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Abstract. We give a complete description of which non-torsion generators are

not in the image of the Thom morphism from complex cobordism to integral
cohomology for the classifying space of exceptional Lie groups except for E8.

We then show that the Thom morphism is not surjective for the classifying

space of the gauge group of a principal E7-bundle over the four-dimensional
sphere. We use the results to detect nontrivial elements in the kernel of the

reduced Thom morphism for Lie groups and their classifying spaces.

1. Introduction

Let G be a compact, connected Lie group, and let ξ denote a principal G-bundle

G P Xπ

over a paracompact space X. Recall that the gauge group G(ξ) of ξ is defined to
be the group of automorphisms of ξ, i.e.,

G(ξ) = {ϕ ∈ AutG(P ) | π ◦ ϕ = π}.

Gauge groups play an important role in geometry, topology and mathematical
physics. Moreover, the classifying space BG(ξ) is homotopy equivalent to the mod-
uli space of connections on ξ. Integral singular cohomology H∗(BG(ξ);Z) is a
fundamental invariant of BG(ξ), and it is an important question which elements in
H∗(BG(ξ);Z) are the fundamental class of a smooth manifold M → BG(ξ), i.e., for
which classes [c] in H∗(BG(ξ);Z) is there an oriented, compact, smooth manifold
M and a continuous map f : M → BG(ξ) such that f∗([M ]) = [c] where [M ] de-
notes the Poincaré dual of the fundamental class of M in H∗(M ;Z). This question
is closely related to the Thom morphism

τ : MU∗(BG(ξ)) −→ H∗(BG(ξ);Z)

from complex cobordism to singular cohomology since complex cobordism classes
over BG(ξ) can be represented by complex-oriented proper maps f : M → BG(ξ),
where M is a smooth manifold, and τ sends the cobordism class [f ] to the coho-
mology class f∗[M ]. In fact, the Thom morphism plays a key role in algebraic and
geometric topology.

The purpose of the present paper is to show that the Thom morphism for the
classifying space of certain gauge groups is not surjective and thereby to show that
there is a restriction for how non-torsion classes can be represented by fundamental
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classes.

The cohomology of BG(ξ) is closely related to that of BG, the classifying space
of the Lie group G. The torsion in the cohomology of BG(ξ) has been studied
in [9], [19] and [22], see also [12]. When the cohomology has torsion, the Thom
morphism can be non-surjective. The question of when the Thom morphism is
surjective for BG has previously been studied in for example [21] and [3] where
the non-surjectivity of the Thom morphism for classifying spaces of certain Lie
groups is used to detect new phenomena of the cycle map and Deligne cohomology
in algebraic geometry.

In Section 2, we determine the image of the Thom morphism for the classifying
spaces of SO(2n) as well as the exceptional Lie groups, with the exception of E8

where we only provide a partial result. We note that partial results were already
known for SO(4) and G2. Therefore, our results significantly extend the known
cases by providing a complete list of which non-torsion generators are in the image
for G2, F4, E6 and E7. It turns out that the classifying space of E7 behaves in
a slightly different way compared to the other exceptional Lie groups. We do not
know of a geometric explanation of this phenomenon. We note that some of our
results could also have been deduced from the computations on BP -cohomology
of Kono and Yagita in [14, Theorem 5.5]. In Section 3 we study the image of the
Thom morphism for the classifying spaces of the gauge groups of principal SO(6)-
and E7-bundles over spheres. Our main result is the following:

Theorem 1.1. Let ξ be a principal E7-bundle over S4. Then there is a non-torsion
generator in H4(BG(ξ);Z) which is not in the image of the Thom morphism.

As explained in [21], the non-surjectivity of τ can be used to construct examples
where the reduced Thom morphism

τ̄ : MU∗(X ×BZ/p)⊗MU∗ Z −→ H∗(X ×BZ/p;Z)

is not injective. The non-injectivity of the reduced Thom morphism is crucial for
the applications in algebraic geometry in [21]. In Section 4, we show that τ̄ is not
injective when X is the classifying space of SO(n) with n even or an exceptional
Lie group and p = 2. We note that the work of Kono and Yagita in [14] implies
a stronger statement on the integral reduced Thom morphism for the classifying
spaces of F4 and E6. In Theorem 4.5, we provide a complete list of the simplest
cases of non-injectivity of τ̄ for X a compact connected Lie group with simple Lie
algebra.

