A NOTE ON THE THOM MORPHISM FOR THE CLASSIFYING
SPACE OF CERTAIN LIE GROUPS AND GAUGE GROUPS

EIOLF KASPERSEN AND GEREON QUICK

ABSTRACT. We give a complete description of which non-torsion generators are
not in the image of the Thom morphism from complex cobordism to integral
cohomology for the classifying space of exceptional Lie groups except for Eg.
We then show that the Thom morphism is not surjective for the classifying
space of the gauge group of a principal E7-bundle over the four-dimensional
sphere. We use the results to detect nontrivial elements in the kernel of the
reduced Thom morphism for Lie groups and their classifying spaces.

1. INTRODUCTION
Let G be a compact, connected Lie group, and let £ denote a principal G-bundle
G—— P "5 X

over a paracompact space X. Recall that the gauge group G(§) of ¢ is defined to
be the group of automorphisms of &, i.e.,

G(§) ={¢ € Autg(P) | mro¢p =m}.

Gauge groups play an important role in geometry, topology and mathematical
physics. Moreover, the classifying space BG(£) is homotopy equivalent to the mod-
uli space of connections on . Integral singular cohomology H*(BG(£);Z) is a
fundamental invariant of BG(£), and it is an important question which elements in
H*(BG(£);Z) are the fundamental class of a smooth manifold M — BG (&), i.e., for
which classes [c] in H*(BG(£);Z) is there an oriented, compact, smooth manifold
M and a continuous map f: M — BG(&) such that f.([M]) = [¢] where [M] de-
notes the Poincaré dual of the fundamental class of M in H,.(M;Z). This question
is closely related to the Thom morphism

T: MU*(BG(§)) — H*(BG(&);Z)

from complex cobordism to singular cohomology since complex cobordism classes
over BG(&) can be represented by complex-oriented proper maps f: M — BG(§),
where M is a smooth manifold, and 7 sends the cobordism class [f] to the coho-
mology class f,[M]. In fact, the Thom morphism plays a key role in algebraic and
geometric topology.

The purpose of the present paper is to show that the Thom morphism for the
classifying space of certain gauge groups is not surjective and thereby to show that
there is a restriction for how non-torsion classes can be represented by fundamental
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classes.

The cohomology of BG(€) is closely related to that of BG, the classifying space
of the Lie group G. The torsion in the cohomology of BG(&) has been studied
in [0, [I9] and [22], see also [I2]. When the cohomology has torsion, the Thom
morphism can be non-surjective. The question of when the Thom morphism is
surjective for BG has previously been studied in for example [2I] and [3] where
the non-surjectivity of the Thom morphism for classifying spaces of certain Lie
groups is used to detect new phenomena of the cycle map and Deligne cohomology
in algebraic geometry.

In Section [2| we determine the image of the Thom morphism for the classifying
spaces of SO(2n) as well as the exceptional Lie groups, with the exception of Eg
where we only provide a partial result. We note that partial results were already
known for SO(4) and G2. Therefore, our results significantly extend the known
cases by providing a complete list of which non-torsion generators are in the image
for Ga, Fy, Fg and FE7. It turns out that the classifying space of E7 behaves in
a slightly different way compared to the other exceptional Lie groups. We do not
know of a geometric explanation of this phenomenon. We note that some of our
results could also have been deduced from the computations on BP-cohomology
of Kono and Yagita in [T4, Theorem 5.5]. In Section [3[ we study the image of the
Thom morphism for the classifying spaces of the gauge groups of principal SO(6)-
and Er-bundles over spheres. Our main result is the following:

Theorem 1.1. Let € be a principal E;-bundle over S*. Then there is a non-torsion
generator in H*(BG(£);Z) which is not in the image of the Thom morphism.

