
QUASI-BOOLEAN GROUPS

AMBRUS PÁL AND GEREON QUICK

Abstract. We give several equivalent characterisations of the maximal pro-
2 quotients of real projective groups. In particular, for pro-2 real projective

groups we provide a presentation in terms of generators and relations, and a

purely cohomological characterisation. As a consequence we explicitly recon-
struct such groups from their mod 2 cohomology rings.

1. Introduction

Let G be a profinite group. An embedding problem for G is a solid diagram:

G

ϕ

��

rϕ

��
B

α
// A

where A and B are finite groups, the solid arrows are continuous homomorphisms
and α is surjective. A solution of an embedding problem is a continuous homo-

morphism rϕ : G Ñ B which makes the diagram commutative. We say that the
embedding problem above is real if for every involution t P G with ϕptq ‰ 1 there
is an involution b P B with αpbq “ ϕptq, i.e., if involutions do not provide an
obstruction for the existence of a solution.

Definition 1.1. Following Haran and Jarden [5] we say that a profinite group G
is real projective if G has an open subgroup without 2-torsion, and if every real
embedding problem for G has a solution.

By the work of Haran–Jarden [5], real projective groups play an important role
in Galois theory as they are exactly the Galois groups of pseudo real closed fields,
which, by the work of Haran [4], can also be characterised as the fields with virtual
cohomological dimension at most one (see [8, Section 2]). For a real projective
group G, we show in [8, Theorem 1.3] that the differential graded algebra C‚pG,F2q

of continuous cochains is formal, i.e., C‚pG,F2q is quasi-isomorphic as differential
graded algebras to its cohomology algebra. Roughly speaking, this means that the
cohomology algebra of a real projective group already contains all the information
of the differential graded algebra C‚pG,F2q. The purpose of the present paper is
to show that, in fact, the maximal pro-2 quotient of a real projective group can
be reconstructed entirely from the mod 2 cohomology ring. In particular, we show
that pro-2 real projective groups can be reconstructed entirely from their mod 2
cohomology ring. In order to further describe our results we recall the following
terminology from [8].
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2 AMBRUS PÁL AND GEREON QUICK

Definition 1.2. We call an F2-algebra B‚ “
À

iě0 B
i a graded Boolean algebra if

B0 “ F2 and there is a Boolean ring B (see Section 2) such that, for every i ě 1,
we have Bi “ B and multiplication in B‚ is induced by B. We call an F2-algebra
D‚ “

À

iě0 D
i a dual algebra if D0 “ F2, and Di “ 0 for i ě 2. The connected sum

D‚ [B‚ is the graded F2-algebra with pD‚ [B‚q0 “ F2, pD‚ [B‚qi “ Di ‘Bi for
i ě 1 and multiplication D1Bi and BiD1 is set to be zero for all i ě 1.

In [8], we deduce from Scheiderer’s work in [10] that the mod 2 cohomology
algebra of a real projective group is a connected sum of a dual and a Boolean
graded algebra. Hence, in the terminology of Definition 1.5 below, the maximal
pro-2 quotient of a real projective group is a cohomologically quasi-Boolean group.
The anonymous referee of [8] suggested that the latter property may even charac-
terise pro-2 real projective groups completely. The purpose of the present paper is
to prove this conjecture. In fact, we prove the stronger fact that every pro-2 real
projective group has an explicit description as a certain free pro-2 product with
explicit generators and relations provided by the cohomology ring (see Theorem
1.8 below). This result significantly strengthens a consequence of the main result
of [8]. According to the latter, for a real projective group G, the differential graded
F2-algebra C‚pG,F2q and its cohomology H‚pG,F2q is Koszul. Hence, by a theorem
of Positselski, the F2-linear co-algebra of the maximal pro-2 quotient H of G can
be reconstructed explicitly from the cohomology ring H‚pH,F2q – H‚pG,F2q using
the bar construction (see Example 6.3 of [9]). Here we reconstruct the group itself
via an even more transparent recipe.

We now describe our main results in more detail. To do so we need the following
constructions and terminology:

Definition 1.3. The free product G1 ˚p G2 of two pro-p groups G1, G2 is the
following: let G1 ˚ G2 be the discrete free product of G1 and G2 and let N be the
family of normal subgroups N of G such that pG1 ˚ G2q{N is a finite p-group and
N X G1, N X G2 are open subgroups of G1, G2 respectively. Then

G1 ˚p G2 “ lim
ÐÝ
NPN

pG1 ˚ G2q{N.

Definition 1.4. Next we are going to define, following [2], free pro-2 products of
order two groups over topological spaces. For every topological space X let ˚X Z{2Z
denote the group which is freely generated by the elements of X, subject to the
relation that these elements are involutions, and let N be the family of normal
subgroups N of ˚X Z{2Z such that ˚X Z{2Z{N is a finite 2-group and the compo-
sition of the natural inclusion ι : X Ñ ˚X Z{2Z and the quotient homomorphism
˚X Z{2Z Ñ ˚X Z{2Z{N is continuous with respect to the discrete topology on
˚X Z{2Z{N . Then we set

BpXq “ lim
ÐÝ
NPN

˚
X
Z{2Z{N.

Definition 1.5. We say that a pro-2 group is a Boolean group if it is isomorphic to
BpXq for some topological space X. (We will see in Proposition 6.5 below that we
may assume without the loss of generality that X is profinite.) We say that a pro-2
group is a quasi-Boolean group if it is the free product of a free pro-2 group (in the
sense of [12, 1.5 on pages 7–8]) and a Boolean group. We say that a pro-2 group
is a cohomologically Boolean group if its mod 2 cohomology is a graded Boolean
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algebra. We say that a pro-2 group is a cohomologically quasi-Boolean group if its
mod 2 cohomology is the connected sum of a dual algebra and a graded Boolean
algebra.

We can now state our main results:

Theorem 1.6. Let G be a pro-2 group. Then the following are equivalent:

piq G is quasi-Boolean.
piiq G is real projective.

piiiq G is the maximal pro-2 quotient of a real projective profinite group.
pivq G is cohomologically quasi-Boolean.

Perhaps the most interesting feature of this theorem is, compared to the results
of the paper [6], that it incorporates a purely cohomological characterisation of
these pro-2 groups. Our proof is a bit more involved than it might be anticipated;
it uses results of Haran–Jarden in the arithmetic of fields, for example a group-
theoretical characterisation of real projective groups, a theorem on the existence of
sections of profinite principle G-bundles, and profinite versions of two theorems of
Quillen on group cohomology. We will also show the following

Corollary 1.7. Let G be a pro-2 group. Then the following are equivalent:

piq G is Boolean.
piiq G is cohomologically Boolean.

Using our results we also demonstrate that quasi-Boolean groups can be recon-
structed from their mod 2 cohomology. For every set Y , let F pY q denote the free
pro-2 group as defined in [12, Section 1.5 on pages 7–8]. Let G be a quasi-Boolean
group such that H‚pG,F2q is the connected sum of a dual algebra D‚ and a graded
Boolean algebra B‚ associated to the Boolean ring B. Let Y be a basis of D1 and
let X be the spectrum of B.

Theorem 1.8. The pro-2 group G is isomorphic to F pY q ˚2 BpXq.

Content. In Section 2 we give a modern exposition of the theory of Boolean rings,
including Stone duality, using now standard tools from commutative algebra. We
cover some background material on profinite spaces, including the profinite com-
pletion functor, in the Section 3. In Section 4 we prove that profinite principal
G-bundles have sections, a result originally announced by Morel in [7] without
proof. We prove that the class of pro-2 real projective groups and the maximal
pro-2 quotients of real projective groups are the same in Section 5, the key step
being a simple group-theoretical lemma. In Section 6 we show that the class of
quasi-Boolean and pro-2 real projective groups are the same, heavily relying on the
main results of the previous sections and several theorems of the paper [6]. Then we
present profinite versions of some classical results of Quillen on the cohomology of
groups, partially following the suggestion at the end of [11], and use these results to
derive a local-global principle for the cohomology of cohomologically quasi-Boolean
groups analogous to Scheiderer’s theorem for real projective groups in Section 7.
In section 8 we prove the main results using cohomological obstruction theory for
central embedding problems and the local-global principle of the previous section.

Acknowledgement. This paper was written as a response to one of the questions
asked by the referee to our paper [8]. We are very thankful for the anonymous
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referee’s comments. Both authors gratefully acknowledge the partial support by
the RCN Project No. 313472 Equations in Motivic Homotopy.

2. A primer on Boolean rings

In this section we recall and prove the results we need on Boolean rings. In
particular, we deduce Stone duality in Theorem 2.10.

Definition 2.1. A ring R is called Boolean if x2 “ x for every x P R.

Examples 2.2. The field with two elements F2 is a Boolean ring. In fact, since
xp1 ´ xq “ 0 for all x in a Boolean ring, F2 is the only Boolean integral domain.
The direct product of Boolean rings is Boolean, and so, for every set X, the direct
product ring:

FX2 “
ź

iPX

F2

is a Boolean ring. Now let X be a topological space, and let BpXq denote the ring
of functions f : X Ñ F2 which are continuous with respect to the discrete topology
on F2. Since the subrings of Boolean rings are Boolean, and BpXq is a subring of
FX2 , we get that BpXq is Boolean, too.

Proposition 2.3. In a Boolean ring R the following hold:

piq we have 2x “ 0 for every x P R,
piiq every prime ideal p is maximal, and R{p is the field with two elements,

piiiq we have px, yq “ px ` y ´ xyq for every x, y P R,
pivq every finitely generated ideal is principal.

Proof. Since

2x “ p2xq2 “ 4x2 “ 4x,

we get that 2x “ 0 by subtracting 2x from both sides. Now let p be a prime
ideal in R. Then the quotient R{p is a Boolean ring. For every x P R{p, we have
xp1 ´ xq “ 0 which implies that x “ 0 or x “ 1 since R{p is an integral domain.
Claim piiq follows. Note that

xpx ` y ´ xyq “ x2 ` xy ´ x2y “ x ` xy ´ xy “ x.

Hence x, y P px ` y ´ xyq. Since x ` y ´ xy P px, yq, claim piiiq is clear. Let
I “ px1, x2, . . . , xnq be an finitely generated ideal of R. Since

I “ ppx1, x2, . . . , xn´1q, xnq,

we may assume by induction on n that I “ px, yq for some x, y P R. The claim now
follows from part piiiq. □

Proposition 2.4. The spectrum SpecpRq of a Boolean ring is compact and totally
separated.

Proof. Since the spectrum of a commutative ring with a unity is compact, the same
holds for SpecpRq, too. Recall that a topological space X is totally separated if for
any two distinct points x, y P X there exist disjoint open sets U Ă X containing
x and V Ă X containing y such that X is the union of U and V . Now let p, q P

SpecpRq be two distinct points. Since they are maximal ideals, there is an x P R
such that x P p and x R q. Since R{p “ F2 by part piiq of Proposition 2.3, the
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former is equivalent to 1 ´ x R p. As usual for every f P R let Dpfq Ď SpecpRq

denote the open subset

Dpfq “ tp P SpecpRq | f R pu.(2.4.1)

Then p P Dp1´xq, q P Dpxq, the intersection Dpxq XDp1´xq is empty by part piiq
of Proposition 2.3, while the union Dpxq YDp1´xq is SpecpRq, since if x, 1´x P m
for some m P SpecpRq then 1 P m which is a contradiction. □

Notation 2.5. Let R be a Boolean ring. Then for every a P R the corresponding
section of the structure sheaf of SpecpRq is a continuous function

σpaq : SpecpRq Ñ F2

by part piiq of Proposition 2.3, and the furnished map

σ : R Ñ BpSpecpRqq

is a ring homomorphism.

Theorem 2.6. For every Boolean ring R, the map σ : R Ñ BpSpecpRqq is an
isomorphism.