Acknowledgement. We are grateful to Nobuaki Yagita and the anonymous ref-
eree for helpful comments and suggestions.

2. Classifying spaces of Lie groups

Let X denote a finite CW -complex. It is a well-known fact that all Steenrod
operations of odd degree vanish on the image of MU∗(X) in H∗(X;Z/p) for all
prime numbers p (see for example [21, page 468], [3, Proposition 3.6], [4]). Hence,
in order to show that an element x ∈ H∗(X;Z) is not in the image of the Thom
morphism, it suffices to find a Steenrod operation of odd degree which does not
vanish on r(x) where r : H∗(X;Z) → H∗(X;Z/p) denotes the reduction map. We
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will now apply this observation to the cases where X is BSO(n) or the classify-
ing space of an exceptional Lie group. We let H∗

free(X;Z) denote the quotient of
H∗(X;Z) by the torsion subgroup. When there is no risk of confusion we often use
the same notation for an element in H∗(X;Z) and its image in H∗

free(X;Z).

2.1. Special Orthogonal Groups. Recall from [18, Theorem III.5.16] that the
free cohomology of BSO(n) is given by

H∗
free(BSO(n);Z) ∼=

{
Z[e4, e8, . . . , e2n−2], n odd

Z[e4, e8, . . . , e2n−4, χn], n even.

Theorem 2.1. Let n ≥ 4 be even and let z ∈ Hn(BSO(n);Z) be a torsion class (or
0). Then (χn + z) ∈ Hn(BSO(n);Z) is not in the image of the Thom morphism.

Proof. From [18, Theorems III.3.19 and III.5.12] we know that the mod 2 cohomol-
ogy of BSO(n) is given by

H∗(BSO(n);Z/2) ∼= Z/2[y2, y3, . . . , yn],
with

(1) Sqj(yk) =

j∑
i=0

(
k − i− 1

j − i

)
yk+j−iyi.

Let r denote the mod 2-reduction mapH∗(BSO(n);Z)→ H∗(BSO(n);Z/2). Then

r(e4k) = y22k + (other terms)

r(χn) = yn + (other terms),

since y22k and yn are neither the image nor the source of a nontrivial Bockstein
homomorphism. Furthermore, we have

Sq3(yn) =

3∑
i=0

(
n− 1− i

3− i

)
yn+3−iyi = y3yn ̸= 0.

We will now show that no other term in r(χn + z) is mapped to y3yn by Sq3. It
follows from equation (1) that the only other element of Hn−3(BSO(n);Z/2) which
can map to y3yn under Sq3 is y2yn−2. For this element, the relevant part of the
Bockstein diagram for BSO(n) is the following:

Degree: n n+ 1 n+ 2

Generators: y2yn−2 y3yn−2

y2yn−1 y3yn−1

where there are no other nontrivial Bocksteins going into or out of any of these
elements (see for example [7, Chapter 3E] and [11, Section 2.2] for the use of Bock-
stein cohomology). It follows that y2yn−2 does not generate a nontrivial element
of the Bockstein cohomology of BSO(n), and thus it is not one of the summands
in r(χn + z). Thus, we have Sq3(r(χn + z)) ̸= 0. The statement then follows from
the fact that all odd-degree elements of the Steenrod algebra vanish on the image
of the Thom morphism. □
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2.2. Exceptional Groups. Recall from [18, Theorems VI.5.5 and VI.5.10] that
the free cohomologies of the classifying spaces of the simply connected exceptional
Lie groups are given by

H∗
free(BG2;Z) ∼= Z[e4, e12]

H∗
free(BF4;Z) ∼= Z[e4, e12, e16, e24]

H∗
free(BE6;Z) ∼= Z[e4, e10, e12, e16, e18, e24]

H∗
free(BE7;Z) ∼= Z[e4, e12, e16, e20, e24, e28, e36]

H∗
free(BE8;Z) ∼= Z[e4, e16, e24, e28, e36, e40, e48, e60].

Theorem 2.2. Let G = G2, F4 or E6. Then the generator e4 ∈ H∗(BG;Z) is not
in the image of the Thom morphism, while all other non-torsion generators are in
the image.