As explained in [21], the non-surjectivity of 7 can be used to construct examples
where the reduced Thom morphism

7: MU*(X x BZ/p) @xu- Z — H*(X x BZ/p; Z)

is not injective. The non-injectivity of the reduced Thom morphism is crucial for
the applications in algebraic geometry in [21]. In Section 4] we show that 7 is not
injective when X is the classifying space of SO(n) with n even or an exceptional
Lie group and p = 2. We note that the work of Kono and Yagita in [I4] implies
a stronger statement on the integral reduced Thom morphism for the classifying
spaces of Fy and Eg. In Theorem [4.5] we provide a complete list of the simplest
cases of non-injectivity of 7 for X a compact connected Lie group with simple Lie
algebra.

Acknowledgement. We are grateful to Nobuaki Yagita and the anonymous ref-
eree for helpful comments and suggestions.

2. CLASSIFYING SPACES OF LIE GROUPS

Let X denote a finite CW-complex. It is a well-known fact that all Steenrod
operations of odd degree vanish on the image of MU*(X) in H*(X;Z/p) for all
prime numbers p (see for example [21], page 468], [3, Proposition 3.6], [4]). Hence,
in order to show that an element z € H*(X;Z) is not in the image of the Thom
morphism, it suffices to find a Steenrod operation of odd degree which does not
vanish on r(z) where r: H*(X;Z) — H*(X;Z/p) denotes the reduction map. We



ON THE THOM MORPHISM FOR CERTAIN LIE AND GAUGE GROUPS 3

will now apply this observation to the cases where X is BSO(n) or the classify-
ing space of an exceptional Lie group. We let Hf _ (X;Z) denote the quotient of
H*(X;Z) by the torsion subgroup. When there is no risk of confusion we often use
the same notation for an element in H*(X;Z) and its image in Hf  (X;Z).

2.1. Special Orthogonal Groups. Recall from [I8, Theorem II1.5.16] that the
free cohomology of BSO(n) is given by

2[64,687...,62n_2], n odd

Zley,es,...,€an—a,Xn], N even.

Hioo(BSO(n): Z) = {

Theorem 2.1. Letn > 4 be even and let z € H"(BSO(n); Z) be a torsion class (or
0). Then (xn + 2) € H"(BSO(n);Z) is not in the image of the Thom morphism.

Proof. From [18, Theorems III.3.19 and II1.5.12] we know that the mod 2 cohomol-
ogy of BSO(n) is given by
H*(BSO(n); 2/2) = Z/2[y2, y3: - - - Ynl,
with
J .

; E—i—-1

M s) =3 (717 s
im0 N J !

Let r denote the mod 2-reduction map H*(BSO(n); Z) — H*(BSO(n); Z/2). Then

r(ear) = ya, + (other terms)

7(Xn) = Yn + (other terms),

since y%k and y, are neither the image nor the source of a nontrivial Bockstein
homomorphism. Furthermore, we have

3 .

n—1—1

Sq*(yn) = E ( 3 )yn-‘r?)—iyi = y3yn 7# 0.
i=0

We will now show that no other term in 7(x, + z) is mapped to ysy, by Sq>. It
follows from equation () that the only other element of H"~3(BSO(n); Z/2) which
can map to ysy, under Sq* is yayn_o. For this element, the relevant part of the
Bockstein diagram for BSO(n) is the following:

Degree: n n+1 n—+2

Generators: YolYn—2 — Y3Yn—2

TN

Y2Yn—1 > Y3Yn—1

where there are no other nontrivial Bocksteins going into or out of any of these
elements (see for example [7, Chapter 3E] and [I1 Section 2.2] for the use of Bock-
stein cohomology). It follows that yoy,—o does not generate a nontrivial element
of the Bockstein cohomology of BSO(n), and thus it is not one of the summands
in 7(xy + 2). Thus, we have Sq*(r(xn + 2)) # 0. The statement then follows from
the fact that all odd-degree elements of the Steenrod algebra vanish on the image
of the Thom morphism. O
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2.2. Exceptional Groups. Recall from [I8, Theorems VI.5.5 and VI.5.10] that
the free cohomologies of the classifying spaces of the simply connected exceptional
Lie groups are given by

H{..(BG2; Z) = Zey, e12]

Hgoo(BFy Z) = Zley, 12, €16, €24]

Hi oo (BEs; Z) = Zley, €10, €12, €16, €18, €24]

Hi oo (BE7; Z) = Zley, €12, €16, €20, €24, €28, €36]

Hf o (BEg; Z) = Zley, €16, €24, €28, €36, €40, €48, €60]-

Theorem 2.2. Let G = G, Fy or Eg. Then the generator e, € H*(BG;Z) is not
in the image of the Thom morphism, while all other non-torsion generators are in
the image.

