
NON-REALIZABILITY OF A TRIPLE MASSEY PRODUCT

EIVIND XU DJURHUUS AND GEREON QUICK

Abstract. We show that an often used example of a cohomology algebra with

non-vanishing triple Massey product is intrinsically A3-formal and therefore, in

fact, cannot be realized as the cohomology of a differential graded algebra with
non-vanishing triple Massey product. We prove this result by computing the

graded Hochschild cohomology group which contains the potential obstruction

to the vanishing.

1. Introduction

Let C‚ be a differential graded F2-algebra (DGA) with differential δ and coho-
mology algebra H‚. Let a, b, c be cohomology classes such that a Y b “ 0 and
b Y c “ 0. We recall that the Massey product xa, b, cy is defined as follows. Let A,
B, C be cocycles representing a, b, c, respectively, and let Eab and Ebc be cochains
such that δEab “ A Y B and δEbc “ B Y C. The set M :“ tA,B,C,Eab, Ebcu is
called a defining system for the triple Massey product of a, b, and c. The cochain
AYEbc`EabYC is a cocycle. We write xa, b, cyM P H‚ for the corresponding coho-
mology class. The triple Massey product xa, b, cy is the set of all cohomology classes
xa, b, cyM for all such defining systems M . The class xa, b, cyM depends on the
choice of the defining system M . The image in the quotient H‚{paYH‚ `H‚ Y cq,
however, is uniquely determined by a, b, and c. We say that xa, b, cy vanishes if
its corresponding class in H‚{pa Y H‚ ` H‚ Y cq is zero. Massey products play an
important role in the classification of DGAs with a given cohomology ring.

To construct the simplest commutative graded algebra which may be realized as
the cohomology of a DGA with a non-vanishing Massey product, one may consider
F2ra, b, cs{pab, bcq with a, b, c elements in degree one. We have ab “ 0 and bc “ 0
by construction, and hence xa, b, cy is defined. We may then expect that it may be
possible to find a DGA such that xa, b, cy does not vanish. In this note, however, we
show that the Massey product xa, b, cy always vanishes. More precisely, our main
result is the following. Recall that a differential graded algebra is called A3-formal
if the minimal A8-model of C‚ has a trivial homotopy associator m3 (see e.g. [7]).

Theorem 1.1. Let C‚ be a differential graded algebra over F2 with cohomology
algebra isomorphic to F2ra, b, cs{pab, bcq. Then C‚ is A3-formal. Thus, all triple
Massey products for C‚ vanish. In particular, the triple Massey product xa, b, cy
vanishes for C‚.

Our interest in the realizability of triple Massey products grew out of the work
of Hopkins–Wickelgren in [3] on triple Massey products in Galois cohomology. The
latter has inspired a lot of research in recent years, see for example [9] and [10].
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Remark 1.2. One may consider other F2-algebras and ask whether they realize a
non-trivial Massey product. Since the definition of the Massey product does not
require distinct elements, we may first consider the algebra F2ras{pa2q with just
one generator. However, F2ras{pa2q is zero in degree two, and hence xa, a, ay must
vanish. The algebra F2ra, bs{pabq is a Boolean graded algebra in the sense of [11,
Definition 6.1]. More generally, any algebra of the form F2ra1, . . . , ans{I where I is
the ideal generated by all products aiaj for i ‰ j is a Boolean graded algebra. The
algebra F2ra, bs{pa2, abq is a connected sum of a dual and a Boolean graded algebra
in the sense of [11, Section 6]. All these algebras are intrinsically A8-formal by [11,
Theorem 7.13] and do not allow for non-vanishing Massey products.

