) The forgetful functor Sp(S*G) — Sp(S’*) sends Q-spectra to Q-spectra and pre-
serves stable equivalences between C)-spectra.

(b) The composition of forgetful functors Sp(S.cx) = Sp(S.) — Sp(S.), which we also
denote by |- |: Sp(Sia) — Sp(Ss), sends Q-spectra to Q-spectra and preserves
stable equivalences between ()-spectra.

Proof. (a) In the model structures on Sp(S.¢) and Sp(S.), stable equivalences
between ()-spectra are exactly the projective equivalences. By Theorem 5.7, the
underlying profinite spectrum of an -spectrum in Sp(S ¢) is an -spectrum in
Sp(S’ ). Since projective equivalences are maps that are levelwise weak equivalences,
the assertion follows from the fact that the forgetful functor S*G — S* preserves weak
equivalences between fibrant objects.

(b) The second assertion follows from the first and from Proposition 4.7. O

5.2. Homotopy groups of fibrant profinite G-spectra

Definition 5.10. Let X be an 2-spectrum in Sp(S*G). Its underlying profinite spec-
trum is fibrant in Sp(()g*)7 and, for n € Z, we define the nth homotopy group of X to
be the nth homotopy group of its underlying fibrant profinite spectrum.

Note that in Theorem 5.7 we did not show that the stable equivalences in Sp(S*G)
are determined by their underlying maps in Sp(S*). If we start with an arbitrary
profinite G-spectrum Y, we do not claim that the homotopy groups of the underlying
profinite spectrum are isomorphic to the homotopy groups of RgY', where R denotes
a functorial fibrant replacement in Sp(S*G). The point is that, since Y is not fibrant,
the fibrant replacement functors in Sp(g*) and Sp(g*g) may send it to profinite
spectra which are not stably equivalent in Sp(S.).
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But if we start with a fibrant profinite G-spectrum X, i.e., an Q-spectrum in
Sp(S*G), as in Definition 5.10, then the homotopy groups of X as a profinite G-
spectrum are canonically isomorphic to the homotopy groups of its underlying -
spectrum in Sp(S‘*) by Proposition 5.9.

Moreover, the G-action on the Q-spectrum X in Sp(S.¢) induces a G-action on

each homotopy group of X.

Proposition 5.11. Let X be an Q-spectrum in Sp(S*G). Then each homotopy group
X is a profinite G-module for every n € Z.

Proof. Since the underlying spectrum of X is an Q-spectrum in Sp(S,), Lemma 4.8
shows that 7, X is isomorphic to 7, X for any k > 0 such that n+ k > 0. By
Proposition 3.9, the groups 7,1, Xy are profinite G-modules. O

Remark 5.12. Let X be again an Q-spectrum in Sp(S.g). Let Z be a spectrum in
Sp(S.) which is isomorphic to a colimit of suspended sphere spectra S™= for integers
ne € Z indexed by a filtered category. For such a spectrum Z, the generalized coho-
mology groups X*Z of (8) of Z with coefficients in the underlying fibrant profinite
spectrum of X, inherit a G-action from X. By Proposition 5.11, each

Homg, (S", X) = 1, X

is a profinite G-module. Hence (8) provides X*Z with the structure of a profinite

G-module. Moreover, we may consider (9) as an isomorphism of profinite G-modules
between X*¥Z and |X|¥Z.

5.3. Homotopy limits of fibrant profinite G-spectra

Let I be a small category and let X (—) be a functor from I to the full subcategory
of Q-spectra in Sp(S*G). The homotopy inverse limit of the diagram X (—) in Sp(S*G)
is again defined levelwise for each space. For each n > 0 and each ¢ € I, the pointed
profinite G-space X,,(i) := X (i), is fibrant. So for every n > 0, the homotopy limit
holim;e; X, (7) in S.c is a fibrant pointed profinite G-space by Lemma 3.11 and there
is a natural isomorphism in S‘*G

h?ehlm QX)) = Q(h?g[m X (4)).