Proof. The mod 2 cohomology of each of the classifying spaces is given by

H∗(BG2;Z/2) ∼= Z/2[y4, y6, y7, y10]
H∗(BF4;Z/2) ∼= Z/2[y4, y6, y7, y16, y24]
H∗(BE6;Z/2) ∼= Z/2[y4, y6, y7, y10, y18, y32, y34, y48]/I,

where I denotes the ideal given by

I = ⟨y7y10, y7y18, y7y34, y234 + y218y32 + y210y48 + y6y10y18y34 + y4y10y
3
18 + y4y

3
10y34⟩

see [18, Corollary VII.6.3 and Theorem VII.6.6] and [10, Theorem 1.1 and Proposi-
tion 5.1]. In each of the four cases, the reduction map H∗(BG;Z)→ H∗(BG;Z/2)
sends e4 to y4, and in each case Sq3(y4) = y7. This proves the first claim since Sq3

vanishes on the image of the Thom morphism as we pointed out at the beginning of
Section 2. For the other generators, the claim follows from the fact that all differen-
tials in the Atiyah–Hirzebruch spectral sequence vanish as explained, for example,
in [11, Section 2.1] or [21, page 471]. To prove the latter assertion, we note first that
all differentials in the Atiyah–Hirzebruch spectral sequence for the respective spaces
are torsion, i.e., their images are contained in the subgroup of torsion elements. For
BG2, the cohomology has only 2-torsion. Therefore, it suffices to show that all odd
degree compositions of Steenrod squares vanish. This can be checked directly for
e12. For BF4 and BE6, the respective cohomology groups contain both 2- and
3-torsion. The cohomology operations in H∗(BF4;Z/3) and H∗(BE6;Z/3) are all
power operations for p = 3. The differentials in the Atiyah–Hirzebruch spectral
sequence are compositions of Steenrod squares and power operations. We can then
check directly that all such compositions which increase the cohomological degree
by an odd number vanish on the respective generators. This proves the second
claim and finishes the proof of the theorem. □

As the following theorem shows, the situation is a bit different for the classifying
space BE7. While in the previous cases only the generator in degree 4 is not hit
by the Thom morphism, for E7 there are several generators which are not in the
image of τ .

Theorem 2.3. The generators e4, e16, e24, e28 ∈ H∗(BE7;Z) are not in the image
of the Thom morphism, and nor are the sums of any of these generators with a
2-torsion element in the same degree. The non-torsion generators e12 and e20 are
in the image of the Thom morphism. For the generator e36 ∈ H36

free(BE7;Z), there
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exist lifts to H36(BE7;Z) which are not in the image of the Thom morphism, while
other lifts are in the image.

Proof. The mod 2 cohomology of BE7 is given by

H∗(BE7;Z/2) ∼= Z/2[y4, y6, y7, y10, y11, y18, y19,
y34, y35, y64, y66, y67, y96, y112]/J,

where J denotes the ideal given by

J =⟨y6y11 + y7y10, y6y19 + y7y18, y10y19 + y11y18, y311 + y27y19,

y6y35 + y7y34, y10y35 + y11y34, y11y
2
19, y18y35 + y19y34,

y319, y6y67 + y7y66, y10y67 + y11y66, y18y67 + y19y66,

y27y67 + y11y
2
35, y211y67 + y19y

2
35, y34y67 + y35y66, y219y67,

y266 + y210y112 + y218y96, y66y67 + y10y11y112 + y18y19y96,

y267 + y211y112 + y219y96, y235y67 + y27y11y112 + y211y19y96,

y234 + y46y112 + y410y96 + y418y64,

y334y35 + y36y7y112 + y310y11y96 + y318y19y64,

y234y
2
35 + y26y

2
7y112 + y210y

2
11y96 + y218y

2
19y64,

y34y
3
35 + y6y

3
7y112 + y27y11y18y96, y435 + y47y112 + y411y96⟩,

see [17, Theorem 4.4]. From [13, page 276 and Corollary 6.9] we then get that the
Steenrod algebra acts on the following generators as

Sq3(r(e4)) = Sq3(y4) = y7

Sq15(r(e16)) = Sq15(y6y10) = y26y19 + y210y11 + y4y7y
2
10

Sq3(r(e24)) = Sq3(y6y18) = y7y
2
10.