We now outline the proof of Theorem 1.1 and thereby describe the content of the
paper. For the whole manuscript, we assume that all algebras and vector spaces are
over F2. In Section 2 we recall the Hochschild cohomology of graded algebras and
construct the Hochschild cohomology class rm3s P HH3,´1

pH‚pC‚qq associated to a
differential graded algebra C‚. We note that rm3s equals the canonical class of C‚

introduced by Benson–Krause–Schwede in [1] as an obstruction for the realizability
of modules over Tate cohomology. We then show that C‚ is A3-formal if and only
if rm3s is zero. For the latter, we assume familiarity with some basic theory of
A8-algebras. In Section 3 we recall the definition of Koszul algebras and show that
F2ra, b, cs{pab, bcq is Koszul. Knowing that an algebra is Koszul simplifies the task
to compute its Hochschild cohomology significantly. In Section 4 we prove Theorem
4.1 which states that HH3,´1

pF2ra, b, cs{pab, bcqq “ 0 by computing the image and
the kernel of the differential in the Hochschild complex. Theorem 4.1 then implies
Theorem 1.1.

Acknowledgement. We thank Mads Hustad Sandøy for helpful conversations.

2. Hochschild cohomology and Massey products

Let A be a graded F2-algebra. We recall that the bar resolution BpAq of A is the
non-negative chain complex of free graded A-bimodules given by BnpAq :“ Abn`2

for n ě 0. The differential d : BnpAq Ñ Bn´1pAq is given by

a0 b ¨ ¨ ¨ b an`1 ÞÑ

n
ÿ

i“0

a0 b ¨ ¨ ¨ b aiai`1 b ¨ ¨ ¨ b an`1.

We write Ae “ A b Aop. Note that Abn`2 – Ae b Abn as a graded A-bimodule,
hence BpAq indeed consists of free modules.

Proposition 2.1. The bar resolution BpAq is a free resolution of A as a graded
A-bimodule.

Proof. It suffices to show that the extended complex rBpAq is acyclic, where rBpAq is

extended from BpAq by adjoining rB´1pAq :“ A in degree ´1 via the multiplication

map µ : AbA Ñ A. We claim that the map h : rBpAq Ñ rBpAq of degree 1 given by

a0 b ¨ ¨ ¨ b an`1 ÞÑ 1 b a0 b ¨ ¨ ¨ b an`1

is a contracting homotopy i.e., dh ` hd “ 1. Indeed, we compute directly that

dhpa0 b ¨ ¨ ¨ b an`1q “ a0 b ¨ ¨ ¨ b an`1 ´ hdpa0 b ¨ ¨ ¨ b anq. □
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Definition 2.2. Let M and N be graded left A-modules. We define HomApM,Nq

as the graded F2-vector space with degree s component given by A-linear graded
maps f : M Ñ N rss, where N rss is the graded A-module given by N rssn “ Ns`n.

Definition 2.3. Let M be a graded A-bimodule. We define the Hochschild coho-
mology HHn,˚

pA,Mq as the nth cohomology of the cochain complex

HomAepBpAq,Mq

of graded F2-vector spaces. When M “ A we will write HHpAq :“ HHpA,Aq.

We note that the groups HH˚,˚
pA,Mq are equipped with a cohomological grad-

ing, and an internal grading induced by the grading of A and M . We can describe
HHn,s

pA,Mq more concretely as follows. Using the natural contracting isomor-
phism

HomAepAe b Abn,Mq – HomF2
pAbn,Mq

we see that HHn,˚
pA,Mq is isomorphic to the nth cohomology of the complex

¨ ¨ ¨ Ñ HomF2
pAbn´1,Mq

B
ÝÑ HomF2

pAbn,Mq
B

ÝÑ HomF2
pAbn`1,Mq Ñ ¨ ¨ ¨ ,(1)

where the differentials are given by

Bpfqpa1 b ¨ ¨ ¨ b an`1q “ a1fpa2 b ¨ ¨ ¨ b an`1q

`

n
ÿ

i“1

fpa1 b ¨ ¨ ¨ b aiai`1 b ¨ ¨ ¨ b an`1q

` fpa1 b ¨ ¨ ¨ b anqan`1.

Remark 2.4. By Proposition 2.1, we see that HHpA,Mq computes the graded Ext
modules ExtAepA,Mq. In particular, we can compute HHpA,Mq using any free
resolution of A as a graded A-bimodule.