Since each X (i) is an Q-spectrum in Sp(S.¢) and since holim;c; preserves weak
equivalences between fibrant objects by Lemma 3.11, for each n > 0, we obtain a
weak equivalence in S.a

holim X, (i) = holim Q.X,, (i) = Q holim X, (7).
iel iel iel

Hence together with these structure maps the sequence of fibrant pointed profi-
nite G-spaces holim;c; X, (i) defines a Q-spectrum in Sp(S.g) that we denote by
holim;¢; X (7) and call the homotopy limit of the diagram X (—).

Lemma 5.13. Let f: X(—) — Y(—) be a natural transformation of functors from a

small category I to the full subcategory of Q-spectra in Sp(S.q). If f(i): X (i) — Y (4)
is an equivalence in Sp(S«q) for every i € I, then the induced map

holim X (i) — holim Y (4)
i€l iel

is an equivalence of Q-spectra in Sp(S«q).
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Proof. We already know that holim sends a small diagram of {2-spectra in Sp(S*G)
to an Q-spectrum in Sp(S.q). Since holim is constructed termwise and since stable
equivalences between ()-spectra are exactly the projective equivalences in Sp(S«a),
the assertion follows from the corresponding result for S, given in Lemma 3.11. O

Lemma 5.14. Let X(—): I — Sp(S«q) be a small cofiltering diagram of Q-spectra

in Sp(S«q). Then the isomorphism of Lemma 4.10
(| holim X (1)) = lim (| X 7))

is an isomorphism of profinite G-modules for every q € 7Z.

Proof. Since the Q-spectrum holim;c; X (4) in Sp(S*G) is constructed levelwise, the
assertion follows from Lemma 3.12. O

5.4. G-spectra with finite homotopy groups

Theorem 5.15. Let G be a strongly complete profinite group. Let X € Sp(Sx«) be a
spectrum such that each space X, is a pointed G-space and the G-actions are compat-
ible with the bonding maps. We assume that the homotopy groups of X are all finite
groups. Then there is a G-equivariant map

' X = FgX

of spectra from X to a profinite G-spectrum F& X built of simplicial finite discrete G-
sets such that F&X is fibrant in Sp(S*G) and @® is a stable equivalence of underlying
spectra. In particular, ¢® induces an isomorphism m, X = m,|F&X| of the homotopy
groups of underlying spectra.

The assignment X — F&X is functorial in the sense that given a G-equivariant
map h: X =Y between G-spectra whose spaces are pointed G-spaces and whose

homotopy groups are finite, there is a map F&(h) in Sp(S.q) such that the following
diagram of underlying spectra commutes

Xx—" sy

L

F2X F2Y.
&% w05 e

Proof. The proof is similar to the one of Theorem 4.11 using the replacement func-
tor of Lemma 3.13. We can assume that X is an {-spectrum in Sp(S,). Since the
homotopy groups of X are finite, each of the groups 7, (X,,) is a finite group for all
k,n > 0. Moreover, since X is a spectrum, we can assume that each X, is a simple
connected pointed G-space. Hence we can apply the functor Fz of Lemma 3.13 to
each space X,, and obtain the profinite spectrum Fg.X. By Lemma 3.14, the induced
maps

FoXn — Q(FaXnit)

are weak equivalences in S*G. Since each Fg X, is fibrant in S*G, this implies that

the profinite G-spectrum FE X is an Q-spectrum in Sp(S,). The ith stable homotopy
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group of the Q-spectrum FEX is given by any of the isomorphic finite groups

Ti+n (FGXn) = Ti4+n (Xn)

for positive n such that ¢ + n > 0. This shows that X — FZ X induces an isomorphism
T X = 7, |FEX]|. Finally, the functoriality of F§ follows from the functoriality of

Fg.

O
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