Proof. The mod 2 cohomology of each of the classifying spaces is given by
H*(BG2;Z/2) = Z/2[ya, ys, y7, Y10
H*(BFy;Z/2) = Z/2[ya, Y6, y7, Y16, Y24
H*(BEg; Z/2) = Z/2[ya, Y6, Y7, Y10, Y18, Y32, Y34, Yas) /1,
where I denotes the ideal given by

I = (yry10, y7y18, Y7Y34, y§4 + y%gy32 + y%0y48 + YeY10Y18Y34 + y4y10y§’8 + y4yi’0y34>

see [18] Corollary VII.6.3 and Theorem VII.6.6] and [I0, Theorem 1.1 and Proposi-
tion 5.1]. In each of the four cases, the reduction map H*(BG;Z) — H*(BG;Z/2)
sends e4 to y4, and in each case Sq3(y4) = y7. This proves the first claim since Sq®
vanishes on the image of the Thom morphism as we pointed out at the beginning of
Section |2} For the other generators, the claim follows from the fact that all differen-
tials in the Atiyah—Hirzebruch spectral sequence vanish as explained, for example,
in [T1}, Section 2.1] or [21], page 471]. To prove the latter assertion, we note first that
all differentials in the Atiyah—Hirzebruch spectral sequence for the respective spaces
are torsion, i.e., their images are contained in the subgroup of torsion elements. For
BG,, the cohomology has only 2-torsion. Therefore, it suffices to show that all odd
degree compositions of Steenrod squares vanish. This can be checked directly for
e12. For BF; and BFEg, the respective cohomology groups contain both 2- and
3-torsion. The cohomology operations in H*(BFy;Z/3) and H*(BEg;Z/3) are all
power operations for p = 3. The differentials in the Atiyah—Hirzebruch spectral
sequence are compositions of Steenrod squares and power operations. We can then
check directly that all such compositions which increase the cohomological degree
by an odd number vanish on the respective generators. This proves the second
claim and finishes the proof of the theorem. O

As the following theorem shows, the situation is a bit different for the classifying
space BFE7. While in the previous cases only the generator in degree 4 is not hit
by the Thom morphism, for E; there are several generators which are not in the
image of 7.

Theorem 2.3. The generators ey, €16, €24, €28 € H*(BE7;Z) are not in the image
of the Thom morphism, and nor are the sums of any of these generators with a
2-torsion element in the same degree. The non-torsion generators e1s and ey are
in the image of the Thom morphism. For the generator ess € H?Tie(BEﬁZ), there
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exist lifts to H3¢(BEy; Z) which are not in the image of the Thom morphism, while
other lifts are in the image.

Proof. The mod 2 cohomology of BE7 is given by

H*(BE7a Z/Q) &= Z/Q[y4ay6,y77y107y117y187y197
Y34, Y35, Y64, Y66, Y67, Y96 y112]/J7

where J denotes the ideal given by

J =(yey11 + y7Y10, Y6¥Y10 + YrY18, Y10Y19 + Y11Y1s, y;:f’l + y?yw,
Y6yss + Yryss, Y10Y3s + Y11Ys4, Y1150, Yisyss + Yioys4,
Ylo, YeYer + YrYess YioYer + Y11Yess YisYer + Y19Yes,

Y3Yer + Y11Y35, Yn1¥er + Y10Y3ss Ysaler + YssYess YioleT:
Yas T Yioyi12 + YisYes, YeeYer + Y10¥11Y112 + Y18Y19Y96,
Yor + Yz + Yigyos, Y3sver + Yry11yi2 + ¥i1Y19Y96,
Y34 + Yeyi12 + YioYes + YigYea,