We now assume that the reader is familiar with A8-algebras. For an introduction
to the theory of A8-algebras and references with all details we refer to [7]. Let
pC‚, δ,Yq be a differential graded algebra (DGA) over F2 with cohomology algebra
H‚. By the work of Kadeishvili [4, 5] (see also [6], [7], and [8]), one can equip H‚

with the structure of an A8-algebra pH‚, tmnuně1q such that m1 “ 0 together with

a quasi-isomorphism of A8-algebras pH‚, tmnuq
»

ÝÑ pC‚, δ,Yq. The A8-algebra
pH‚, tmnuq is called a minimal model of pC‚, δ,Yq. A DGA is called A8-formal if
its minimal model can be chosen such that mn “ 0 for all n ě 3. We now consider
the following weaker notion.

Definition 2.5. Let C‚ be a DGA. We say that C‚ is A3-formal if its minimal
model can be chosen such that m3 “ 0.

We recall the following special case from [2, Theorem C]. Let a, b, c P H‚ be
cohomology classes such that aY b “ 0 and bY c “ 0. Then m3pab bb cq P xa, b, cy.
This implies the following well-known fact.

Proposition 2.6. Let C‚ be a DGA. Assume that C‚ is A3-formal. Then the triple
Massey product xa, b, cy contains zero. □

We note that m3 is a homomorphism m3 : pH‚qb3 Ñ H‚r´1s of graded algebras,
and we can construct m3 as follows (see for example [1, Section 5], [8]). We choose
an F2-linear graded map f1 : H

‚ Ñ Ker δ which induces the identity onH‚. Since f1
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is multiplicative on cohomology, we can find a graded F2-linear map f2 : H
‚ bH‚ Ñ

C‚ of degree ´1 satisfying

δpf2pa b bqq “ f1pa Y bq ` f1paq Y f1pbq.

Now we define a graded F2-linear map Φ3 : pH‚qb3 Ñ C‚r´1s by

Φ3pa b b b cq :“ f1paqf2pb b cq ` f2pa b bqf1pcq ` f2ppabq b c ` a b pbcqq(2)

for all homogeneous elements a, b, c P H‚ where we write xy for the product x Y y
to shorten the notation. We check that Φ3 has image in the cocycles of C‚, and
hence Φ3 induces a graded map rΦ3s : pH‚qb3 Ñ H‚r´1s. We set m3 :“ rΦ3s. By
[1, Proposition 5.4], m3 is a cocycle in the complex (1). By [1, Corollary 5.7], the
corresponding Hochschild cohomology class rm3s P HH3,´1

pH‚q is independent of
the choice of f1 and f2, and it is called the canonical class of C‚ following Benson–
Krause–Schwede who studied this class as an obstruction to the realizability of
modules over Tate cohomology in [1]. The following result is a modified version of
Kadeishvili’s theorem [5] (see also [13, Theorem 4.7]).

Theorem 2.7. Let C‚ be a DGA with canonical class rm3s P HH3,´1
pH‚q. Then

C‚ is A3-formal if and only if rm3s “ 0.

Proof. If C‚ is A3-formal then m3 is a trivial cocycle, and the class of m3 vanishes
in HH3,´1

pH‚q. Now we assume that rm3s “ 0 in HH3,´1
pH‚q. We may assume

that Φ3 and hence m3 is constructed using maps f1, f2 as in (2). Then there
exists an F2-linear map η : pH‚qb2 Ñ pKer δqr´1s such that B2rηs “ m3 as maps

pH‚qb3 Ñ H‚r´1s. We set f̃2 “ f2 ` η. We note that f̃2 satisfies

δf̃2pa b bq “ δpf2pa b bq ` ηpa b bqq “ f1pa Y bq ` f1paq Y f1pbq

since δ ˝ η “ 0. We then define the map rΦ3 by replacing f2 with f̃2, i.e., we define

rΦ3pa b b b cq :“ f1paqf̃2pb b cq ` f̃2pa b bqf1pcq ` f̃2ppabq b c ` a b pbcqq

for all homogeneous elements a, b, c P H‚ where we again write xy for x Y y to
shorten the notation. We then have

pΦ3 ´ rΦ3qpa b b b cq “ f1paqηpb b cq ` ηpa b bqf1pcq ` ηppabq b c ` a b pbcqq.