This implies, in particular, that these elements are not in the image of the Thom
morphism, since all Steenrod operations of odd degree vanish on the image of the
Thom morphism (see the beginning of Section 2 for references for this claim). By
analysing the Bockstein homomorphisms, we see that an element of H28(BE7;Z)
which maps to the generator e28 ∈ H28

free(BE7;Z) can be mapped to either y10y18
or y10y18 + y47 by r. Both of these elements are mapped to y210y11 by Sq3, so e28
plus torsion is not in the image of the Thom morphism either.

For the generators e12 and e20, the claim follows again from the fact that all
differentials in the Atiyah–Hirzebruch spectral sequence vanish as explained, for
example, in [11, Section 2.1] or [21, page 471]. To prove the latter assertion, we
use again that all differentials in the Atiyah–Hirzebruch spectral sequence for the
respective spaces are torsion. The cohomology groups of BE7 contain both 2- and
3-torsion. The cohomology operations in H∗(BE7;Z/3) are all power operations
for p = 3. The differentials in the Atiyah–Hirzebruch spectral sequence are thus
compositions of Steenrod squares and power operations. We can then check directly
that all such odd degree compositions vanish on the images of the generators e12
and e20.
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Finally, we have the following Bockstein diagram in degree 36:

35 36 37

y4y
3
7y10 y4y

3
7y11 y18y19

y27y10y11 y27y
2
11 y4y

2
7y19

y24y6y
3
7 y24y

4
7 y24y11y18

y35 y7y11y18 y7y11y19

y44y19 y4y10y
2
11 y4y

3
11

y7y10y18 y4y
3
6y

2
7 y4y

2
6y

3
7

y4y6y7y18 y44y6y
2
7 y44y

3
7

y4y
2
10y11 y218 y26y7y18

y64y11 y24y10y18 y34y7y18

y24y7y
2
10 y36y18 y24y7y

2
11

y36y7y10 y34y6y18 y44y10y11

y34y6y7y10 y6y
3
10 y34y

2
7y11

y4y
4
6y7 y44y

2
10 y7y

3
10

y44y
2
6y7 y4y

2
6y

2
10 y4y6y7y

2
10

y74y7 y24y
3
6y10 y6y

3
7y10

y54y6y10 y24y
2
6y7y10

y66 y54y7y10

y34y
4
6 y34y

3
6y7

y64y
2
6 y56y7

y94 y64y6y7

The diagram shows that an element of H36(BE7;Z) corresponding to the generator
e36 ∈ H36

free(BE7;Z) is mapped to y218+L by r, where L is some linear combination
of the elements

y4y
3
7y11, y

2
7y

2
11, y

2
4y

4
7 .

While all odd-degree elements of the Steenrod algebra act trivially on y218, y
2
7y

2
11

and y24y
4
7 , we have Sq3(y4y

3
7y11) = y47y11. Thus, any lift of e36 which contains the

term y4y
3
7y11 is not in the image of the Thom morphism, while any lift which does

not contain that term is in the image. This proves the last claim and finishes the
proof of the theorem. □

Remark 2.4. As for the other exceptional Lie groups, the generator e4 ∈ H4(BE8;Z)
is not in the image of the Thom morphism. This can for example be shown using
the fact that BE8 and the Eilenberg–MacLane space K(Z, 4) have homotopy equiv-
alent 15-skeletons [8, page 185]. However, since the mod 2 cohomology of BE8 is
not known, we cannot give a complete answer to which other generators are in the
image of the Thom morphism.

Remark 2.5. We note that some of our results could have been deduced from the
computations of BP -cohomology of Kono and Yagita. Moreover, it follows from
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[14, Theorem 5.5] that e4 in H4(BG;Z) is not in the image of τ for G = SO(4)
whereas 2e4 is in the image.