Proof. For every x P R we have xn “ x by induction, so if x is nilpotent, then it is
zero. Therefore the nilradical of R is zero, so by Krull’s theorem σ is injective. So
we only need to show that σ is surjective. Let f : SpecpRq Ñ F2 be a continuous
function. Then the set

Dpfq “ tp P SpecpRq | fpxq “ 1u

is a closed subset, so it is compact. But it is also open, so it can be covered by
open subsets of the form Dpaq, where a P R by the definition of the topology of the
spectrum of rings. Since Dpfq is compact, it can be covered by finitely many such,
so

Dpfq “ Dpa1q Y Dpa2q Y ¨ ¨ ¨ Y Dpanq

for some a1, a2, . . . , an P R. By part pivq of Proposition 2.3, there is an a P R such
that paq “ pa1, . . . , anq. Then

Dpaq “ tp P SpecpRq | a R pu

“ tp P SpecpRq | paq ⊈ pu

“ tp P SpecpRq | pa1, . . . , anq ⊈ pu

“ tp P SpecpRq | ai R p for some iu

“ Dpa1q Y Dpa2q Y ¨ ¨ ¨ Y Dpanq,

so Dpfq “ Dpaq. Since f and a take values in F2, we get that f “ a. □

Notation 2.7. Let X be a topological space. Then for every p P X the set

βppq “ tx P BpXq | xppq “ 0u

is the kernel of a surjective ring homomorphism BpXq Ñ F2, so it is a maximal
ideal in BpXq. Consequently, we have an induced map

β : X Ñ SpecpBpXqq.

For every x P BpXq the pre-image

β´1pDpxqq “ tp P X | xppq “ 1u
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is open. Since the sets tDpxq | x P BpXqu form a sub-basis of SpecpBpXqq, we get
that β : X Ñ SpecpBpXqq is continuous.

Theorem 2.8. When X is compact and totally separated, then β is a homeomor-
phism.

Proof. Since X is compact and SpecpBpXqq is Hausdorff, it will be sufficient to
show that β is a bijection. Let x, y P X be two distinct points. Since X is to-
tally separated, so there exist disjoint open sets U Ă X containing x and V Ă X
containing y such that X is the union of U and V . Let f : X Ñ F2 be the charac-
teristic function of U . It is in BpXq since the complement of U is open, too. Clearly
f P βpyq, but f R βpxq, so β is injective.

For every ideal I Ÿ BpXq let ZpIq Ď X denote the closed subset

ZpIq “ tx P X | fpxq “ 0 p@f P Iqu.

We claim that for every proper ideal I Ÿ BpXq the set ZpIq is non-empty. First
consider the case when I “ pfq for some f P BpXq. Then

ZpIq “ tx P X | fpxq “ 0u,

so if this set is empty, then f is the identically one function, and hence I “ p1q “

BpXq is not proper, a contradiction. Next consider the case when I is finitely
generated; then it is principal by part pivq of Proposition 2.3, so ZpIq is non-empty
by the above. Finally, consider the general case. Then ZpIq is the intersection of
sets of the form ZpJq where J is a finitely generated ideal of I. Since the latter
collection of sets is closed under finite intersections, and each member is non-empty
by the above, we get ZpIq is also non-empty, since X is compact.

Now let m Ÿ BpXq be a maximal ideal. By the above there is an x P Zpmq.
Clearly βpxq Ě m, but m is maximal, and hence βpxq “ m. Therefore β is surjective,
too. □

Notation 2.9. Let BO denote the category of Boolean rings where morphisms
are ring homomorphisms, and let CTS denote the category of compact, totally
separated topological spaces where morphisms are continuous maps. There are two
contravariant functors

B : CTS Ñ BO, X ÞÑ BpXq,

which is well-defined as we saw in Examples 2.2, and

S : BO Ñ CTS, R ÞÑ SpecpRq,

which is well-defined by Proposition 2.4.

Theorem 2.10 (Stone duality). The functors B and S are a pair of dualities of
categories.

Proof. By Theorem 2.6, the map σ is a natural isomorphism between the identity
of BO and B ˝ S. By Theorem 2.8, the map β is a natural isomorphism between
the identity of CTS and S ˝ B. □

Corollary 2.11. Let R be a finite Boolean ring. Then the following are equivalent:

piq R is finite.
piiq R is finitely generated as an F2-algebra.

piiiq R is Noetherian.
pivq R is Artinian.
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pvq SpecpRq is finite.
pviq R – FX2 for a finite set X.

In this case R – FSpecpRq

2 .

Proof. Every Boolean ring is an F2-algebra, so if R is finite, then it is finitely
generated as an F2-algebra, and hence piq implies piiq. Every finitely generated F2-
algebra is Noetherian by Hilbert’s basis theorem, so piiq implies piiiq. Every Boolean
ring is zero dimensional by part piiq of Proposition 2.3, so if it is Noetherian, it
is Artinian by a standard theorem in commutative algebra (see [1, Theorem 8.5
on page 90]). Therefore piiiq implies pivq. Every Artinian ring is a finite direct
product of Artinian local rings (see [1, Theorem 8.7 on page 90]), so its spectrum
is finite. Therefore pivq implies pvq. Now let R be a Boolean ring whose spectrum
is finite. Since SpecpRq is totally separated by Proposition 2.4, it is discrete, and

hence R – FSpecpRq

2 by Theorem 2.6. In particular, pvq implies pviq. If R – FX2 for
a finite set X, then R is clearly finite, so pviq implies piq. □

Notation 2.12. Let FBO denote the category of finite Boolean rings where mor-
phisms are ring homomorphisms, and let FTS denote the category of finite, totally
separated topological spaces where morphisms are continuous maps. Note that the
latter is the same as the category of finite, discrete topological spaces. There are
two restrictions of functors

B|FTS : FTS Ñ FBO, X ÞÑ BpXq

and
S|FBO : FBO Ñ FTS, R ÞÑ SpecpRq,

where the latter is well-defined by Corollary 2.4.

Theorem 2.13. The functors B|FTS and S|FTS are a pair of dualities of cate-
gories.

Proof. The restrictions of the natural isomorphisms β and σ onto FTS and FBO
are the respective required natural isomorphisms. □

Definition 2.14. Let R be a Boolean ring. We say that two elements x, y P R are
orthogonal if xy “ 0. We say that an element a P R is an atom if it is non-zero
and cannot be written as the sum of two non-zero orthogonal elements of R. The
support of an element x P R is the subset Dpfq Ď SpecpXq introduced in (2.4.1).

Lemma 2.15. Let R be a Boolean ring. Then the following holds:

piq Two elements x, y P R are orthogonal if and only if the intersection of their
support is empty.

piiq A non-zero element a P R is an atom if and only if its support cannot be
written as the disjoint union of two non-empty open and closed subsets.

piiiq Every pair of different atoms of R are orthogonal to each other.

Proof. Note that the support of the product xy is the intersection of the supports
of x and y. Since the support of an element of R is empty if and only if it is zero
by Theorem 2.6, claim piq follows. If a “ x ` y such that x, y are orthogonal and
both non-zero, then the support of a is the disjoint union of the supports of x and
y by part piq. On the other hand if the support of a is the disjoint union of the
non-empty open and closed subsets X and Y , there are elements x, y P R whose
support is X, Y , respectively, by Theorem 2.6. By part piq these are orthogonal,
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non-zero and their sum has the same support as a. So a “ x ` z, and hence claim
piiq is true.

Let a, b P R be two atoms whose product is non-zero. Then a “ ab ` ap1 ´ bq
and abap1 ´ bq “ a2pb ´ b2q “ 0, so ap1 ´ bq “ 0 by the definition of atoms. We
get that a “ ab. The same reasoning for b show that b “ ab. Therefore a “ b, and
hence piiiq holds. □

Corollary 2.16. Let R be a finite Boolean ring. Then the atoms of R form a
natural basis of R whose elements are orthogonal to each other. Moreover, every
orthogonal basis consists of atoms.

Proof. By Corollary 2.11, the topological space SpecpRq is finite, discrete, and

R – FSpecpRq

2 . Therefore, an element of R is an atom if and only if its support is
a point by claim piiq of Lemma 2.15. These clearly form a basis of R and they are
orthogonal by claim piiiq of Lemma 2.15.

Now let e1, e2, . . . , en be an orthogonal basis. We need to show that each ei
is an atom. We may assume without the loss of generality that i “ 1. Let x be
characteristic function of an element of the support of e1. Then x is an atom. The
support of e1 and ei, i ‰ 1, is disjoint since they are orthogonal. Hence x and ei
are orthogonal, so xei “ 0. Now write x as a linear combination

ř

jPJ ej of the ei.

Since 0 “ xei “
ř

jPJ ejei only if i is not in J , the above argument implies x “ 0
or x “ e1. The former is not possible, since x is not zero. Hence we get x “ e1,
and e1 is an atom. □

3. All about profinite spaces

In this section we collect the results we need about profinite topological spaces.

Definition 3.1. We say that a topological space is profinite if it is the projective
limit of discrete, finite topological spaces. Recall that a topological space X is
totally disconnected if for every point x, y P X the connected component of x in X
is x itself.

Every totally separated topological space is totally disconnected, but the con-
verse is not true: there are totally disconnected topological spaces which are not
Hausdorff, while every totally separated topological space is Hausdorff. However,
the following is true:

Theorem 3.2. Let X be a topological space. Then the following are equivalent:

(i) X is profinite.
(ii) X is homeomorphic to a closed subspace of a product of discrete, finite

topological spaces.
(iii) X is compact, totally disconnected and Hausdorff.
(iv) X is compact and totally separated.

Proof. First assume that X satisfies piq. Let C be a small category of discrete,
finite topological spaces whose projective limit is X. Let ObpCq denote the set of its
objects, and let HomCpA,Bq denote the set of its morphisms for every A,B P ObpCq.
By definition, X is homeomorphic to the closed subspace
$

&

%

ź

CPObpCq

xC P
ź

CPObpCq

C | fpxAq “ xB p@A,B P ObpCq, @f P HomCpA,Bqq

,

.

-
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of
ś

CPObpCq C, so X satisfies piiq.

Next assume that X satisfies piiq. Since finite topological spaces are compact,
their direct product is also compact by Tychonoff’s theorem. Since X is a closed
subspace of a compact space, it is compact, too. Moreover, the direct product of
totally disconnected and Hausdorff topological spaces is totally disconnected and
Hausdorff topological spaces. Since discrete topological spaces are totally discon-
nected and Hausdorff, and every subspace of a totally disconnected and Hausdorff
topological space is also totally disconnected and Hausdorff, we get that the same
holds for X, too. Therefore X satisfies piiiq.

Now we show that piiiq implies pivq. We will start with the following standard

Lemma 3.3. Assume that X is a Hausdorff compact topological space. Let C,D Ă

X be two disjoint closed subsets. Then there exist disjoint open sets U Ă X con-
taining C and V Ă X containing D.

Proof. First assume that C consists of a single point x P X. Because X is Hausdorff
for every y P D, there are disjoint open sets Uy Ă X containing x and Vy Ă

X containing y. Because D is closed, it is compact, so there is a finite subset
y1, . . . , yn P D such that Vy1 , . . . , Vyn cover D. Then U “ Uy1 X ¨ ¨ ¨ X Uyn and
V “ Vy1 Y ¨ ¨ ¨ Y Vyn are disjoint open subsets containing x and D, respectively.

Now consider the general case. By the above for every x P C there are disjoint
open sets Ux Ă X containing x and Vx Ă X containing D. Because C is closed, it
is compact, so there is a finite subset x1, . . . , xn P C such that Ux1

, . . . , Uxn
cover

C. Then U “ Ux1
Y ¨ ¨ ¨ Y Uxn

and V “ Vx1
X ¨ ¨ ¨ X Vyn are disjoint open subsets

containing C and D, respectively. □

For every x P X, let Zpxq denote the set of all open and closed subsets of X
containing x, and let Zx denote the intersection of all elements of Zpxq. We need to
show that if y P X is distinct from x then y R Zx. Assume that this is not the case
for some y. Then Zx contains at least two points, so it is not connected, since X is
totally disconnected. Therefore Zx is the disjoint union of two non-empty subsets
C,D Ă Zx which are closed in Zx.

Since Zx is the intersection of closed subsets, it is closed in X. Therefore C
and D are also closed in X. Hence by Lemma 3.3 there exist disjoint open sets
U Ă X containing C and V Ă X containing D. Let E be the complement of
the union of U and V in X. It is closed, so it is compact since X is Hausdorff.
Since U Y V contains Zx, the set E is covered by the union of the complements
of elements of Zpxq. Since E is compact, it is already covered by the union of
finitely many such sets. Therefore there is a finite subset Z1, . . . , Zn P Zpxq such
that Z “ Z1 X ¨ ¨ ¨ X Zn Ď U Y V .