By definition of B2 and the assumption on η, this implies rΦ3 “ Φ3 ´ B2η “ 0 as
maps pH‚qb3 Ñ H‚r´1s. □

As a direct consequence we get:

Corollary 2.8. Let A be a graded algebra with HH3,´1
pAq “ 0. Then every DGA

C‚ whose cohomology algebra is isomorphic to A is A3-formal. □

By Proposition 2.6 and Corollary 2.8, in order to show Theorem 1.1 it will suffice
to show HH3,´1

pF2ra, b, cs{pab, bcqq “ 0. This is what we now set out to prove.

3. Koszul algebras

For a vector space V , let T pV q denote its graded tensor algebra over F2. We recall
that a graded F2-algebra A “

À

ně0 A
n is called quadratic if the map T pA1q Ñ A is

surjective with kernel generated by elements in A1 bA1. We see that any quadratic
algebra A is canonically isomorphic to T pV q{pRq, for a vector space of generators
V and a subspace of relations R Ď V b V . For any quadratic algebra we can define
the following chain complex of free graded A-bimodules.
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Definition 3.1. Let A “ T pV q{pRq be a quadratic algebra. For n ě 0 and 1 ď

i ď n ´ 1, let

Xn
i “ V bi´1 b R b V bn´i´1 Ď V bn(3)

and

K 1
n “

n´1
č

i“1

Xn
i Ď V bn.

Here we interpret the empty intersection as the whole space, i.e., K 1
0 “ F2 and

K 1
1 “ V . The Koszul complex KpAe, Aq of A is defined as the nonnegative chain

complex of graded A-bimodules with

KnpAe, Aq “ A b K 1
n b A,

and differential dn induced by the one in the bar resolution BpAq, i.e.,

dn : a b v1 b ¨ ¨ ¨ b vn b b ÞÑ av1 b v2 b ¨ ¨ ¨ b vn b b ` a b v1 b ¨ ¨ ¨ b vnb.

Definition 3.2. A quadratic algebra A is called Koszul if its Koszul complex
KpAe, Aq is a resolution of A as a graded A-bimodule, i.e., if HnpKpAe, Aqq “ 0
for n ą 0 and H0pAe, Aq “ A.

We will now show that A “ F2ra, b, cs{pab, bcq is Koszul. Consider the F2-vector
spaces V :“ SpanF2

ta, b, cu and

R :“ SpanF2
ta b b, b b a, c b b, b b c, a b c ` c b au Ď V b V,

chosen such that we can identify A with T pV q{pRq, and in particular we see that
A is quadratic. Let e :“ a b c ` c b a. In the space Xn

i defined in (3) we consider
the set Bn consisting of strings x “ x1 ¨ ¨ ¨xk of symbols from the set ta, b, c, eu such
that |x1| ` ¨ ¨ ¨ ` |xk| “ n and ca does not occur as a substring of x. Here |xi|

denotes the degree of the symbol xi, so |a| “ |b| “ |c| “ 1 and |e| “ 2. We will
identify the strings in Bn with tensors in V bn. As an example we see that

B2 “ ta b a, a b b, a b c, b b a, b b b, b b c, c b b, c b c, eu.

We also introduce the subsets Bn
i for 1 ď i ď n ´ 1 consisting of the strings in

Bn where the pi, i ` 1q-part is in R, where we count e with multiplicity 2. More
precisely, for a string x P Bn and an integer i, 1 ď i ď n, we obtain a symbol xpiq

by the following process. We first modify the string x into a string x1 of length n
by doubling every occurrence of e in x, and we then set xpiq “ x1

i. We now define

Bn
i :“ tx P Bn | xpiqxpi`1q P tab, ba, cb, bc, eb, be, eeuu.

For instance, for the string x “ bebe we get that x1 “ beebee such that, e.g., xp4q “ b,

and we see that x P B6
i for all 1 ď i ď 5.

Lemma 3.3. For each n, the set Bn is a basis for V bn.