3. Gauge Groups

Let X be a paracompact space, and let ξ be a principal G-bundle over X.
The bundle ξ is classified by a map f : X → BG. Let Mapf (X,BG) denote
the path component of Map(X,BG) which contains the map f . By [2, Propo-
sition 2.4], BG(ξ) equals Mapf (X,BG) in homotopy theory, and we will consider
Mapf (X,BG) as a model for BG(ξ). For X = Sn, there is a fibre sequence

(2) Ωn
f (BG) Mapf (S

n, BG) BG,ev

where Ωn
f (BG) denotes the path component of Ωn(BG) which contains f and ev

denotes the evaluation map at the basepoint of Sn. Note that maps in Map(Sn, BG)
are not required to be pointed, while maps in Ωn(BG) are. We further note that
ΩBG ∼= G and that all path-components of Ωn−1(G) are homotopy equivalent.
Therefore, sequence (2) simplifies to

(3) Ωn−1
0 (G) Mapf (S

n, BG) BG,ev

where Ωn−1
0 (G) denotes the path-component of Ωn−1(G) which contains the con-

stant map. Since there is a cross-section s : BG → Mapf (S
n, BG) such that

ev ◦ s is the identity, the Thom morphism is easily seen to be non-surjective for
Mapf (S

n, BG) if it is non-surjective for BG. When the Thom morphism is not sur-
jective for BG, however, then the question of surjectivity of the Thom morphism
for Mapf (S

n, BG) is more interesting. First we need the following lemma.

Lemma 3.1. The cohomology group H̃k(Ω3
0(E7);Z/2) is trivial for k ≤ 7.

Proof. Let Qi denote the ith Dyer–Lashof operation [1, Definition 4.1]

Qi : Hk(Ω
nX;Z/2) −→ H2k+i(Ω

nX;Z/2)

for 0 ≤ i ≤ n − 1, and let β : Hk(X,Z/2) → Hk−1(X;Z/2) denote the Bockstein
homomorphism. By [6, Theorem 3.15] there is an isomorphism

H∗(Ω
3
0(E7);Z/2) ∼= Z/2[Qa

1β(u30)]⊗ Z/2[Qa
1Q

b
2(u30)]⊗

(⊗
k∈J

H∗(Ω
3(Sk);Z/2)

)
,

where J = {11, 15, 19, 23, 27, 35} and where a and b range over all non-negative
integers. Since the reduced homology of the triple loop space of a sphere of di-
mension at least 11 is concentrated in degrees ≥ 8 (see [5, page 74]), we get that

H̃k(Ω
3
0(E7);Z/2) is trivial for k ≤ 7. By the universal coefficient theorem the same

holds for H̃k(Ω3
0(E7);Z/2). □

We now prove our main result.

Theorem 3.2. Let ξ be a principal E7-bundle over S4. Then the image of ev∗(e4)
in H4(BG(ξ);Z) is not in the image of the Thom morphism.
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Proof. Due to the homotopy equivalence BG(ξ) ≃ Mapf (S
4, BE7), it suffices to

show that ev∗(e4) ∈ H4(Mapf (S
4, BE7);Z) is not in the image of the Thom mor-

phism. We consider the mod 2 cohomology Serre spectral sequence of the fibre
sequence

Ω3
0(E7) Mapf (S

4, BE7) BE7.
ev

The E2-page is given by

Ep,q
2 = Hp(BE7;Z/2)⊗Hq(Ω3

0(E7);Z/2).

By Lemma 3.1, the element y7 ∈ H7(BE7;Z/2) ∼= E7,0
2 is not in the image of any

nontrivial differentials for degree reasons. Thus, ev∗(y7) ∈ H7(Mapf (S
4, BE7);Z/2)

is nonzero. Furthermore, the proof of Theorem 2.3 shows that Sq3(r(e4)) = y7. The
commutative diagram

H4(BE7;Z) H4(Mapf (S
4, BE7);Z)

H4(BE7;Z/2) H4(Mapf (S
4, BE7);Z/2)

H7(BE7;Z/2) H7(Mapf (S
4, BE7);Z/2)

ev∗

r r

ev∗

Sq3
Sq3

ev∗

then shows that Sq3◦r acts non-trivially on ev∗(e4), which completes the proof. □

Remark 3.3. We can similarly examine whether the Thom morphism is surjective
for principal SO(n)-bundles. Let ξ denote a principal SO(n)-bundle over S2 where
the classifying map f is not homotopic to the constant map. It was shown in
[19, Theorem 1.2] that BG(ξ) has torsion if and only if n ≥ 5. Since we found in
Theorem 2.1 that the Thom morphism is non-surjective for BSO(n) when n is even,
a natural candidate for a gauge group whose classifying space has a non-surjective
Thom morphism is ξ as above when n = 6. Since Ω2

f (BSO(6)) ∼= Ω0(SO(6)) ∼=
Ω(Spin(6)), there is a fiber sequence

(4) Ω(Spin(6)) Mapf (S
2, BSO(6)) BSO(6).ev

By [5, Lemma 2.2], we know that

H∗(Ω(Spin(6));Z/2) ∼= Z/2[a2]/(a42)⊗ Γ[c6]⊗

( ∞⊗
i=0

Z/2[γi(b4)]/(γi(b4)4)