Yaayss + Yeyryiiz + Yioy11yes + Yisy10Yea,

Y3455 + YaUryr12 + YioUi1Yes + YisYioles,

Y34Yis + YeYsyiiz + YSY11Y1sYo6, Yas + Yryi12 + Y11Y6),

see [I7, Theorem 4.4]. From [13, page 276 and Corollary 6.9] we then get that the
Steenrod algebra acts on the following generators as

Sq*(r(es)) = Sq*(ya) = y7
Sq15(r(616)) = Sq15(y6y10) = yéyw + y%oyn + y4y7y%0
Sa®(r(e24)) = Sa® (Ysy1s) = yryio-

This implies, in particular, that these elements are not in the image of the Thom
morphism, since all Steenrod operations of odd degree vanish on the image of the
Thom morphism (see the beginning of Section [2| for references for this claim). By
analysing the Bockstein homomorphisms, we see that an element of H?®(BE;;Z)
which maps to the generator ess € H2® (BE7;Z) can be mapped to either yi9y1s
or y10y18 + ¥4 by r. Both of these elements are mapped to yZyy11 by Sq?, so eas
plus torsion is not in the image of the Thom morphism either.

For the generators e;o and e, the claim follows again from the fact that all
differentials in the Atiyah—Hirzebruch spectral sequence vanish as explained, for
example, in [I1, Section 2.1] or [2I], page 471]. To prove the latter assertion, we
use again that all differentials in the Atiyah—Hirzebruch spectral sequence for the
respective spaces are torsion. The cohomology groups of BE7 contain both 2- and
3-torsion. The cohomology operations in H*(BE;;Z/3) are all power operations
for p = 3. The differentials in the Atiyah—Hirzebruch spectral sequence are thus
compositions of Steenrod squares and power operations. We can then check directly
that all such odd degree compositions vanish on the images of the generators e
and eqq.
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Finally, we have the following Bockstein diagram in degree 36:

35 36 37
Yay3yi0 — Yaysyn Y18Y19
y?ywyu —— y??ﬁl y4y’?919
YiYeys ——— Yiy7 Yiy11u1s

Y35 YryY11y18 — 7 Yry11¥Y19

Yive Yayr0y71 — Ya¥iy
Y7Y10Y18 Yayeys —— yaygy?
YaYoyris Yiyeys —— yiy}
YayToyii Yis Yey7y1s
yffyn yiyloyw yiyﬂJlS
Y3yryio Yeys Y3yryh
y8y7yw ?/22/63/18 ?/211/103/11
yi’yeywm ’!/61’/?0 Z/Z}’U?/yn
y4y§y7 yﬁy%o y??fi’o
Yiygyr YaY3yio YaYsyYrio
Yiyr Y3Yeyo YeyY10
Y3610 Y3YyTy10
yg Y3yryio
yivs Y3veyr
AT Yoy
yi Y46y

The diagram shows that an element of H3%(BEy;Z) corresponding to the generator
ess € H3S (BE7;Z) is mapped to yis + L by r, where L is some linear combination
of the elements
YaYFyin, YTV, Yiyr-

While all odd-degree elements of the Steenrod algebra act trivially on y%, y2y%
and y3ys, we have Sq3(y4y§y11) = y2y11. Thus, any lift of ez which contains the
term y4y3y11 is not in the image of the Thom morphism, while any lift which does
not contain that term is in the image. This proves the last claim and finishes the
proof of the theorem. O

Remark 2.4. As for the other exceptional Lie groups, the generator e, € H*(BFEg;7Z)
is not in the image of the Thom morphism. This can for example be shown using
the fact that BEg and the Eilenberg-MacLane space K (Z, 4) have homotopy equiv-
alent 15-skeletons [8], page 185]. However, since the mod 2 cohomology of BEj is
not known, we cannot give a complete answer to which other generators are in the
image of the Thom morphism.

Remark 2.5. We note that some of our results could have been deduced from the
computations of BP-cohomology of Kono and Yagita. Moreover, it follows from
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[14, Theorem 5.5] that e, in H*(BG;Z) is not in the image of 7 for G = SO(4)
whereas 2e,4 is in the image.