Proof. From the basis ta, b, cu of V we obtain a standard basis of V bn consisting
of the pure tensors in the symbols ta, b, cu. We obtain Bn from this standard basis
using only elementary column operations, hence showing that Bn is also a basis.
Starting from the standard basis, we can replace each occurrence of cba with e by
adding a suitable linear combination of standard pure tensors. More formally, we
will do this using induction.

For i ě 0, let Bn,i be the set of strings x1 ¨ ¨ ¨xk in the symbols ta, b, c, eu satisfying
the conditions:
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‚ |x1| ` ¨ ¨ ¨ ` |xk| “ n,
‚ there is at most i occurrences of e,
‚ the substring ca only occurs after all the e’s,
‚ if there is less than i occurrences of e, there are no occurrences of ca.

We see that Bn,0 is the standard basis, while Bn,i “ Bn for large enough i (e.g.,
for i ě n{2). We will show that each Bn,i`1 can be obtained from Bn,i using only
elementary column operations, where we have identified the strings with tensors in
V bn. We obtain Bn,i`1 from Bn,i in the following manner. If x P Bn,i have no
occurrence of ca, then we already have x P Bn,i`1, so we do nothing. Otherwise,
there are precisely i occurrences of e and at least one occurrence of ca in x. Consider
the string x1 obtained by replacing the first occurrence of ca with ac. We see that
x1 P Bn,i and we add x1 to x to obtain the tensor x1 ` x P Bn,i`1. All tensors in
Bn,i`1 can be obtained in precisely one of these two ways, hence we obtain Bn,i`1

from Bn,i as wanted. □

Now we can prove the main result of this section.

Proposition 3.4. The quadratic algebra A “ F2ra, b, cs{pab, bcq is Koszul.

Proof. We will show that, for each n ě 0, the set Bn is a basis for V bn which
distributes the subspaces Xn

1 , . . . , X
n
n´1, i.e., for each Xn

i the subset Bn
i Ď Bn forms

a basis for Xn
i . By [12, Chapter 2, Theorem 4.1], this implies that A is Koszul. By

definition, Xn
i “ V bi´1 b R b V n´i´1, hence from the standard basis of V and the

basisR “ tabb, bba, cbb, bbc, eu of R, we obtain a basis ofXn
i consisting of strings

x in the symbols ta, b, c, eu with at most one e and xpiqxpi`1q P R, where xpiq is the
notation introduced to define Bn

i . Using a similar induction argument as above,
we replace each occurrence of ca with e in this basis using only elementary column
operations to obtain a new basis for Xn

i . This gives precisely the set Bn
i Ď Bn,

which shows that Bn distributes Xn
1 , . . . , X

n
n´1. □

Remark 3.5. As a consequence of the proof of Proposition 3.4 we see that B1
n :“

Şn´1
i“1 Bn

i is a basis for K 1
n “

Şn´1
i“1 Xn

i . This basis B1
n can be explicitly described as

the set of strings x1 ¨ ¨ ¨xk in the symbols ta, b, c, eu satisfying that |x1| ` ¨ ¨ ¨ ` |xk|

and the symbols in the string alternates between b and one from the set ta, c, eu.
For example, we get

B1
3 “ taba, abc, cba, cbc, bab, bcb, eb, beu(4)

and

B1
4 “ tabab, abcb, bcba, bcbc, baba, babc, cbab, cbcb, abe, eba, cbe, ebc, bebu.(5)

4. Proof of the main result

By Proposition 2.6 and Corollary 2.8, Theorem 1.1 will follow from the following:

Theorem 4.1. We have HH3,´1
pF2ra, b, cs{pab, bcqq “ 0.