Note that since each Zi is both open and closed, the same also holds for the
finite intersection Z. Since each each Zi contains x, the set Z also contains x. Both
Z X U and Z X V are open in Z, and the latter is open, so Z X U and Z X V are
open in X, too. The complement of Z is open, so both Z X U and Z X V are the
complement of the union of two open sets, so they are closed, too.

One of Z XU and Z XV contain x, say Z XU . Then Z XU P Zpxq which means
that Z XU contains Zx. But Z XU XZx “ Z X pU XZxq “ Z XC “ C, which is a
contradiction, since the complement of C in Zx is D, and the latter is non-empty.
So condition piiiq implies condition pivq.

Finally we show that pivq implies piq. We start with the following
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Notation 3.4. For every positive integer n P N, let n denote the set t1, 2, . . . , nu

equipped with the discrete topology. Now let X be an arbitrary topological space,
and let CpXq denote the small category whose objects are continuous maps f : X Ñ

n for some n P N, and the morphisms from an object f : X Ñ n to another object
g : X Ñ m is an automatically continuous map h : n Ñ m such that g “ h ˝ f .

Definition 3.5. The profinite completion of X is the projective limit pX of the

small category CpXq. It is equipped with a continuous map uX : X Ñ pX satisfying
the following universal property:

(i) pX is profinite.
(ii) For every continuous map f : X Ñ Y , where Y is a discrete, finite topologi-

cal space, there is a unique continuous map pf : pX Ñ Y such that f “ pf ˝uX .

This is because every discrete, finite topological space is homeomorphic to n for

some n P N. Moreover pX is determined up to a unique homeomorphism by this
universal property by the classical abstract non-sense argument.

It will be sufficient to show that uX is a homeomorphism when X is compact

and totally separated. Since X is compact and pX is Hausdorff by the above, it will
be sufficient to show that uX is a bijection. Let x, y P X be two different points.
Since X is totally separated, there is a continuous function f : X Ñ 2 such that

fpxq ‰ fpyq as we saw in the proof of Theorem 2.8. Then pfpuXpxqq “ fpxq ‰

fpyq “ pfpuXpyqq, so uXpxq ‰ uXpyq. Therefore uX is injective. In order to see
that uX is also surjective, we will need the following

Lemma 3.6. Let X be a compact and totally separated space, and let C1, . . . , Cn Ă

X be pairwise disjoint closed subsets. Then there exist pairwise disjoint open and
closed subsets U1, U2, . . . , Un Ă X such that Ui contains Ci for each i, and YiUi “

X.

Proof. Note that it is enough to show the claim when n “ 2 as the general case
follows by induction. Indeed let n ą 2 be such that we already know the claim
for every m ă n. Apply the m “ 2 case to the closed subsets D1 “ C1 and
D2 “ C2 Y ¨ ¨ ¨ Y Cn to get two disjoint open and closed subsets W1,W2 Ă X
such that D1 Ď W1, D2 Ď W2, and W1 Y W2 “ X. Then apply the m “ n ´ 1 to
C2, . . . , Cn inside W2, which is possible since W2 is closed in X, so it is compact and
totally separated. Therefore there exist pairwise disjoint open and closed subsets
V2, . . . , Vn Ă W2 such that Vi contains Ci for each i ě 2, and YiVi “ W2. Since each
Vi is open and closed in an open and closed subset of X, it is also open and closed
in W2. Therefore U1 “ W1 and Ui “ Vi for i ě 2 have the required properties.

Now consider the n “ 2 case. By Lemma 3.3 there exist disjoint open sets
V1 Ă X containing C1 and V2 Ă X containing C2. Because X is totally separated,
its open and closed sets form a subbasis for its topology, so for every x P C1 there is
a closed and open subset Vx Ă V1 containing x. Because C1 is closed, it is compact,
so there is a finite subset x1, . . . , xn P C such that Vx1

, . . . , Vxn
cover C. Their

union U1 “ Vx1
Y ¨ ¨ ¨ Y Vxn

is the union of open and closed subsets, so it is also
open and closed, and it is contained in V1. Its complement U2 is also open and
closed and contains C2, so U1 and U2 have the required properties. □

Now assume that uX is not surjective, so there is an x P pX such that x R uXpXq.

Since X is compact and pX is Hausdorff by the above the image uXpXq is closed in
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pX. So by Lemma 3.6 and since X is compact and totally separated by the above,

there are disjoint open and closed subsets U1, U2 Ă pX such that uXpXq Ď U1 and

x P U2. Let f : pX Ñ F2 the characteristic function of U1. It is continuous, since

U1 is open and closed. Let g : pX Ñ F2 be the identically 1 function; it is also
continuous, and f ˝ uX “ g ˝ uX . However f ‰ g, as fpxq ‰ gpxq, which violates
the universal property. This is a contradiction, so pivq implies piq. □

Notation 3.7. Let X be again an arbitrary topological space, and let β : X Ñ

SpecpBpXqq be the map introduced in Definition 2.7. By Proposition 2.4 the space
SpecpBpXqq is compact and totally separated, so it is profinite by Theorem 3.2. So
it is a projective limit of finite, discrete spaces, and hence by the universal property

of the profinite completion there is a unique continuous map pβ : pX Ñ SpecpBpXqq

such that β “ pβ ˝ uX .

Theorem 3.8. The map pβ : pX Ñ SpecpBpXqq is a homeomorphism.

Proof. According to the universal property of the profinite completion it will be
sufficient to show that for every continuous map f : X Ñ Y , where Y is a discrete,

finite topological space, there is a unique continuous map rf : SpecpBpXqq Ñ Y

such that f “ rf ˝ β. For every continuous map m : T Ñ Q of topological maps let
m˚ : BpQq Ñ BpT q denote the induced ring homomorphism. Since β˚ : BpXq Ñ

BpSpecpBpXqq is an isomorphism there is a unique ring homomorphism r : BpY q Ñ

BpSpecpBpXqq such that β˚˝r “ f˚. By Theorem 2.10 there is a unique continuous

map rf : SpecpBpXqq Ñ Y such that r “ rf˚. Then f˚ “ β˚ ˝ rf˚ “ p rf ˝βq˚, so it will
be sufficient to show that every continuous map h : X Ñ Y is uniquely determined
by h˚. Since for every x P X the point hpxq is uniquely determined by the ideal

ta P BpY q | aphpxqq “ 0u “ ta P BpY q | h˚paqpxq “ 0u,

this claim is clear. □

4. Profinite principal G-bundles

The purpose of this section is to prove Theorem 4.7 on the existence of sections
for profinite principal G-bundles.

Definition 4.1. Let A be a topological space and let m : A Ñ B be a map. The
quotient topology on B with respect to m is defined the following way: a subset
U Ď B is open if and only if m´1pUq Ď A is open. Now let A be a topological
space equipped with a left action of a group H. Let HzA denote the quotient of A
with respect to the left action of H equipped with the quotient topology.

Lemma 4.2. The following hold:

paq Let A be a topological space and let m : A Ñ B be a map. Let B be equipped
with the quotient topology with respect to m. Then a map h : B Ñ C of
topological spaces is continuous if and only if the composition h ˝ m is
continuous.

pbq Let A be a topological space equipped with a left action of a group H. Then
the quotient map A Ñ HzA is open, that is, it maps open sets to open sets.

pcq Let A,B be two topological spaces both equipped with a left action of a group
H. Then the product topology on HzAˆHzB is the quotient topology with
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respect to the quotient map

A ˆ B ÝÑ pH ˆ HqzpA ˆ Bq “ HzA ˆ HzB.

Proof. We first prove paq. Since the composition of continuous functions is con-
tinuous, the map h ˝ m is continuous if h and m are. However, m is continu-
ous by construction, so h ˝ m is continuous if h is. On the other hand, if h ˝ m
is continuous and U Ď C is open, then ph ˝ mq´1pUq Ď A is open. Therefore
m´1ph´1pUqq “ ph ˝ mq´1pUq is also open, so by definition h´1pUq Ď B is open.
Hence h is continuous, and now claim paq is clear.

Next we show pbq. Let U Ď A be open, and let q : A Ñ HzA denote the quotient
map. Then q´1pqpUqq “

Ť

γPH γU . Since each γ P H acts as a homeomorphism on

A we get that γU is open. Therefore their union q´1pqpUqq is also open, and hence
qpUq is open by the definition of the quotient topology. Claim pbq is now clear.

Finally, we show that pcq holds. let qA : A Ñ HzA and qB : B Ñ HzB be the
respective quotient maps. Since the map

qA ˆ qB : A ˆ B ÝÑ HzA ˆ HzB

is continuous with respect to the product topologies, the pre-image of any open
subset is open. Therefore we only need to show that if pqA ˆ qBq´1pUq Ď A ˆ B
for a subset U Ď HzA ˆ HzB is open, then U is open in the product topology. In
this case, pqA ˆ qBq´1pUq is the union of sets of the form V ˆ W , where V Ď A
and W Ď B are open. By part pbq the set pqA ˆ qBqpV ˆ W q “ qApV q ˆ qBpW q is
open in the product topology. Since U is the union of such subsets, it is open, and
pcq follows. □

Lemma 4.3. Let X be a profinite space and let U be an open covering of X. Then
there is a finite open covering V of X consisting of pairwise disjoint open and closed
subsets which is subordinate to U .

Proof. Because X is profinite, its open and closed subsets form a subbasis of its
topology. Therefore there is an open covering W of X consisting of open and closed
subsets which is subordinate to U . Since X is compact, we may assume without
the loss of generality that W is finite. Let R be the subring of BpXq generated by
the characteristic functions of the elements of U . Since R is finitely generated, it is
finite by Corollary 2.11.

Let V be the collection of the characteristic functions of the atoms of R. We
claim that V satisfies the required properties. Because R is finite, the set V is also
finite. Since different atoms of R are orthogonal by part piiiq of Lemma 2.15, their
support is pair-wise disjoint by part piq of Lemma 2.15. Let e1, e2, . . . , en be the
atoms of R. Then 1 “ e1 ` . . . ` en, so the union of their supports is X. Also the
elements of V are open, since they are the supports of elements of BpXq.

Now let e be an atom of R and pick an x in its support V . Since U is a covering,
there is a U P U such that x P U . The characteristic function f of U is in R, so it is
the sum of different atoms of R. Therefore, ef is either 0 or e by the orthogonality
of atoms. In the first case, the intersection of the supports U and V is empty, but
both contain x, a contradiction. Hence ef “ e, so U contains V , and hence V is
subordinate to U . □

Recall that a section of a continuous map of topological spaces f : Y Ñ X is a
continuous map s : X Ñ Y such that f ˝ g is the identity map of X.
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Proposition 4.4. Let f : Y Ñ X be a continuous map such that X is profinite and
every x P X has an open neighbourhood U such that f |f´1pUq : f

´1pUq Ñ U has a
section. Then f : Y Ñ X has a section.

Proof. By assumption there is an open cover U of X such that for every x P X
there is a U P U such that f |f´1pUq : f

´1pUq Ñ U has a section. By Lemma 4.3
there is a finite open covering V of X consisting of pairwise disjoint open and closed
subsets which is subordinate to U . Let V P V and pick a U P U which contains V .
By assumption there is a section of f |f´1pUq : f

´1pUq Ñ U ; its restriction to V is

a section sV : V Ñ f´1pV q of f |f´1pV q : f
´1pV q Ñ V . Since the elements of V of

X form an open and pairwise disjoint covering of X, the union
Ť

V PV sV of these
sections is a section of f : Y Ñ X. □

Proposition 4.5. Let G be a compact group, and let X be a profinite space equipped
with a free continuous group action g : G ˆ X Ñ X. Then both G and GzX are
profinite.

Proof. For the sake of simple notation, in the sequel we will denote any left action
of any group on any set by multiplication on the left, if this does not lead to
confusion. Since the action g is continuous and free, for every x P X the map
γ ÞÑ γx from G onto the G-orbit of x is continuous and injective. As G is compact
and X is Hausdorff, we get that the image of this map is closed, and the map itself
is a homeomorphism from G onto its image. As G is homeomorphic to a closed
subspace of a profinite space, it is also profinite by Theorem 3.2.