3. GAUGE GROUPS

Let X be a paracompact space, and let £ be a principal G-bundle over X.
The bundle ¢ is classified by a map f: X — BG. Let Map;(X, BG) denote
the path component of Map(X, BG) which contains the map f. By [2, Propo-
sition 2.4], BG(§) equals Map (X, BG) in homotopy theory, and we will consider
Map (X, BG) as a model for BG(§). For X = S", there is a fibre sequence

2) Q%(BG) —— Map,(S", BG) —+ BG,

where 2}(BG) denotes the path component of Q2" (BG) which contains f and ev
denotes the evaluation map at the basepoint of S™. Note that maps in Map(S™, BG)
are not required to be pointed, while maps in Q"(BG) are. We further note that
QOBG = G and that all path-components of Q"~!(G) are homotopy equivalent.
Therefore, sequence simplifies to

(3) Q371 (G) —— Map;(S", BG) —— BG,

where Qp~!(G) denotes the path-component of Q"~!(G) which contains the con-
stant map. Since there is a cross-section s: BG — Map;(S", BG) such that
ev o s is the identity, the Thom morphism is easily seen to be non-surjective for
Map ¢ (8™, BG) if it is non-surjective for BG. When the Thom morphism is not sur-
jective for BG, however, then the question of surjectivity of the Thom morphism
for Map f(S”, BQ@) is more interesting. First we need the following lemma.

Lemma 3.1. The cohomology group ﬂ'k(Qg(Eﬂ; Z]2) is trivial for k < 7.
Proof. Let Q; denote the ith Dyer—Lashof operation [1l Definition 4.1]
Qi : Hk(QnX, Z/2) — H2k+i(QnX; Z/2)

for 0 <4 <n-—1,and let 8: Hy(X,Z/2) — Hy_1(X;Z/2) denote the Bockstein
homomorphism. By [6, Theorem 3.15] there is an isomorphism

H.((Er); 2/2) 2 Z/2(Q7 B(uz0)] © Z/2[Q1 Q5 (us0)] ® <® H*(QS(Sk);Zﬂ)) ;
keJ

where J = {11,15,19,23,27,35} and where a and b range over all non-negative

integers. Since the reduced homology of the triple loop space of a sphere of di-

mension at least 11 is concentrated in degrees > 8 (see [B, page 74]), we get that

H; (Q3(E7); Z/2) is trivial for k < 7. By the universal coefficient theorem the same

holds for H*(Q3(E7); Z./2). O

We now prove our main result.

Theorem 3.2. Let & be a principal E;-bundle over S*. Then the image of ev*(e4)
in H*(BG(£);7Z) is not in the image of the Thom morphism.
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Proof. Due to the homotopy equivalence BG(§) ~ Mapf(S4,BE7), it suffices to
show that ev*(es) € H*(Map;(S*, BE7);Z) is not in the image of the Thom mor-
phism. We consider the mod 2 cohomology Serre spectral sequence of the fibre
sequence

Q3 (E7) —— Map,(S*, BE;) —~— BE7.
The Es-page is given by
EYY = HP(BE7;Z/2) @ HY(Q3(E7); Z/2).

By Lemma the element y; € H'(BE;Z/2) = EJ° is not in the image of any
nontrivial differentials for degree reasons. Thus, ev*(y7) € H™(Map;(S*, BE7); Z/2)

is nonzero. Furthermore, the proof of Theoremshows that Sq®(r(e4)) = y7. The
commutative diagram

HYBE;;Z) —<— H*(Map(S*, BEr);Z)
HY(BEr; Z/2) " H*(Map(S*, BEr); Z/2)
3

Sq Sq®

HT(BEr; 2/2) —~“ H(Map,(S*, BEr); Z/2)
then shows that Sq®or acts non-trivially on ev* (e4), which completes the proof. O

Remark 3.3. We can similarly examine whether the Thom morphism is surjective
for principal SO(n)-bundles. Let & denote a principal SO(n)-bundle over S? where
the classifying map f is not homotopic to the constant map. It was shown in
[19, Theorem 1.2] that BG(&) has torsion if and only if n > 5. Since we found in
Theoremthat the Thom morphism is non-surjective for BSO(n) when n is even,
a natural candidate for a gauge group whose classifying space has a non-surjective
Thom morphism is & as above when n = 6. Since Q3 (BSO(6)) = Q0(S0O(6)) =
Q(Spin(6)), there is a fiber sequence

(4) Q(Spin(6)) —— Map;(S?, BSO(6)) —— BSO(6).