Proof. Since A is Koszul, the natural inclusion KpAe, Aq, Aq ãÑ BpAq is a quasi-
isomorphism. Hence we can compute HHpAq as the cohomology of the complex
HomAepKpAe, Aq, Aq. We first observe that we have

KpAe, Aqn “ A b K 1
n b A – Ae b K 1

n,
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as graded A-bimodules. Using the contracting isomorphism

HomAepAe b K 1
n, Aq – HomF2

pK 1
n, Aq

of graded vector spaces we see that HHpAq can be computed as the cohomology of
the following complex of graded vector spaces:

¨ ¨ ¨ Ñ HomF2
pK 1

n´1, Aq
B
n´1

ÝÝÝÑ HomF2
pK 1

n, Aq
B
n

ÝÑ HomF2
pK 1

n`1, Aq Ñ ¨ ¨ ¨

where the differential Bn is given by

Bnpfqpv1 b ¨ ¨ ¨ b vn`1q “ v1fpv2 b ¨ ¨ ¨ b vn`1q ` fpv1 b ¨ ¨ ¨ b vnqvn`1.

To compute HH3,´1
pAq “ 0, we need to show that

HomF2
pK 1

2, A
1q

B
2

ÝÑ HomF2
pK 1

3, A
2q

B
3

ÝÑ HomF2
pK 1

4, A
3q

is exact in the middle, i.e., Im B2 “ Ker B3.
First we will describe Ker B3. To do so, we use the following notation for elements

in the basis B1
4 of K 1

4. Since a and c play symmetrical roles in A, we will introduce
the notation pa|cq to mean that each of a and c can be used in the expression.
For example, for a map f P HomF2pK 1

3, A
2q, the equation fppa|cq b bq “ 0 would

mean that we have two equations fpa b bq “ 0 and fpc b bq “ 0. If there are
several instances of pa|cq in the expression, each instance can be replaced by a or c
independently of each other.

Lemma 4.2. A map f P HomF2
pK 1

3, A
2q lies in Ker B3 if and only if it satisfies the

following relations:

fpb b pa|cq b bq P SpanF2
tb2u,(i)

fppa|cq b b b pa|cqq P SpanF2
ta2, ac, c2u,(ii)

apfpc b b b aq ` fpe b bqq ` cfpa b b b aq “ 0,(iii)

cpfpa b b b cq ` fpe b bqq ` afpc b b b cq “ 0,(iv)

apfpa b b b cq ` fpb b eqq ` cfpa b b b aq “ 0,(v)

cpfpc b b b aq ` fpb b eqq ` afpc b b b cq “ 0,(vi)

fpe b bq ` fpb b eq P SpanF2
ta2, ac, c2u.(vii)

Proof. A map f P HomF2
pK 1

3, A
2q is in the kernel of B3 if and only if B3pfq vanishes

on all elements of the basis B1
4. We now evaluate B3pfq on B1

4 as described in (5).
First, since pa|cqb “ 0 in A2, the equation

B3pfqppa|cq b b b pa|cq b bq “ pa|cqfpb b pa|cq b bq ` fppa|cq b b b pa|cqqb “ 0

implies fpb b pa|cq b bq P SpanF2
tb2u, and fppa|cq b b b pa|cqq P SpanF2

ta2, ac, c2u.

The equation B3pfqpb b pa|cq b b b pa|cqq “ 0 gives the same relations. This shows
that (i) and (ii) are necessary and sufficient. Second, (iii) and (iv) are imposed by
the equations

B3pfqpe b b b aq “ afpc b b b aq ` cfpa b b b aq ` fpe b bqa “ 0

and

B3pfqpe b b b cq “ afpc b b b cq ` cfpa b b b cq ` fpe b bqc “ 0.

Similarly, (v) and (vi) are imposed by the equations

B3pfqpa b b b eq “ afpb b eq ` fpa b b b aqc ` fpa b b b cqa “ 0
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and
B3pfqpc b b b eq “ cfpb b eq ` fpc b b b aqc ` fpc b b b cqa “ 0.

Finally, the condition

B3pfqpb b e b bq “ bfpe b bq ` fpb b eqb “ 0

gives the relation fpe b bq ` fpb b eq P SpanF2
ta2, ac, c2u which is (vii). □

Notation 4.3. For v P B1
n and x P Ai, we write Fnpv;xq for the map in HomF2

pK 1
n, A

iq

sending v to x and other basis vectors in B1
n to zero.