Let q : X Ñ GzX denote the quotient map. Since q is surjective, continuous, and
X is compact, we get that GzX is compact, too. Let x, y P GzX be two arbitrary
different points. The pre-images C “ q´1pxq and D “ q´1pyq are disjoint G-orbits,
and they are also closed by the above. Therefore by Lemma 3.6 there exist disjoint
open and closed subsets U, V Ă X such that U contains C and V contains D.

Set U 1 “
Ť

γPG γU . Since each γ P G acts as a homeomorphism, we get that

U 1 is the union of open subsets, so it is open. It is also the continuous image of
GˆU . Both G,U are compact since the latter is closed in a profinite space. Hence
their product G ˆ U is also compact. Thus, U 1 is closed, since Y is Hausdorff.
Also U 1 X D is empty; if it were not then γU X D ‰ H for some γ P G, but then
U X D “ γ´1pγU X Dq ‰ H using that D is G-invariant. This is a contradiction.
A similar argument shows that V 1 “

Ť

γPN γU is open and closed, and V 1 X C is
empty.

Therefore W “ U 1 X V 1 is open and closed, and W is disjoint from C Y D.
Therefore its complement U2 “ U 1 ´W in U 1 is also open and closed, and contains
C since U 1 does. Similarly V 2 “ V 1 ´ W is also open and closed, and contains D.
Moreover, both U 1 and V 1 are G-invariant, so the same holds for W , and hence for
U2 and V 2. Because these sets are disjoint, their images qpU2q and qpV 2q are also
disjoint. They are also open by part pbq of Lemma 4.2, and since x, y are in qpU2q

and qpV 2q, respectively, and were arbitrary, we get that GzX is at least Hausdorff.
Going back to the situation above, since U2 and V 2 are closed in a profinite space,

they are compact. Hence their images qpU2q and qpV 2q are closed, since GzX is
Hausdorff. Therefore they are a pair of disjoint open and closed neighbourhoods of
x and y; since the latter were arbitrary, we get that GzX is even totally separated,
so it is profinite by Theorem 3.2. □



14 AMBRUS PÁL AND GEREON QUICK

Definition 4.6. Let X be a topological space and let G be a compact group. A
profinite principal G-bundle over X is a continuous map f : Y Ñ X equipped with
a free continuous group action g : G ˆ Y Ñ Y such that Y is profinite, the map f
is surjective and the pre-image of each x P X is a G-orbit.

Theorem 4.7. Let X be a Hausdorff space and let G be a compact group. Then
every profinite principal G-bundle over X has a section.

Remarks 4.8. piq In the situation of the theorem above both G and X are profinite.
This is immediate for G from Proposition 4.5. Moreover there is a unique bijection
ι : GzY Ñ X such that f “ ι ˝ q, where q : Y Ñ GzY denotes the quotient map.
Since f is continuous, we get that ι is a continuous bijection by part paq of Lemma
4.2. Since GzY is compact by Proposition 4.5 and X is Hausdorff, we get that ι is
a homeomorphism. Moreover GzY is actually profinite by Proposition 4.5, so the
same holds for X, too.

piiq The reader might wonder if it is true that for every continuous, surjective
map f : X Ñ Y of profinite spaces have a section. It turns out that those Y which
have this property for every such f have a name: extremally disconnected spaces.
They can be characterised by the following property: every set of open and closed
subsets of Y has a supremum with respect to inclusion (see the Folk Theorem of
[3] on page 485). Some spaces, such as the Čech–Stone compactification of discrete
spaces have this property, but there are many profinite spaces which do not.

piiiq The theorem above was already stated by Morel, see the remark after
Lemma 4 of [7] on page 359. However, no proof was given, just a remark that
the strategy of the proof of Proposition 1 of [12] on page 4 works. This is what we
will do, but for the sake of the reader we will give a detailed argument.

Proof of Theorem 4.7. We start with the proof of the following significant special
case:

Proposition 4.9. The theorem holds when G is finite.

Proof. By Proposition 4.4 it will be sufficient to show that every x P X has an open
neighbourhood U such that f |f´1pUq : f

´1pUq Ñ U has a section. Since f´1pxq is
homeomorphic to G, it is non-empty, so there is a y P Y such that fpyq “ x.
Because G is finite, and every point of Y is closed, as Y is Hausdorff by Theorem
3.2, there exist pairwise disjoint open and closed subsets Uγ Ă X for all γ P G such
that Uγ contains γy for each γ by Lemma 3.6.

Set V “
Ş

γPG γ´1Uγ . It is the intersection of finitely many open and closed

subsets, so it is also open and closed. For every γ P G we have γV Ď γpγ´1Uγq “

Uγ , so V X γV “ H for every γ ‰ 1 in G. Therefore the restriction of f to V is
injective. Since V is closed, it is compact, while its image fpV q is Hausdorff, so
f |V has a continuous inverse fpV q Ñ V . Since y “ γ´1pγyq P γ´1Uγ , we get that
y P γ´1Uγ for every γ P G, so y P V , and hence x P fpV q.

Therefore it will be sufficient to show that fpV q is open in X. Set Z “
Ť

γPG γV ;
it is clearly G-invariant, and since it is the union of open subsets, it is also open.
Therefore its complement W “ Y ´ Z in Y is G-invariant and closed. Moreover
fpV q “ fpZq, as f is G-equivariant, and f is surjective, so the complement of fpV q

in X is fpW q. Since W is closed, it is compact, and X is Hausdorff, so fpW q is
closed. Therefore its complement fpV q is open. □
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Definition 4.10. Let N be a closed, normal subgroup of G and let GN “ NzG
denote the quotient: it is a profinite group. Let rN : G Ñ GN be the quotient map,
which is a continuous group homomorphism. There is a unique map fN : NzY Ñ X
such that f : Y Ñ X is the composition of the quotient map qN : Y Ñ NzY and fN .
There is a unique group action GˆNzY Ñ NzY which makes fN a G-equivariant
map. The restriction of this action onto N is trivial, so it induces a group action
gN : GN ˆ NzY Ñ NzY .

Proposition 4.11. The map fN : NzY Ñ X equipped with the group action gN : GNˆ

NzY Ñ NzY is a profinite principal GN -bundle over X.

Proof. Since the composition f “ fN ˝ qN is continuous, we get that the map fN
is continuous by part paq of Lemma 4.2. By part pcq of Lemma 4.2 the topology on
GN ˆ NzY is the quotient topology with respect to rN ˆ qN , so gN is continuous
if gN ˝ prN ˆ qN q is by part paq of Lemma 4.2. However, the composition qN ˝ g is
continuous, so by the commutativity of the following diagram:

G ˆ Y
g //

rNˆqN

��

Y

qN

��
GN ˆ NzY

gN // NzY

the group action gN is continuous. Clearly the action gN is free, the map fN is
surjective, and the pre-image of each x P X is a GN -orbit. Finally, NzY is profinite
by Proposition 4.5 since the action of N on Y is free and N is compact. □

Definition 4.12. Let M,N be a pair of closed, normal subgroups of G such that
M Ď N . There is a unique map fM,N : MzY Ñ NzY such that qN : Y Ñ NzY is
the composition of the quotient map qM : Y Ñ MzY and fM,N . Let S denote the
set whose elements are ordered pairs pN, sq, where N is a closed, normal subgroup
of G and s is a section of fN : NzY Ñ X. Let ě denote the binary relation on S
such that pM, rq ě pN, sq if and only if M Ď N , and fM,N ˝ r “ s. Since for every
triple L Ď M Ď N of closed, normal subgroups of G we have fM,N ˝ fL,M “ fL,N ,
we get that ě is a partial ordering on S.

Proposition 4.13. The poset S has a maximal element.

Proof. For N “ G the map fN is a bijection from a compact space onto a Hausdorff
topological space, so it is a homeomorphism. Therefore its inverse is a section, and
hence S is not empty. So by Zorn’s lemma we only need to show that every chain
C Ď S has a maximal element. Set C “

Ş

pN,sqPC N ; since it is the intersection of

closed, normal subgroups, it is also a closed, normal subgroup of G.
For every pN, sq P C, let ΓpN, sq Ď CzY denote f´1

C,N pspXqq, the pre-image of the

section s : X Ñ NzY with respect to fC,N : CzY Ñ NzY . Since X is compact and
NzY is Hausdorff the image spXq is closed; as fC,N is continuous the pre-image
ΓpN, sq is also closed. Therefore their intersection Γ Ď CzY is closed, and hence
compact. So it will be sufficient to show that the restriction fC |Γ : Γ Ñ X, which
is continuous, is also bijective, as X is Hausdorff.

Fix an x P X; then for every pN, sq P C the intersection ΓpN, sqXf´1
C pxq is a non-

empty closed subset, and these form a descending chain with respect to inclusion.
Hence by the compactness of CzY their intersection Γ X f´1

C pxq is non-empty.
Therefore fC |Γ : Γ Ñ X is surjective. Now assume that we have two different
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y, z P ΓX f´1
C pxq; then there is a unique 1 ‰ γ P CzG such that z “ γy. Since C is

the intersection
Ş

pN,sqPC N , there is an pN, sq P C such that the image of γ under

the quotient homomorphism CzG Ñ NzG is not 1. Then the images fC,N pyq and
fC,N pγyq are still different, since fC,N is G-equivariant. However, both fC,N pyq and

fC,N pγyq lie in the intersection of spXq and f´1
N pxq, which consists of the single

point spxq: a contradiction. Therefore fC |Γ : Γ Ñ X is injective, too. □

Now let pN, sq be a maximal element of S. If we have N “ t1u, then the theorem
holds. So let us assume that this is not the case, and pick a non-zero γ P N . Then
there is an open normal subgroup P Ă G such that γ R P . Let M “ N X P . Since
M is the intersection of closed normal subgroups, as every open subgroup is closed
in a profinite group, it is such a group, and Γ “ MzN is finite. Let ∆ Ď MzY
denote f´1

M,N pspXqq, the pre-image of the section s : X Ñ NzY with respect to

fM,N : MzY Ñ NzY . The action gM restricted to Γ leaves ∆ invariant.

Lemma 4.14. The restriction fM |∆ : ∆ Ñ X equipped with the group action
gM |Γˆ∆ : Γ ˆ ∆ Ñ ∆ is a profinite principal Γ-bundle over X.

Proof. Since fM |∆ is the restriction of a continuous map, it is continuous, and for
similar reasons gM |Γˆ∆ is continuous and Γ-equivariant, too. Since X is compact
and NzY is Hausdorff the image spXq is closed; as fM,N is continuous the pre-image
∆ is also closed. Therefore it is a profinite space, as MzY is profinite. Finally, for
every x P X the fibre fM |

´1
∆ pxq is bijective Γ-equivariantly to Γ. □

By Lemma 4.14 and Proposition 4.9 there is a section r : X Ñ ∆. Let r also
denote the composition of this map with the inclusion map ∆ Ñ MzY by slight
abuse of notation. Then pM, rq P S such that pM, rq ě pN, sq, but pM, rq ‰ pN, sq.
This contradicts the maximality of pN, sq, so N “ t1u. This completes the proof of
Theorem 4.7. □

5. Maximal pro-2 quotients of real projective groups

The goal of this section is to prove Theorem 5.4. We first introduce the following
type of embedding problems:

Definition 5.1. Let G be a profinite group. An embedding problem for G:

G

ϕ

��

rϕ

��
B

α
// A

is a 2-embedding problem if both A and B are 2-groups.

Proposition 5.2. Let G be a pro-2 group such that every real 2-embedding problem
over G has a solution. Then every real embedding problem over G has a solution,
too.

Proof. We need the following group-theoretical

Lemma 5.3. Let f : C Ñ D be a surjective homomorphism of finite groups such
that D is a 2-group. Let P Ď C be a 2-Sylow subgroup and let x P C be a 2-torsion
element. Then

piq The restriction f |P : P Ñ D is surjective.
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piiq There is an h P C such that h´1xh P P and fpxq “ fph´1xhq.

Proof. Let 2b denote the order of D. Let N be the kernel of f and write the order
of N as 2ar where r is not divisible by 2. Then the order of C is 2a`br, so the
order of P is 2a`b, while the order of P X N is at most 2a. Since the kernel of
the restriction f |P : P Ñ H is P X N , we get that the image of f |P is at least 2b.
Therefore f |P is surjective.