)
,

where Γ[x] denotes the divided power algebra generated by {γ0(x), γ1(x), . . .}. It is
then possible that the differential d9 : H

8(Ω(Spin(6));Z/2) −→ H9(BSO(6);Z/2)
in the Serre spectral sequence of sequence (4) maps γ1(b4) to y3y6, which would
imply that the element y3y6 does not survive to the E∞-page. However, we were
unable to determine whether this differential is trivial or not and we therefore do
not know whether the Thom morphism is surjective in this case.
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4. Non-injectivity of the integral Thom morphism

Let X be a CW-complex and let Xk denote the k-skeleton. Recall that MU∗(X)
is said to satisfy the Mittag–Leffler condition if for all n ≥ 0 there exists somem ≥ n
such that Im (MU∗(X) → MU∗(Xn)) = Im (MU∗(Xm) → MU∗(Xn)). It follows
from the Milnor short exact sequence that if MU∗(X) satisfies the Mittag–Leffler
condition, then MU∗(X) = lim←−MU∗(Xn). Letting MU∗ act on Z (or Z/p) by
having all generators in nonzero degree act trivially on Z, we get a tensor product
MU∗(X) ⊗MU∗ Z. This is isomorphic to MU∗(X) modulo an ideal contained in
the kernel of the Thom morphism. Thus, the reduced Thom morphism

MU∗(X)⊗MU∗ Z −→ H∗(X;Z)

is well-defined (see also [21, page 470]). The following lemma is a general version of
[21, Corollary 5.3] which is formulated for classifying spaces of compact Lie groups
only. The proof, however, is the same as in [21]. For completeness, we provide
the reader with the full argument here since we will apply the assertion later in
Theorem 4.5.

Lemma 4.1. Let X be a CW-complex of finite type such that MU∗(X) satisfies
the Mittag–Leffler condition. Let p be a prime, k an integer and x ∈ Hk(X;Z).
Suppose that the image of the Thom morphism MUk(X)→ Hk(X;Z) contains px
but no element y such that py = px. Then the Thom morphism

MUk+2(X ×BZ/p)⊗MU∗ Z→ Hk+2(X ×BZ/p;Z)

is not injective.

Proof. We first show that the map MUk(X) ⊗MU∗ Z/p → Hk(X;Z/p) is not
injective. Suppose that α ∈MUk(X) maps to px under the Thom morphism. If the
element (α⊗1) ∈MUk(X)⊗MU∗Z/p is zero, then α = pβ for some β ∈MUk(X). It
follows that the Thom morphism maps β to some y with py = px, which contradicts
the assumption. Therefore, α⊗ 1 is nonzero. However, the Thom morphism maps
α⊗1 to 0 ∈ Hk(X;Z/p). Thus MUk(X)⊗MU∗ Z/p→ Hk(X;Z/p) is not injective.

For all finite CW-complexes Y , there is an isomorphism

MU∗(Y ×BZ/p) ∼= MU∗(Y )⊗MU∗ MU∗(BZ/p)

by [15, Theorem 2’]. This implies

MU∗(X ×BZ/p) ∼= lim←−MU∗(Xn ×BZ/p) ∼= lim←− (MU∗(Xn)⊗MU∗ MU∗(BZ/p))
∼= MU∗(X)⊗MU∗ MU∗(BZ/p).