By [B Lemma 2.2], we know that

H*(Q(Spin(6)); Z,/2) = Z/2[as] /(a3) © Tleg] ® <® Z/Q[%(b4)]/(%(b4)4)> ;
=0

where I'[z] denotes the divided power algebra generated by {vo(z),v1(z),...}. It is
then possible that the differential dg: H®(Q(Spin(6)); Z/2) — H®(BSO(6);7Z/2)
in the Serre spectral sequence of sequence (4) maps 71 (bs) to ysys, which would
imply that the element ysys does not survive to the E,,-page. However, we were
unable to determine whether this differential is trivial or not and we therefore do
not know whether the Thom morphism is surjective in this case.
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4. NON-INJECTIVITY OF THE INTEGRAL THOM MORPHISM

Let X be a CW-complex and let X}, denote the k-skeleton. Recall that MU*(X)
is said to satisfy the Mittag—Leffler condition if for all n > 0 there exists some m > n
such that Im (MU*(X) - MU*(X,)) = Im (MU*(X,,) = MU*(X,,)). Tt follows
from the Milnor short exact sequence that if MU*(X) satisfies the Mittag—Leffler
condition, then MU*(X) = hmMU*( n)- Letting MU* act on Z (or Z/p) by
having all generators in nonzero degree act trivially on Z, we get a tensor product
MU*(X) @pu~= Z. This is isomorphic to MU*(X) modulo an ideal contained in
the kernel of the Thom morphism. Thus, the reduced Thom morphism

MU*(X) @yue Z — H*(X;Z)

is well-defined (see also [2], page 470]). The following lemma is a general version of
[2T, Corollary 5.3] which is formulated for classifying spaces of compact Lie groups
only. The proof, however, is the same as in [2I]. For completeness, we provide
the reader with the full argument here since we will apply the assertion later in
Theorem 5]

Lemma 4.1. Let X be a CW-complex of finite type such that MU*(X) satisfies
the Mittag-Leffler condition. Let p be a prime, k an integer and v € H*(X;Z).
Suppose that the image of the Thom morphism MU*(X) — H*(X;Z) contains px
but no element y such that py = px. Then the Thom morphism

MU*2(X x BZ/p) @ yu- Z — H* 2(X x BZ/p;Z)
s not injective.

Proof. We first show that the map MU*(X) ®@yp- Z/p — H¥(X;Z/p) is not

injective. Suppose that o € MU*(X) maps to pz under the Thom morphism. If the

element (a®1) € MU*(X)®pp+Z/p is zero, then o = pp3 for some B € MU*(X). It

follows that the Thom morphism maps 8 to some y with py = pzx, which contradicts

the assumption. Therefore, a ® 1 is nonzero. However, the Thom morphism maps

a®1to0 € H*(X;Z/p). Thus MU*(X)®@u+Z/p — H¥(X;Z/p) is not injective.
For all finite CW-complexes Y, there is an isomorphism

MU*(Y x BZ/p) = MU*(Y) @~ MU*(BZ/p)
by [15, Theorem 2’]. This implies
MU*(X x BZ/p) = hmMU*(X x BZ/p) = (Ln(MU*( n) @uu~ MU*(BZ/p))
= MU*(X) @mu+ MU (BZ/p).
It then follows that

MU*(X x BZ/p) @uu- Z = (MU*(X) ®@yu- MU (BZ/p)) @nu- Z

= ( (X)
~ (MU*(X) @pu- Z) @y (MU (BZ/p) @7 Z)
= ( (X)
(

I

MU*(X) ®pu+ Z) @z (MU*(BZ/p) @mu- L)

= (MU™(X) @mu~ Z) @z (Z]c]/ (pe)) ,

where |¢| = 2 and where the final isomorphism comes from the fact that the Thom
morphism