Since the order of the subgroup generated by g divides 2 there is a t P C such
that t´1gt P P by the second Sylow theorem. By the above there is a v P P such
that fpvq “ fptq. Set h “ tv´1. Then

h´1gh “ vpt´1gtqv´1 P vPv´1 “ P,

since v´1 P P . Moreover

fph´1ghq “ fpvqfptq´1fpgqfptqfpvq´1 “ fpgq

using that f is a homomorphism and fpvq “ fptq. □

Let
G

ϕ

��

rϕ

��
B

α
// A

be a real embedding problem E for G. Let H Ď A be the image of ϕ. Since G is
a pro-2 group, H is a 2-group. Let C Ď B be the pre-image of H with respect to
α and let P Ď C be a 2-Sylow subgroup. By part piq of Lemma 5.3 the restriction
α|P is surjective. Clearly,

G

ϕ

��

rϕ

~~
P

α|P

// H

is a 2-embedding problem F for G such that if it has a solution then E also has a
solution. Therefore it will be enough show that F is real because of our assumptions
on G. Let x P G be an involution; by assumption there is a 2-torsion element g P C
such that αpgq “ ϕpxq. Then there is a y P P which is conjugate to g in C such
that αpyq “ ϕpxq by part piiq of Lemma 5.3. Since y is conjugate to a 2-torsion
element, it is also 2-torsion. So F is real. □

Theorem 5.4. Let G be a pro-2 group. Then the following are equivalent:

piq G is real projective.
piiq G is isomorphic to the maximal pro-2 quotient of a real projective group.

Proof. Since the maximal pro-2 quotient of a pro-2 group is the group itself, clearly
piq implies piiq. Now let G be a pro-2 group which satisfies piiq. We start the proof
of the other implication by showing that every real embedding problem for G has a
solution. By Proposition 5.2 we need to show that any real 2-embedding problem
E:

G

ϕ

��

rϕ

��
B

α
// A
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has a solution. Now let K be a pseudo real closed field such that G is isomorphic
to the maximal pro-2 quotient of the absolute Galois group Γ of K. Such a field
exists by the work of Haran–Jarden in [5, 6]. Let q : Γ Ñ G be the corresponding
quotient homomorphism. We claim that

Γ

ϕ˝q

��

rϕ

��
B

α
// A

is a real embedding problem F. Indeed, let x P Γ be an involution such that ϕ˝qpxq

is also an involution. Then qpxq P G is also an involution, so there is an involution
g P B such that αpgq “ ϕpqpxqq “ ϕ ˝ qpxq. So F is real. Since Γ is real projective,

the embedding problem F has a solution rϕ : Γ Ñ B. But B is a 2-group, so rϕ is
the composition of q and a continuous homomorphism G Ñ B. The latter is a
solution to E. To finish the proof of Theorem 5.4 we need the following notation
and lemma.

Notation 5.5. For every profinite group G, let G2 denote its maximal pro-2 quo-
tient and let tG : G Ñ G2 denote the quotient map. This assignment is functorial,
that is, for every homomorphism h : G Ñ H of profinite groups there is a unique
homomorphism h2 : G2 Ñ H2 such that the diagram:

G
h //

tG

��

H

tH

��
G2

h2

// H2

is commutative.

Lemma 5.6. Let G be a profinite group, let H Ď G2 be an open subgroup, let I be
the pre-image t´1

G pHq Ď G, and let h : I Ñ H denote the restriction of tG onto I.
Then h2 : I2 Ñ H2 “ H is an isomorphism.

Proof. Because h is surjective, the map h2 is also surjective, so we only need to
show that it is injective, too. Let 1 ‰ γ P I2 be arbitrary. Then there is an open,
normal subgroup U Ď I2 such that γ R U . Since tI is continuous, the pre-image
t´1
I pUq is an open subgroup of 2-power index in I. Since I is an open subgroup of

2-power index in G, we get that t´1
I pUq is an open subgroup of 2-power index in G,

too. Set N “
Ş

δPG δ´1t´1
I pUqδ; clearly it is a normal subgroup. Since δ´1t´1

I pUqδ

only depends on the coset t´1
I pUqδ, of which there are only finitely many, we get

that N is a finite intersection of open subgroups of 2-power index in G, so it is also
an open subgroup of 2-power index in G. Therefore the subgroup tIpNq Ď I2 is the
pre-image of tGpNq Ď G2, but clearly γ R tIpNq, and hence h2pγq ‰ 1. □

Now we return to the proof of Theorem 5.4. By Definition 1.1, it remains to
show that G “ Γ2 contains an open subgroup without 2-torsion. Let K be the
field introduced above, and let ∆ Ď Γ be the open subgroup corresponding to
the finite extension Kp

?
´1q{K. As ∆ is isomorphic to the absolute Galois group

of Kp
?

´1q, it has cohomological dimension at most 1. By the Rost–Voevodsky
norm residue theorem [14] (formerly known as the Milnor conjecture), the pull-back
map H‚p∆2,Z{2q Ñ H‚p∆,Z{2q induced by the quotient map t∆ : ∆ Ñ ∆2 is an
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isomorphism. Therefore, ∆2 also has cohomological dimension at most 1. Hence,
by [12, Proposition 14 on page 19], any closed subgroup of ∆2 has cohomological
dimension at most 1. Since a finite subgroup would have infinite cohomological
dimension, ∆2 is torsion-free. Moreover, ∆ has index dividing two in Γ, so ∆2 is
isomorphic to the kernel of the homomorphism Γ2 Ñ Z{2Z corresponding to the
homomorphism Γ Ñ GalpKp

?
´1q{Kq Ď Z{2Z by Lemma 5.6. Therefore, ∆2 is an

open, torsion-free subgroup of Γ2. This finishes the proof of Theorem 5.4. □

6. Pro-2 real projective groups versus quasi-Boolean groups

The goal of this section is to prove Theorems 6.6 and 6.17. We begin with the
following recollection and notation.

Remark 6.1. The free product of pro-p groups G1 and G2 is the coproduct of G1 and
G2 in the category of pro-p groups, that is, it has the following universal property.
For j “ 1, 2, let ιj : Gj Ñ G1 ˚p G2 be the composition of the natural inclusion
Gj Ñ G1 ˚ G2 and the quotient homomorphism G1 ˚ G2 Ñ G1 ˚p G2. Then for
every pro-2 group G and for every pair of homomorphisms fj : Gj Ñ G of pro-2
groups, there is a unique homomorphism f1 ˚p f2 : G1 ˚p G2 Ñ G of pro-2 groups
such that pf1 ˚p f2q ˝ ιj “ fj for j “ 1, 2. This follows obviously from the definition
when G is finite, and the general case follows by taking the projective limit.

Definition 6.2. Let G be a profinite group. Let YppGq denote the subset of
elements of order dividing p in G. We equip YppGq with the subset topology. Let
XppGq denote the quotient of YppGq by the conjugation action ofG. We equip XppGq

with the quotient topology. Let Y˚
p pGq denote the complement of 1 in YppGq, and let

X ˚
p pGq denote the complement of the conjugacy class of 1 in XppGq. When p “ 2 we

let YpGq,X pGq,Y˚pGq,X ˚pGq denote YppGq,XppGq,Y˚
p pGq,X ˚

p pGq, respectively.

Remark 6.3. Let X be a topological space. Recall from Definition 1.4 the free
pro-2 power BpXq. We note that BpXq has the following universal property: Let
ιX : X Ñ BpXq be the composition of the natural inclusion X Ñ ˚X Z{2Z and
the quotient homomorphism ˚X Z{2Z Ñ BpXq. Then, for every pro-2 group G
and for every continuous map f : X Ñ YpGq, there is a unique homomorphism
bf : BpXq Ñ G of pro-2 groups such that bf ˝ ιX “ f . This follows obviously from
the definition when G is finite, and the general case follows by taking the projective
limit.

Notation 6.4. Let f : X Ñ Y be a continuous map of topological spaces. Since
iY : Y Ñ BpY q is continuous and its image lies in YpBpY qq, by the universal prop-
erty in the remark above there is a unique homomorphism Bpfq : BpXq Ñ BpY q of
pro-2 groups such that Bpfq ˝ ιX “ ιY ˝ f . This makes the assignment X ÞÑ BpXq

into a functor.

Proposition 6.5. For every topological space X, the map BpuXq : BpXq Ñ Bp pXq

induced by the profinite completion uX : X Ñ pX is an isomorphism of pro-2 groups.

Proof. First we are going to show that BpuXq is surjective. Since the image is
compact, it is closed, so it will be sufficient to show that the image is dense. In
order to do so it will be enough to prove that, for every 2-group G and continuous

surjective homomorphism f : Bp pXq Ñ G, the composition f ˝ BpuXq is surjective.

Note that pX generates ˚
xX
Z{2Z, so fp pXq generates G. Since uXpXq is dense in
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pX, the image f ˝ uXpXq is dense in fp pXq. But G is finite, so it is discrete, and

hence f ˝ uXpXq is equal to fp pXq. So f ˝ uXpXq generates G, therefore f ˝ BpuXq

is surjective.
Next we are going to show that BpuXq is injective. In order to do so it will be

sufficient to show that uX ˝ ιX : X Ñ Bp pXq has the universal property in Remark

6.3. Indeed then there is a continuous homomorphism f : Bp pXq Ñ BpXq such that
f ˝ BpuXq ˝ ιX is ιX , and hence f ˝ BpuXq is the identity of BpXq. Now let G be
a pro-2 group and f : X Ñ YpGq be a continuous map. Since YpGq is profinite,

there is a unique continuous map g : pX Ñ YpGq such that f “ g ˝ uX because of

the universal property of uX . Using the universal property of Bp pXq we get that

there is a continuous homomorphism bg : Bp pXq Ñ G of pro-2 groups such that
bf ˝ ι

xX
“ g. □

We recall from Definition 1.5 that we call a pro-2 group Boolean if it is isomorphic
to BpXq for some topological space X. By Proposition 6.5 we can always assume
that X is profinite. We call a pro-2 group quasi-Boolean if it is the free product of
a free pro-2 group and a Boolean group.

Theorem 6.6. Every quasi-Boolean pro-2 group is real projective.

Proof. Let G be a quasi-Boolean pro-2 group. It will be sufficient to show that G
is the maximal pro-2 quotient of a real projective group by Theorem 5.4. In order
to do so, we will use a group-theoretical characterisation of real projective groups
by Haran and Jarden. Following [6, Definition 1.1 on page 156] we define:

Definition 6.7. A profinite group D is said to be real free if it contains disjoint
closed subsets X and Y such that X Ď Y˚pDq, 1 P Y , and every continuous map
ϕ from X Y Y into a profinite group H such that ϕpxq2 “ 1 for every x P X and
ϕp1q “ 1 extends to a unique homomorphism of D into H.

Theorem 6.8 (Haran–Jarden). A profinite group G is real projective if and only
if G is isomorphic to a closed subgroup of a real free group.

Proof. This claim is [6, Theorem 3.6 on page 160]. □

Now we return to the proof of Theorem 6.6. For every set Y , let F pY q denote the
free pro-2 group on Y as defined in [12, Section 1.5 on pages 7–8]. By assumption,
G is the free product of a free pro-2 group F pY q and a Boolean group BpXq for a
set Y and a profinite space X. By Theorem 6.8 it will be sufficient to show that

G is the maximal pro-2 quotient of a real free profinite group. Let pG be the free
product ˚X Z ˚ ˚X Z{2Z, i.e., the group which is freely generated by the elements
of the disjoint union of Y and X, subject to the relation that these elements are

involutions. Let N be the family of normal subgroups N of pG such that

piq the quotient pG{N is finite,

piiq the composition of the natural inclusion Y Ñ pG and the quotient homo-

morphism pG Ñ pG{N maps all but finitely many elements of Y to 1,

piiiq the composition of the natural inclusion X Ñ pG and the quotient homo-

morphism pG Ñ pG{N is continuous with respect to the discrete topology on
pG{N .
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Set

G “ lim
ÐÝ
NPN

pG{N.