It then follows that

MU∗(X ×BZ/p)⊗MU∗ Z ∼= (MU∗(X)⊗MU∗ MU∗(BZ/p))⊗MU∗ Z
∼= (MU∗(X)⊗MU∗ Z)⊗MU∗ (MU∗(BZ/p)⊗Z Z)
∼= (MU∗(X)⊗MU∗ Z)⊗Z (MU∗(BZ/p)⊗MU∗ Z)
∼= (MU∗(X)⊗MU∗ Z)⊗Z (Z[c]/(pc)) ,

where |c| = 2 and where the final isomorphism comes from the fact that the Thom
morphism

MU∗(BZ/p)⊗MU∗ Z −→ H∗(BZ/p;Z) ∼= Z[c]/(pc)
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is an isomorphism. Moreover, we get

(MU∗(X)⊗MU∗ Z)⊗Z (Z[c]/(pc)) ∼= (MU∗(X)⊗MU∗ Z)[c]/(pc)

∼=(MU∗(X)⊗MU∗ Z)⊕
∞∏
i=1

(MU∗(X)⊗MU∗ Z) ci/(pci)

∼=(MU∗(X)⊗MU∗ Z)⊕
∞∏
i=1

(MU∗(X)⊗MU∗ Z/p) ci.

Thus, the integral Thom morphism for the spaceX×BZ/p is given by the composite
map

(MU∗(X)⊗MU∗ Z)⊕
∏∞

i=1 (MU∗(X)⊗MU∗ Z/p) ci

H∗(X;Z)⊕
∏∞

i=1 H
∗(X;Z/p)ci H∗(X;Z)⊗Z H∗(BZ/p;Z)

H∗(X ×BZ/p;Z).

∼=

Since MUk(X)⊗MU∗ Z/p→ Hk(X;Z/p) is not injective, we get that the subgroup(
MUk(X)⊗MU∗ Z/p

)
cmaps noninjectively toHk+2(X×BZ/p), and the statement

follows. □

By combining the previous lemma with the results in Section 2, we get multiple
examples of when the Thom morphism is not injective.

Theorem 4.2. Let G = G2, F4, E6, E7 or SO(n) with n ≥ 4 even. Then the
Thom morphism

MU6(BG×BZ/2)⊗MU∗ Z −→ H6(BG×BZ/2;Z)

is not injective.

Proof. We first note thatH4(BG;Z) ∼= Z, where e4 denotes the canonical generator.
By Theorems 2.1, 2.2 and 2.3 e4 is not in the image of the Thom morphism.
However, by [16, Theorem 1], MU∗(BG) satisfies the Mittag–Leffler condition,
from which it follows that some integer multiple ne4 is in the image of the Thom
morphism. Assume that n is minimal. Since Sq3 acts non-trivially on e4, it follows
that n is a multiple of 2. Setting p = 2, we then see that the conditions of Lemma
4.1 are satisfied, and the statement follows. In fact, assuming that α ∈MU4(BG)
maps to ne4, we see that the element

(α⊗ 1)c ∈ (MU4(BG)⊗MU∗ Z/2)c ⊆MU6(BG×BZ/2)

is mapped to 0 in Hk(BG×BZ/2;Z). □

Remark 4.3. For E7, we note that also other generators can be used to construct
non-trivial elements in the kernel by Theorem 2.3.

Remark 4.4. We note that, for some of the groups, the work of Kono and Yagita
allows for a stronger statement. One can deduce from [14, pages 795-796] that the
reduced Thom morphism MU∗(BG) ⊗MU∗ Z −→ H∗(BG;Z) is not injective for
G = F4 and G = E6.
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If X is a Lie group, and not the classifying space, the Thom morphism is in
many cases not injective. In the following theorem we give a complete list for the
simplest cases where injectivity fails.

Theorem 4.5. Let G be a compact connected Lie group with simple Lie algebra.
For an integer n ≥ 1, let r denote the smallest natural number such that 2r | n.
The Thom morphism

MUk(G×BZ/p)⊗MU∗ Z −→ Hk(G×BZ/p;Z)
is not injective in the following cases:

Group n k p

Spin(n) n ≥ 7 5 2

SO(n) n ≥ 5 5 2

Ss(n) 8 | n 5 2

Ss(n) 8 ∤ n 9 2

PSO(n) 8 | n 5 2

PSO(n) 8 ∤ n, n ≥ 10 9 2

PSp(n) n even 2r+1 + 1 2

SU(n)/Γl 4 | n, l ≡ 2 (mod 4) 2r + 1 2

G2 5 2

F4 5 2 or 3

E6 5 2 or 3

E6/Γ3 5 2

E7 5, 17 2

E7/Γ2 5 3

E7/Γ2 17 2

E8 5, 17, 25, 29 2

Proof. This follows from [11, Theorem 1.1] and Lemma 4.1. □

Remark 4.6. If MU∗(BG(ξ)) satisfies the Mittag–Leffler condition for the bundle
ξ of Theorem 3.2, then the Thom morphism

MU6(BG(ξ)×BZ/2)⊗MU∗ Z −→ H6(BG(ξ)×BZ/2;Z)
is not injective. However, we were unable to determine whether this is the case.
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d’Eilenberg-MacLane et homotopie, Secrétariat Math., Paris, 1955.
[5] Y.Choi, Homology of the double and triple loop space of SO(n), Math. Z. 222 (1996),

no. 1, 59–80.