MU*(BZ/p) @umu~ Z — H*(BZ/p; Z) = Zlc]/ (pc)
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is an isomorphism. Moreover, we get

(MU™(X) @umu- Z) @z (Z[c]/(pe)) = (MU(X) @mu+ Z)[c]/ (pe)

> (MU*(X) ®rpu- Z @H (MU*(X) @umu- Z) ¢/ (pc’)
i=1

= (MU*(X) @umu- Z) © [ [ (MU*(X) @ v+ Z/p) ¢
i=1

Thus, the integral Thom morphism for the space X x BZ/p is given by the composite
map

(MU*(X) @umu~ Z) @ [1;2, (MU*(X) @y~ Z/p) ¢

|

H(X;Z) @ [12, H* (X3 Z/p)d ———— H*(X;Z) @z H*(BL/p; Z)

/

H*(X x BZ/p;Z).

Since MU*(X) @+ Z/p — H*(X;7Z/p) is not injective, we get that the subgroup
(MU*(X) ® v+ Z/p)c maps noninjectively to H*2(X x BZ/p), and the statement
follows. 0

By combining the previous lemma with the results in Section [2| we get multiple
examples of when the Thom morphism is not injective.

Theorem 4.2. Let G = Gs, Fy, Fg, E7 or SO(n) with n > 4 even. Then the
Thom morphism

MU®(BG x BZ/2) @y~ 7 — HY(BG x BZ/2;7)
is not injective.

Proof. We first note that H*(BG;Z) = 7, where e4 denotes the canonical generator.
By Theorems 2.1} 22 and 23] e4 is not in the image of the Thom morphism.
However, by [16l, Theorem 1], MU*(BG) satisfies the Mittag—Leffler condition,
from which it follows that some integer multiple ne, is in the image of the Thom
morphism. Assume that n is minimal. Since Sq® acts non-trivially on ey, it follows
that n is a multiple of 2. Setting p = 2, we then see that the conditions of Lemma
are satisfied, and the statement follows. In fact, assuming that o € MU*(BG)
maps to ney, we see that the element

(a®1)c e (MU*BG) @pu- Z/2)c € MUS(BG x BZ/2)
is mapped to 0 in H*(BG x BZ/2;7Z). O

Remark 4.3. For F;, we note that also other generators can be used to construct
non-trivial elements in the kernel by Theorem

Remark 4.4. We note that, for some of the groups, the work of Kono and Yagita
allows for a stronger statement. One can deduce from [I4], pages 795-796] that the
reduced Thom morphism MU*(BG) @yu~ Z — H*(BG;Z) is not injective for
G:F4 andG:EG.
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If X is a Lie group, and not the classifying space, the Thom morphism is in
many cases not injective. In the following theorem we give a complete list for the
simplest cases where injectivity fails.

Theorem 4.5. Let G be a compact connected Lie group with simple Lie algebra.
For an integer n > 1, let r denote the smallest natural number such that 2" | n.
The Thom morphism

MU*(G x BZ/p) @yu+ Z — H*(G x BZ/p;Z)

is not injective in the following cases:

Group n k D
Spin(n) n>"7 5 2
SO(n) n>5 5 2
Ss(n) 8|n 5 2
Ss(n) 8fn 9 2
PSO(n) |8|n 5 2
PSO(n) |8tn, n>10 9 2
PSp(n) | n even 2rtt 41 2
SUM)/Ty | 4|n,1=2(mod4) | 2" +1 2
Go 5 2
Fy 5 2 o0r3
FEs 5 2 o0r3
Eg/I's 5 2
B, 5,17 2
E7 /Ty 5 3
E+/Ts 17 2
Fs 5.17,25,29 | 2
Proof. This follows from [I1, Theorem 1.1] and Lemma O

Remark 4.6. If MU*(BG()) satisfies the Mittag—Leffler condition for the bundle
¢ of Theorem then the Thom morphism

MUS(BG(€) x BZ/2) @yu~ Z — H(BG(€) x BZ/2;7)

is not injective. However, we were unable to determine whether this is the case.
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