Lemma 4.4. The set of maps

S3 :“
!

B2pF2pb b a; bqq “ F3pb b a b b; b2q,

B2pF2pb b c; bqq “ F3pb b c b b; b2q,

B2pF2pe; bqq “ F3pb b e; b2q ` F3pe b b; b2q,

B2pF2pc b b; aqq “ F3pe b b; a2q ` F3pc b b b a; a2q ` F3pc b b b c; acq,

B2pF2pb b c; aqq “ F3pb b e; a2q ` F3pa b b b c; a2q ` F3pc b b b c; acq,

B2pF2pa b b; aqq “ F3pe b b; acq ` F3pa b b b c; acq ` F3pa b b b a; a2q,

B2pF2pa b b; cqq “ F3pe b b; c2q ` F3pa b b b c; c2q ` F3pa b b b a; acq,

B2pF2pb b a; cqq “ F3pb b e; c2q ` F3pc b b b a; c2q ` F3pa b b b a; acq,

B2pF2pc b b; cqq “ F3pe b b; acq ` F3pc b b b a; acq ` F3pc b b b c; c2q,

B2pF2pb b c; cqq “ F3pb b e; acq ` F3pa b b b c; acq ` F3pc b b b c; c2q

)

is a basis of Ker B3.

Proof. We consider the set S 1
3 of F2-linear maps K 1

3 Ñ A2 defined by

S 1
3 :“

!

F3pb b a b b; b2q, F3pb b c b b; b2q, F3pb b e; b2q, F3pe b b; a2q, F3pb b e; a2q,

F3pa b b b a; a2q, F3pe b b; c2q, F3pb b e; c2q, F3pc b b b a; acq, F3pb b e; acq
)

.

We observe that each element of S 1
3 occurs exactly once as a term in one of the

maps in S3. Since A2 :“ ta2, b2, c2, acu Ď A2 is a basis of A2, it follows that the
set S3 is linearly independent. It remains to show that S3 generates Ker B3. Let
f P ker B3 be an arbitrary element. For v P B1

3 and x P A2, let φpv;xq P F2 be the
coefficient such that, for all v P B1

3,

fpvq “
ÿ

xPA2

φpv;xqx.

Again, since each element of S 1
3 occurs exactly once as a term in one of the maps in

S3, we can assume by adding a linear combination of the elements of S3 to f that
the coefficients

φpb b a b b; b2q, φpb b c b b; b2q, φpb b e; b2q, φpe b b; a2q, φpb b e; a2q,

φpa b b b a; a2q, φpe b b; c2q, φpb b e; c2q, φpc b b b a; acq, φpb b e; acq

are all zero. Now it suffices to show that then f must be the zero map. Since
f P ker B3, f must satisfy the relations in Lemma 4.2. We see that (i) implies that
φpb b pa|cq b b;xq “ 0 for x ‰ b2. Hence we have fpb b pa|cq b bq “ 0. We also see
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that (vii) implies that φpbbe; b2q “ φpebb; b2q “ 0. We therefore have fpbbeq “ 0.
Equation (v) implies that φpabbba; c2q “ 0, and (ii) implies that φpabbba; b2q “ 0.
This shows that either fpabbbaq “ ac or fpabbbaq “ 0. If fpabbbaq “ ac, then
(v) implies that fpab bb cq “ c2. Now (iv) forces fpeb bq “ c2, which contradicts
φpe b b; c2q “ 0. We thus have fpa b b b aq “ 0. From (v) and (ii), we then get
fpa b b b cq “ 0. From (iii) we deduce that φpe b b; acq “ φpc b b b a; acq “ 0,
and hence fpe b bq “ 0. It now follows from (iii) and (ii) that fpc b b b aq “ 0.
Finally, from (vi) and (ii) we get fpc b b b cq “ 0. This shows that f vanishes on
all elements of the basis B1

3, and hence f is the zero map. □

Since the elements in the set S3 belong to the subset Im B2 of Ker B3, Lemma
4.4 implies Im B2 “ Ker B3. This finishes the proof of Theorem 4.1. □
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