12 EIOLF KASPERSEN AND GEREON QUICK

[6] Y.Choi, S.Yoon, Homology of the double and the triple loop spaces of E6, E7, and E8,

Manuscripta Math. 103 (2000), no. 1, 101–116.

[7] A.Hatcher, Algebraic topology, Cambridge University Press, Cambridge, 2002.
[8] M.A.Hill, The String bordism of BE8 and BE8 × BE8 through dimension 14, Illinois

J. Math. 53 (2009), no. 1, 183–196.

[9] M.Kameko, Torsion in classifying spaces of gauge groups, Proc. Math. Roy. Soc. Edinb.
A, published online 2024:1–16.

[10] M.Kameko, M.Nakagawa, T.Nishimoto, On the mod 2 cohomology of the classifying

space of the exceptional Lie group E6, Proc. Japan Acad. Ser. A Math. Sci. 95 (2019),
no. 9, 91–96.

[11] E.Kaspersen, G.Quick, On the cokernel of the Thom morphism for compact Lie groups,
to appear in Homology Homotopy Appl., arXiv:2306.16874.

[12] D.Kishimoto, S. Theriault, The mod-p homology of the classifying spaces of certain

gauge groups, Proceedings of the Royal Society of Edinburgh, 153 (2023), 1805–1817.
[13] A.Kono, M.Mimura, N. Shimada, On the cohomology mod 2 of the classifying space

of the 1 connected exceptional Lie group E7, J. Pure Appl. Algebra, 8 (1976), no. 3,

267–283.
[14] A.Kono, N.Yagita, Brown–Peterson and ordinary cohomology theories of classifying

spaces for compact Lie groups, Trans. AMS 339 (1993), 781–798.

[15] P. S. Landweber, Coherence, flatness and cobordism of classifying spaces, Proc. Advanced
Study Inst. on Algebraic Topology, Aarhus, 1970, Vol. II, pp. 256–269.

[16] P. S. Landweber, Elements of infinite filtration in complex cobordism, Math. Scand. 30

(1972), 223–226.
[17] M.Mimura, The characteristic classes for the exceptional Lie groups, Adams Memorial

Symposium on Algebraic Topology, 1 (Manchester, 1990), 103–130. London Math. Soc.

Lecture Note Ser., 175, Cambridge University Press, Cambridge, 1992.
[18] M.Mimura, H.Toda, Topology of Lie groups. I and II, Translations of Mathematical

Monographs, 91, American Mathematical Society, Providence, RI, 1991.
[19] Y. Minowa, On the cohomology of the classifying spaces of SO(n)–gauge groups over

S2, 2023, arXiv:2304.08702v1.

[20] A.Ohsita, On the Stiefel–Whitney classes of the adjoint representation of E8, J. Math.
Kyoto Univ. 44 (2004), no.3, 679–684.

[21] B.Totaro, Torsion algebraic cycles and complex cobordism, J.Amer.Math. Soc. 10

(1997), no. 2, 467–493.
[22] S. Tsukuda, On the cohomology of the classifying space of a certain gauge group, Proc.

Roy. Soc. Edinburgh Sect. A127 (1997), no. 2, 407–409.

Department of Mathematical Sciences, NTNU, NO-7491 Trondheim, Norway
Email address: eiolf.kaspersen@ntnu.no

Department of Mathematical Sciences, NTNU, NO-7491 Trondheim, Norway

Email address: gereon.quick@ntnu.no


	1. Introduction
	Acknowledgement

	2. Classifying spaces of Lie groups
	2.1. Special Orthogonal Groups
	2.2. Exceptional Groups

	3. Gauge Groups
	4. Non-injectivity of the integral Thom morphism
	References