Clearly G is the maximal pro-2 quotient of G. On the other hand, G is a real free

profinite group. In fact, G is the group pDpX,Y`, eq in [6, Lemma 1.3 on pages 156–
157], where Y` is the one-point compactification of Y equipped with the discrete
topology, and e P Y` ´Y is the point at infinity. This finishes the proof of Theorem
6.6. □

Next, we set out to prove the converse, i.e., every real projective pro-2 group is
quasi-Boolean. We begin with the following

Definition 6.9. Let A be an abelian profinite group. A complement of a closed
subgroup B Ă A is a closed subgroup C Ď A such that B X C is trivial, and
B ` C “ A.

The following lemma is probably very well-known, but we could not find a con-
venient reference:

Lemma 6.10. Let G be a p-torsion abelian profinite group. Then the following
holds:

piq there is an isomorphism G – FXp for some set X,
piiq every closed subgroup of G has a complement.

Proof. The Pontryagin dual of G is a discrete Fp-linear vector space V , since G
is compact. Note that every isomorphism between discrete Fp-linear vector spaces
is automatically a homeomorphism, so V is isomorphic to the direct sum F‘X

p ,
equipped with the discrete topology, as a topological group for some set X. The
Pontryagin dual of F‘X

p is FXp , which is isomorphic to G by Pontryagin duality. So
claim piq holds.

Assertion piiq is equivalent to the following claim: let i : B Ñ A be a monomor-
phism of p-torsion abelian profinite groups. Then there is a morphism j : A Ñ B
such that j ˝ i “ idB . By Pontryagin duality, it is equivalent to the following
claim: let p : V Ñ U be an epimorphism of Fp-linear vector spaces. Then there is
a morphism r : U Ñ V such that p ˝ r “ idV . The latter is well-known. □

Again let G be a quasi-Boolean pro-2 group which is the free product of a free
pro-2 group F and a Boolean group BpXq for a profinite space X. Let jX : X Ñ

X pBpXqq denote the composition of the map iX : X Ñ YpBpXqq, the inclusion
YpBpXqq Ď YpGq, and the quotient map YpGq Ñ X pGq. It is useful to record the
following fact:

Theorem 6.11. The map jX is a homeomorphism onto X ˚pGq.

Proof. Since X is compact and X ˚pGq is Hausdorff, it will be sufficient to show that
jX maps X onto X ˚pGq bijectively. Let x, y P X be two different elements. Then
there is a continuous map s : X Ñ Z{2 such that spxq ‰ spyq. Let s : G Ñ Z{2
be the unique homomorphism such that the restriction of s onto F is trivial, and
onto BpXq is bs (as defined in Remark 6.3). Under s the images of iXpxq and iXpyq

are not conjugate, so they are not conjugate in G either. Therefore jX is injective.
Since we may guarantee that spxq is not a unit, we get that jX maps into X ˚pGq,
too.
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Now assume that there is a y P X ˚pGq which is not in the image of jX . Since
X is compact and X ˚pGq is Hausdorff, the image of jX is closed, so by Lemma
3.6 there is a continuous function r : X ˚pGq Ñ Z{2 such that r ˝ jX is zero, and
rpyq is non-zero. By Theorem 6.6, the pro-2 group G is real projective. Hence,
by Scheiderer’s theorem [8, Theorem 2.11], there is a continuous homomorphism
r : G Ñ Z{2 whose image under the map

π1 : H
1pG,Z{2q Ñ CpX ˚pGq,Z{2q

is r. Then the restriction of r onto iXpXq is zero, so by the universal property of
BpXq the restriction of r onto BpXq is also zero, and hence this homomorphism
factors through the surjective homomorphism p1 : G Ñ F supplied by the universal
property of free pro-2 products. But F is torsion-free (see [12, Corollary 3, part (a)
on page 31]), so p1 is zero on any involution y in the conjugacy class y. Therefore
rpyq “ rpyq is zero, which is a contradiction. □

Theorem 6.12. Let G be isomorphic to the absolute Galois group of a field K.
Then there is a continuous section s : X ˚pGq Ñ Y˚pGq.

Proof. Let H Ď G be the open subgroup corresponding to the finite extension
Kp

?
´1q{K. Then H is isomorphic to the absolute Galois group of Kp

?
´1q, and

it is torsion-free. In particular, if H “ G then X ˚pGq is empty and the claim is
trivially true. Otherwise, H has index two in G. Then the theorem follows from
Proposition 6.13 below and Theorem 4.7. □

Proposition 6.13. With the above assumptions, the map Y˚pGq Ñ X ˚pGq is a
profinite principal H-bundle with respect to the conjugation action of H on Y˚pGq,
and X ˚pGq is Hausdorff.

Proof. Clearly YpGq is closed in G. Since H is torsion-free, the subset Y˚pGq is
the intersection of X pGq and the complement of the open H in G, so it is closed,
too. Since G is profinite, we get that Y˚pGq is profinite. As G is isomorphic to an
absolute Galois group, for every y P Y˚pGq we have H X CGpyq “ t1u, and hence
H acts freely on Y˚pGq. This action is also clearly continuous.

We claim that every x P G conjugate to y is already conjugate under H. Indeed,
let z P G be such that z´1xz “ y. Since H has index 2 and y R H we have
G “ H Y Hy. If z P H the claim is clearly true. Otherwise z “ hy for some h P H,
and hence x “ zyz´1 “ hyyy´1h´1 “ hyh´1, so x is conjugate to y under H in
this case, too. So the map Y˚pGq Ñ X ˚pGq is the quotient map with respect to the
action of H. Since Y˚pGq is open in YpGq the subspace topology on X ˚pGq Ă X pGq

is the quotient topology with respect to the map in the claim. Therefore, X ˚pGq

is Hausdorff by Proposition 4.5. □

Corollary 6.14. Let G be a real projective profinite group. Then there is a con-
tinuous section s : X ˚pGq Ñ Y˚pGq.

Proof. Since every real projective profinite group is isomorphic to the absolute
Galois group of a pseudo real closed field, the claim follows at once from Theorem
6.12. □

Remark 6.15. Note that Corollary 6.14 is also part paq of [6, Lemma 3.5 on page
160]. We think, however, that our proof is more conceptual and derives a similar
claim for a much larger class of groups.
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Notation 6.16. For every pro-2 group G, let G˚ denote the maximal abelian 2-
torsion quotient of G and, for every homomorphism b : G Ñ H of pro-2 groups, let
b˚ : G˚ Ñ H˚ denote the homomorphism induced by b.

Theorem 6.17. Let G be a real projective pro-2 group. Then G is quasi-Boolean.

Proof. Let X denote X ˚pGq, and let s : X Ñ Y˚pGq be the section furnished by
Theorem 6.12. Let B be the image of the homomorphism pbsq˚ : BpXq˚ Ñ G˚.
Since BpXq˚ is compact and G˚ is Hausdorff, B is closed. Let A Ď G˚ be a com-
plement of B, which exists by part piiq of Lemma 6.10. By part piq of Lemma 6.10,
there is a set Y such that A – Z{2Y . Since F pZq˚ – Z{2Y , by part (a) of [12,
Proposition 24 on page 30] and Pontryagin duality, there is a continuous homomor-
phism h : F pY q Ñ G such that h˚ : F pY q˚ Ñ G˚ maps F pY q˚ isomorphically onto
A. We set P “ F pY q ˚2 BpXq and let α : P Ñ G be the homomorphism h ˚2 bs.
Since pG1 ˚2 G2q˚ – pG1q˚ ‘ pG2q˚ for every pair of pro-2 groups G1 and G2, we
get that α˚ : P˚ Ñ G˚ is an isomorphism. Hence, by [12, Proposition 24, part (b),
on page 30] and Pontryagin duality, the map α is surjective. To finish the proof we
need the following

Lemma 6.18. Let α : P Ñ G be a continuous surjective homomorphism of real
projective profinite groups, and let X Ď Y˚pP q be a system of representatives of
X ˚pP q. If α maps X bijectively onto a system of representatives of X ˚pGq, then
there is a continuous injective homomorphism γ : G Ñ P such that α ˝ γ “ idG.

Proof. This claim is part (b) of [6, Lemma 3.5 on page 160]. The proof relies on
the projectivity of the Artin–Schreier structures attached to real projective groups
(see [5, Proposition 7.7 on page 473]). □

We return to the proof of Theorem 6.17. By Theorem 6.6, the quasi-Boolean
group P is real projective, while by Theorem 6.11 the subset X Ď P is a system
of representatives of X ˚pP q mapped bijectively onto a system of representatives of
X ˚pGq, so the conditions in Lemma 6.18 above hold. Therefore there is a continuous
homomorphism γ : G Ñ P such that α ˝ γ “ idG. Then α˚ ˝ γ˚ “ pα ˝ γq˚ “

pidGq˚ “ idG˚
is the identity, and α˚ is an isomorphism, so γ˚ is an isomorphism,

too. Therefore, γ is surjective by part (b) of [12, Proposition 24 on page 30] and
Pontryagin duality. So γ is an isomorphism, and hence G is quasi-Boolean. This
finishes the proof of Theorem 6.17. □

7. Quillen’s theorems and their consequences

The goal of this section is to prove Corollary 7.23.

Definition 7.1. Following Quillen we say that a homomorphism R Ñ S of graded
anti-commutative rings is finite if S is a finitely generated module over R. This
definition is a bit ambiguous since it does not specify whether we consider S as a
left R-module or a right R-module. However, note that S is a finitely generated
left R-module if and only if it is a finitely generated right R-module. Indeed if S is
a finitely generated left R-module then it is also generated by a finite set H Ă S of
homogeneous elements. But the left R-module generated by H is the same as the
right R-module generated by H since S is anti-commutative. Therefore S is also
finitely generated as a right R-module. The converse could be proved similarly.
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Theorem 7.2 (Quillen). Let G be a pro-p group and let H Ď G be a finite subgroup.
Then the homomorphism H‚pG,Z{pq Ñ H‚pH,Z{pq is finite.

Proof. Note that H is a closed subgroup, as G is Hausdorff, so the homomorphism
H‚pG,Z{pq Ñ H‚pH,Z{pq is well-defined. This theorem was proved by Quillen
when G is finite [13, Corollary 2.4 on page 555], and the general case follows as
an easy corollary. Indeed let N Ÿ G be an open normal subgroup such that the
restriction of the quotient map q : G Ñ G{N to H is injective. Then the homomor-
phism H‚pG{N,Z{pq Ñ H‚pH,Z{pq induced by the composition of the inclusion
map H Ñ G and q is finite by the above. Since this homomorphism factors through
H‚pG,Z{pq Ñ H‚pH,Z{pq, the latter is also finite. □

Corollary 7.3. Let G be a pro-p group and let H Ď G be a subgroup of order
p. Then the homomorphism HnpG,Z{pq Ñ HnpH,Z{pq is non-zero for infinitely
many n.

Proof. Assume that the claim is false and there is a natural number d such that the
image of HnpG,Z{pq Ñ HnpH,Z{pq is zero for n ě d. Let S Ă H‚pH,Z{pq be a
finite subset of homogeneous elements which generate H‚pH,Z{pq as a H‚pG,Z{pq-
module. Let d1 be the maximal degree of the elements of S. Then HnpH,Z{pq “ 0
for every n ě d ` d1. But, since H has order p, HnpH,Z{pq ‰ 0 for every n which
is a contradiction. □

We now recall the following types of algebras from [8].

Definition 7.4. We call an F2-algebra B‚ “
À

iě0 B
i a graded Boolean algebra if

B0 “ F2 and there is a Boolean ring B such that, for every i ě 1, we have Bi “ B,
and, for every pair i, j ě 1, the multiplication BiˆBj Ñ Bi`j is the multiplication
in the ring B “ Bi “ Bj “ Bi`j . We call an F2-algebra D‚ “

À

iě0 D
i a dual

algebra if D0 “ F2, and Di “ 0 for i ě 2. The connected sum D‚ [ B‚ is the
graded F2-algebra with pD‚ [ B‚q0 “ F2, pD‚ [ B‚qi “ Di ‘ Bi for i ě 1 and
multiplication D1Bi and BiD1 is set to be zero for all i ě 1.

Remark 7.5. In [8] we show that dual and graded Boolean algebras are Koszul
algebras. In particular, they are quadratic algebras and their connected sum is
their direct sum as quadratic algebras.

The results in [8] are the motivation for the following terminology which we recall
from the introduction.

Definition 7.6. We say that a pro-2 group is a cohomologically Boolean group if
its mod 2 cohomology is a graded Boolean algebra. We say that a pro-2 group is a
cohomologically quasi-Boolean group if its mod 2 cohomology is the connected sum
of a dual algebra and a graded Boolean algebra.

For every commutative ring R, let N pRq denote the nilradical of R.

Lemma 7.7. Let G be a cohomologically quasi-Boolean pro-2 group. Then the
quotient H‚pG,Z{2q{N pH‚pG,Z{2qq is a graded Boolean algebra.

Proof. Let H˚pG,Z{2q be the connected sum of a dual algebra D˚ and a graded
Boolean algebra B˚. Then the nilradical of H‚pG,Z{2q is D1, so the quotient
H‚pG,Z{2q{N pH‚pG,Z{2qq is isomorphic to B˚. □
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Definition 7.8. Let G be a cohomologically quasi-Boolean pro-2 group. Let B
denote the up to isomorphism unique Boolean ring such that the associated graded
Boolean algebra B˚ is isomorphic to H‚pG,Z{2q{N pH‚pG,Z{2qq. We say that a
continuous homomorphism k : G Ñ Z{2 is a quasi-canonical homomorphism if the
image of the associated cohomology class k P H1pG,Z{2q under the quotient map

H‚pG,Z{2q Ñ H‚pG,Z{2q{N pH‚pG,Z{2qq

is the unit of B.

Remark 7.9. Quasi-canonical homomorphisms k P H1pG,Z{2q can be characterised
by the following property: for every n ą 0 and c P HnpG,Z{2q we have c2 “ cYkn.

Definition 7.10. An elementary p-group H is a group isomorphic to pZ{pqn for
some n. The rank of H is n, that is, its dimension as a vector space over Z{p. The
elementary rank of a pro-p group G is the supremum of all natural numbers r such
that G has a subgroup isomorphic to an elementary p-group of rank r.

Proposition 7.11. Let G be a cohomologically quasi-Boolean pro-2 group. Then
the following holds:

(i) every involution x P G is not in the kernel of any quasi-canonical homo-
morphism,

(ii) the elementary rank of G is at most one.

Proof. To prove piq, let x P G be an involution, let H Ď G be the subgroup
generated by x and let i : H Ñ G be the inclusion map. Assume that there is a
quasi-canonical homomorphism k P H1pG,Z{2q whose restriction to H is zero, or
equivalently i˚pkq “ 0. By Corollary 7.3, there is an n ą 0 and a c P HnpG,Z{2q

such that i˚pcq P HnpH,Z{2q is non-zero. Then

0 ‰ i˚pcq2 “ i˚pc2q “ i˚pc Y knq “ i˚pcq Y i˚pkqn “ 0

using that H‚pH,Z{2q is isomorphic to a polynomial ring in one variable over Z{2,
but this is a contradiction. Therefore piq holds.

To prove piiq, assume to the contrary that G contains a subgroup H isomorphic
to an elementary 2-group of rank 2. Then the kernel of the restriction of a quasi-
canonical homomorphism of H is non-trivial. This contradicts part piq, so claim
piiq is true. □

Definition 7.12. Let p be a prime number and let h : R Ñ S be a homomorphism
of graded anti-commutative algebras over Fp. We say that h is an F -isomorphism
if

piq for every homogeneous element r in the kernel of h we have rn “ 0 for some
n,

piiq for every homogeneous element s in S the power sp
n

is in the image of h
for some n.

Lemma 7.13. Let f : B‚ Ñ C‚ be an F -isomorphism between graded Boolean
algebras. Then f is an isomorphism.

Proof. Since graded Boolean algebras have no nilpotent elements, we get that f is
injective by condition piq of Definition 7.12. Next we show that f is surjective. Since
f is clearly an isomorphism in degree zero, it will be sufficient to show that for every
positive integer n and x P Cn there is a y P Bn such that fpyq “ x. By assumption,
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there is a positive integer m and a z P Bnm such that fpzq “ xm. Because B‚

is a graded Boolean algebra the m-th power map Bn Ñ Bnm is an isomorphism,
so there is a y P Bn such that ym “ z, and hence fpyqm “ fpymq “ fpzq “ xm.
Since C‚ is also a graded Boolean algebra the m-th power map Cn Ñ Cnm is an
isomorphism, so fpyq “ x. □

Definition 7.14. For every profinite group G, let ApGq denote the set of all sub-
groups of G which are finite elementary abelian p-groups. Note that all such sub-
groups are closed, since G is Hausdorff. Also note that ApGq form a category
where morphisms are maps f : A Ñ B such that there is an x P G such that
fpyq “ x´1gx for every y P A. Note that the assignment G ÞÑ ApGq is functorial,
that is for every continuous homomorphism h : G Ñ H there is an induced func-
tor Aphq : ApGq Ñ ApHq. For every open normal subgroup N Ÿ G, let ApG,Nq

denote the image of ApGq under the functor ApπN q : ApGq Ñ ApG{Nq induced by
the quotient map πN : G Ñ G{N .

Definition 7.15. Let DGACp denote the category of graded anti-commutative
algebras over Z{p. For every profinite group G, let FG : ApGq Ñ DGACp be the
functor given by the rule A Ñ H‚pA,Z{pq. For every open normal subgroup N ŸG,
let FG,N : ApG,Nq Ñ DGACp denote the restriction of FG{N onto ApG,Nq. For
every G and N as above, let H‚

ApG,Z{pq and H‚
ApG,N,Z{pq denote the inductive

limit of the functor FG and FG,N , respectively.

Definition 7.16. Let G and N be as above. Then for every A P ApG,Nq, let
πA,N : A Ñ πN pAq be the map induced by the restriction of πN onto A. Note that
for every

c “ tcA P H‚pA,Z{pq | A P ApG,Nqu P H‚
ApG,N,Z{pq

the collection

aN pcq “ tπ˚
N,ApcπN pAqq P H‚pA,Z{pq | A P ApGqu

lies in H‚
ApG,Z{pq and the map aN : H‚

ApG,N,Z{pq Ñ H‚
ApG,Z{pq is a ho-

momorphism of graded anti-commutative algebras over Z{p. Let Hn
ApG,Z{pq de-

note the union of the images of these homomorphisms as N ranges over the set
of all open normal subgroups of G. Since these images form an inductive system,
Hn

ApG,Z{pq is a graded subalgebra of H‚
ApG,Z{pq. Clearly, when G is finite, we

have H‚
ApG,Z{pq “ H‚

ApG,Z{pq.

Proposition 7.17. Let G be a profinite group of elementary rank at most 1 such
that there is an open normal subgroup of G without p-torsion. Then Hn

ApG,Z{pq “

CpX ˚
p pGq,Z{pq for every n ą 0.

Proof. Let F pX ˚
p pGq,Z{pq denote the group of all Z{p-valued functions on X ˚

p pGq.
Since for every non-zero A P ApGq, we have A – Z{p. Hence HnpA,Z{pq “ Z{p,
every element c P Hn

ApG,Z{pq gives rise to a function Y˚
p pGq Ñ Z{p which is

conjugation-invariant, and hence descends to a function fpcq : X ˚
p pGq Ñ Z{p. The

map f : Hn
ApG,Z{pq Ñ F pX ˚

p pGq,Z{pq is an isomorphism. So the precise meaning
of our claim is that the image of Hn

ApG,Z{pq under f and CpX ˚
p pGq,Z{pq are equal

as subgroups of F pX ˚
p pGq,Z{pq.

First let c P Hn
ApG,Z{pq be arbitrary. Then there is an open normal subgroup

N Ÿ G and a d P Hn
ApG,N,Z{pq such that c “ aN pdq. Since for every pair M,N

of open, normal subgroups of G such that M Ď N the image of aM contains the
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image of aN , we may assume that N does not contain p-torsion without the loss of

generality by shrinking N if it is necessary. Then πN induces a map π#
N : X ˚

p pGq Ñ

X ˚
p pG{Nq, and fpcq is the composition of π#

N with the function Impπ#
N q Ñ Z{p

corresponding to d. Since both π#
N and the latter function are continuous, we get

that fpcq is continuous, too.
Now let c P CpX ˚

p pGq,Z{pq be arbitrary, and let g : Y˚
p pGq Ñ Z{p be the continu-

ous function we get by composing the quotient map Y˚
p pGq Ñ X ˚

p pGq with c. Since
the translates of normal open subgroups of G form a sub-basis for its topology, for
every x P Y˚

p pGq there is a normal open subgroup NxŸG such that g is constant on
xNx X Y˚

p pGq. Since there is an open normal subgroup of G without p-torsion, the
subspace Y˚

p pGq is closed, and hence compact, so there is a finite subset S Ď Y˚
p pGq

such that Y˚
p pGq Ď

Ť

xPS xNx.
Since N “

Ş

xPS Nx is the intersection of finitely many normal open subgroups,
it is a normal open subgroup, too. We may even assume that N does not con-
tain p-torsion without the loss of generality by shrinking N if it is necessary, as
above. Then g is constant on xN X Y˚

p pGq for every x P Y˚
p pGq, and hence c is the

composition of π#
N above with a function d : Impπ#

N q Ñ Z{p. □

Definition 7.18. Let G be as above, and, for every A P ApGq, let iA : A Ñ G be
the inclusion map. For every c P H‚pG,Z{pq, the collection

qGpcq “ ti˚
Apcq P H‚pA,Z{pq | A P ApGqu

lies inH‚
ApG,Z{pq, since every conjugation of G induces the identity onH‚pG,Z{pq.

The resulting map qG : H‚pG,Z{pq Ñ H‚
ApG,Z{pq is a homomorphism of graded

anti-commutative algebras over Z{p.

Lemma 7.19. The homomorphism qG maps H‚pG,Z{pq into H‚
ApG,Z{pq.

Proof. Let c P HnpG,Z{pq be arbitrary. Then there is an open normal subgroup
N Ÿ G and a d P HnpG{N,Z{pq such that c “ π˚

N pdq. Let ϕN : Hn
ApG{N,Z{pq Ñ

Hn
ApG,N,Z{pq be the map induced by the inclusion functor ApG,Nq Ñ ApG{Nq.

Clearly qGpcq “ aN pϕN pqG{N pdqqq, and hence the claim holds. □

Theorem 7.20 (Quillen–Scheiderer). For every profinite group G, the homomor-
phism

qG : H‚pG,Z{pq Ñ H‚
ApG,Z{pq

is an F -isomorphism.

Proof. This theorem was proved by Quillen when G is finite (see [13, Theorem 7.1
on page 567] which is actually a more general result). At the end of [11] (see 8.6 and
8.7 on pages 279–80) Scheiderer pointed out that there is an easy limit argument
to derive the theorem above as a corollary. In fact, he proved that qG satisfies
property piq in Definition 7.12. We complete his argument by showing piiq for the
convenience of the reader.

Definition 7.21. For every pair M,N of open, normal subgroups of G such that
M Ď N let πM,N : G{M Ñ G{N be the quotient map, and let ApG,M,Nq denote
the image of the functor ApπM,N q : ApG{Mq Ñ ApG{Nq.

Lemma 7.22. For every open, normal subgroup N Ÿ G there is open, normal
subgroup M Ÿ G such that M Ď N and ApG,M,Nq “ ApG,Nq.
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Proof. This is the Claim on page 280 of [11]. □

Now let c P Hn
ApG,Z{pq be arbitrary, and let N ŸG be an open normal subgroup

such that there is a

d “ tdA P H‚pA,Z{pq | A P ApG,Nqu P Hn
ApG,N,Z{pq

with the property c “ aN pdq. By Lemma 7.22, there is an open, normal subgroup
M Ÿ G such that M Ď N and ApG,M,Nq “ ApG,Nq. For every A P ApG{Mq,
let πM,N,A : A Ñ πM,N pAq be the map induced by the restriction of πM,N onto A.
The fact ApG,M,Nq “ ApG,Nq means that the collection

e “
␣

π˚
M,N,ApdπM,N pAqq P H‚pA,Z{pq | A P ApG{Mq

(

is a well-defined element of Hn
ApG{M,Z{pq “ Hn

ApG{M,Z{pq. Applying Quillen’s
theorem to e we get that there is a positive integerm and an f P HnpG{M,Z{pq such
that ep

m

“ qG{M pfq. Let ϕM : Hn
ApG{M,Z{pq Ñ Hn

ApG,M,Z{pq be the map in-
duced by the inclusion functor ApG,Mq Ñ ApG{Mq as above. Then aM pϕM peqq “

aN pdq, and hence

cp
m

“ aM pϕM peqqp
m

“ aM pϕM pep
m

qq “ aM pϕM pqG{M pfqqq “ qGpπ˚
N pfqq.

This finishes the proof of Theorem 7.20. □

As a consequence we get the following

Corollary 7.23. Let G be a cohomologically quasi-Boolean pro-2 group. Then for
every i ą 0, there is a natural homomorphism

πi : H
ipG,Z{2q Ñ CpX ˚pGq,Z{2q

which is an isomorphism for i ą 1 and surjective for i “ 1.

Proof. Let C‚pX ˚pGq,Z{2q denote the graded Boolean algebra associated to the
Boolean ring CpX ˚pGq,Z{2q. By Proposition 7.11, the conditions of Proposition
7.17 apply to G. Hence, by Theorem 7.20, there is an F -isomorphism:

π˚ : H
‚pG,Z{2q Ñ C‚pX ˚pGq,Z{2q.

This map is zero on the nilradical of H‚pG,Z{2q, so it induces an F -isomorphism:

(7.23.1) H‚pG,Z{2q{N pH‚pG,Z{2qq Ñ C‚pX ˚pGq,Z{2q

of graded Boolean algebras by Lemma 7.7, which must be an isomorphism by
Lemma 7.13. Since the nilradical of H‚pG,Z{2q consists of degree one elements,
the claim follows. □

8. Proof of the main theorem and some consequences

Now we are ready to give the proofs of our main results.

Proof of Theorem 1.6. The implication piq ñ piiq is Theorem 6.6, while the impli-
cation piiq ñ piq is Theorem 6.17. We already saw that piiq trivially implies piiiq
in the proof of Theorem 5.4. Now assume that G is the maximal pro-2 quotient of
a real projective profinite group H. As explained in [8, Section 10], H‚pH,Z{2q is
the connected sum of a dual algebra and a graded Boolean algebra. The pull-back
map H‚pH,Z{2q Ñ H‚pG,Z{2q is an isomorphism by the Rost–Voevodsky norm
residue theorem [14], so we get that G is cohomologically quasi-Boolean. Therefore
the implication piiiq ñ pivq holds. To finish the proof of Theorem 1.6, we show the
remaining implication pivq ñ piq in the following
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Theorem 8.1. Every cohomologically quasi-Boolean pro-2 group G is real projec-
tive.

Proof. Since G has an open subgroup without 2-torsion by part piq of Proposition
7.11, it will be sufficient to show that every real embedding problem for G has a
solution. By Proposition 5.2, we need to show that any real 2-embedding problem
for G has a solution. In fact we will prove something stronger.

Definition 8.2. For every group G, let G# denote the set of its conjugacy classes,
for every x P G, let x# P G# denote the conjugacy class of x, and, for every
homomorphism h : G Ñ H of groups, let h# : G# Ñ H# denote the map on
conjugacy classes induced by h. Now let G be a profinite group. An embedding
problem with lifting data pE, fq for G is an embedding problem E:

G

ϕ

��

rϕ

��
B

α
// A

and a continuous map f : X ˚pGq Ñ X pBq such that α# ˝ f “ ϕ#|X˚pGq. A solu-

tion to this embedding problem with lifting data is a solution rϕ to the embedding

problem E such that rϕ#|X˚pGq “ f .

Proposition 8.3. Let G be a quasi-Boolean pro-2 group G. Then every 2-embedding
problem with lifting data for G has a solution.

Proof. In order to prove the claim in a first significant case, we need to recall some
basic definitions and results.

Definition 8.4. The kernel, denoted KerpEq, of an embedding problem E as one in
Definition 5.1 is the kernel of α. We say that E is central if KerpEq lies in the centre
of B. In this case the conjugation action of G makes KerpEq into a constant abelian

G-module. Assume now that the embedding problem E is central. Let pϕ : G Ñ B

be a continuous map such that α ˝ pϕ “ ϕ. Then the map c : GˆG Ñ KerpEq given
by the rule:

cpx, yq “ pϕpxyqpϕpyq´1
pϕpxq´1 P KerpEq, px, y P Gq

is a cocycle, and its cohomology class opEq P H2pG,KerpEqq, called the obstruction

class of E, does not depend on the choice of pϕ, only on E. Moreover, E has a
solution if and only if opEq is zero.

Remark 8.5. The obstruction class has the following important naturality property:
Let E be an embedding problem for G as above, and suppose that E is central. Let
χ : H Ñ G be a continuous homomorphism of profinite groups. Then

H

ϕ˝χ

��

rψ

~~
B

α
// A

is a central embedding problem Epχq for H with the same kernel as E, and we have

χ˚popEqq “ opEpχqq,

where χ˚ : H‚pG,KerpEqq Ñ H‚pH,KerpEqq is the pull-back map.
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Lemma 8.6. Let G be a quasi-Boolean pro-2 group G. Then every 2-embedding
problem with lifting data for G and with a kernel isomorphic to Z{2 has a solution.

Proof. Let pE, fq be an embedding problem with lifting data for G as in Definition
8.2, and assume that its kernel is isomorphic to Z{2. Since the automorphism
group of the latter is trivial, we get that E is central. Because E is equipped with
lifting data, it is real, that is, for every subgroup H Ď G of order 2 the embedding
problem EpiHq has a solution, where iH : H Ñ G is the inclusion map. Therefore,
by Remark 8.5, the image of opEq under the homomorphism:

π2 : H
2pG,Z{2q Ñ CpX ˚pGq,Z{2q

is zero. So by Corollary 7.23, the obstruction class opEq vanishes, and hence E has
a solution.

Let s : G Ñ B be such a solution. Let r : X ˚pGq Ñ Z{2 “ Kerpαq be the map
given by the rule:

rpxq “

#

0 , if s#pxq “ fpxq,

1 , otherwise.

Since s# ˆ f : X ˚pGq Ñ B# ˆ B# is continuous with finite image, and rpxq only
depends on s#pxq and fpxq for every x P X ˚pGq, we get that r is continuous.
Therefore, by Corollary 7.23, there is a continuous homomorphism χ : G Ñ Z{2 “

Kerpαq whose image of under the homomorphism:

π1 : H
1pG,Z{2q Ñ CpX ˚pGq,Z{2q

is r. Let rϕ : G Ñ B be the function given by the rule rϕpgq “ spgqχpgq. Since it is

the product of two continuous functions, rϕ is continuous. Moreover,

rϕpghq “ spghqχpghq “ spgqsphqχpgqχphq “ spgqχpgqsphqχphq “ rϕpgqrϕphq

using that s, χ are homomorphisms and Kerpαq is central. Therefore rϕ is a ho-

momorphism. Since α ˝ rϕ “ α ˝ s “ ϕ, we get that rϕ is a solution to E. Now

let y P Y˚pGq be arbitrary. If s#py#q “ fpy#q, then rϕpyq “ spyq, and hence
rϕpyq# “ spyq# “ s#py#q “ fpy#q. If s#py#q ‰ fpy#q, then rϕpyq ‰ spyq, so rϕpyq

is the unique element of α´1pϕpyqq different from spyq. Since α´1pϕpyqq contains an

element of fpy#q, as α is surjective, and this element is not spyq, it must be rϕpyq.

So rϕpyq# “ fpy#q in this case, too. □

Now we are going to show Proposition 8.3 in the general case. Let pE, fq be
an embedding problem with lifting data for G as in Definition 8.2. Since B is a
2-group, it has a filtration by normal subgroups:

t1u “ N0 Ă N1 Ă ¨ ¨ ¨ Ă Nn “ Kerpαq

such that the kernel of the quotient map πk : B{Nk Ñ B{Nk`1 is isomorphic to Z{2
for every k “ 0, 1, . . . , n´ 1. Let qk : B Ñ B{Nk be the quotient map. Note that it
will be sufficient to show that for every continuous homomorphism h : G Ñ B{Nk`1

such that h#|X˚pGq “ q#k`1 ˝ f “ π#
k ˝ q#k ˝ f the embedding problem Ek:

G

h

��

rh

yy
B{Nk πk

// B{Nk`1
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with lifting data q#k ˝ f has a solution for every k “ 0, 1, . . . , n. Indeed let
rk : B{Nk Ñ A “ B{Nn be the quotient map; then we would get by descending
induction on the index k that the embedding problem:

G

ϕ

��

rϕ

||
B{Nk rk

// A

with lifting data q#k ˝ f has a solution. The claim is now clear from the case k “ 0.

However Ek has a kernel isomorphic to Z{2, so pEk, q
#
k ˝fq has a solution by Lemma

8.6. □

In order to conclude the proof of Theorem 8.1 it will be sufficient to show that
every real 2-embedding problem E for G as above can be equipped with lifting
data. By assumption, for every x P X pAq in the image Impϕ#|X˚pGqq, there is a

y P X pBq such that α#pyq “ x, i.e., there is a section g : Impϕ#|X˚pGqq Ñ X pBq of

the restriction α#|X pBq. Since g is a map between discrete spaces, it is continuous,

therefore the composition f “ g ˝ ϕ#|X˚pGq is also continuous, and hence pE, fq is
a 2-embedding problem with lifting data. □

Proof of Corollary 1.7. First assume that G is Boolean, i.e., G is isomorphic to
BpXq for some profinite space X. Then it is cohomologically quasi-Boolean by
Theorem 1.6, so H‚pG,Z{2q is the connected sum of a dual algebra D‚ and a
graded Boolean algebra B‚. Assume that D‚ is non-trivial, so there there is a
non-zero c P D1 Ă HompG,Z{2q. Then c Y c “ 0 as D2 “ 0, so the restriction of c
onto every involution in the image of iX : X Ñ YpBpXqq is zero. Therefore, by the
universal property of BpXq of Remark 6.3, the homomorphism corresponding to c
is also zero, a contradiction, and hence G is cohomologically Boolean.

Next assume that G is cohomologically Boolean. Then it is quasi-Boolean by
Theorem 1.6, so G is the free product of a free pro-2 group F and a Boolean group
BpXq for a profinite space X. Assume that F is non-trivial; then there is a non-zero
c P HompF,Z{2q. Let π1 : G Ñ F be the surjective homomorphism supplied by the
universal property of free pro-2 products, and let c be the composition of π1 and c.
Then cY c “ 0, and hence cY c “ 0. Since H‚pG,Z{2q is a graded Boolean algebra,
this implies that c is zero, a contradiction. Therefore G is Boolean. □

Remark 8.7. Let G be a Boolean group and let f : G Ñ Z{2 be a quasi-canonical
homomorphism. By Remark 7.9, the homomorphism f is characterised by the
property that, for every n ą 0 and c P HnpG,Z{2q, we have c2 “ c Y kn. But
H‚pG,Z{2q is a graded Boolean algebra by Corollary 1.7, and hence f is unique.
Therefore, it is justified to call it the canonical homomorphism of the Boolean group
G.

Proof of Theorem 1.8. By assumption, G is isomorphic to F pY 1q ˚2 BpX 1q for a set
Y 1 and a profinite space X 1. We are actually going to show something stronger,
namely, that the profinite spaces X and X 1 are homeomorphic, and the sets Y 1

and Y are bijective. By Theorem 6.11, the profinite spaces X 1 and X ˚pGq are
homeomorphic, and, as we saw in the proof of Corollary 7.23, the graded Boolean
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algebras B‚ and C‚pX ˚pGq,Z{2q are isomorphic (see (7.23.1)). Therefore, by
Stone duality Theorem 2.10, the profinite spaces X and X 1 are homeomorphic,
too. Using Notation 6.16, we have G˚ “ F pY 1q˚ ‘ BpX 1q˚. Hence we have
H1pG,Z{2q “ H1pF pY 1q,Z{2q ‘ H1pBpX 1q,Z{2q. But H1pG,Z{2q “ D1 ‘ B1,
as since H1pBpX 1q,Z{2q – B1 by the above, we get that H1pF pY 1q,Z{2q – D1.

Therefore, Z{2‘Y 1

– Z{2‘Y , and hence there is a bijection between Y 1 and Y . □
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